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PREFACE  

This book is titled Electric circuits and Networks. The response of any electric circuit is 
achieved by many methods. This book includes the explanation of those methods applied 
to various electric circuits. This book is suitable for those who are searching for the 
solution methods of an electric circuit in a simpler way by different methods. Most of the 
units are concentrated to solve the ac circuits and a smaller number of dc circuits.  

Unit - I discusses the steady-state response of single-phase ac series and parallel 
circuits. The circuit consists of different passive components like resistances, inductances 
and capacitances are considered for the discussion. The concept of representations of 
sinusoid, phasor representation of sinusoid, concept of impedance, power and power 
triangle are discussed with suitable examples.  

Unit - II describes the source transformations (voltage to current and vice versa), Star-
delta, delta – star transformations of three phase connections. Both mesh and node analysis 
are used for finding the currents in the loops and the node potentials. Many theorems are 
discussed in detail for ac circuits. The duality of electric circuits is also presented.  

Unit - III explains the three-phase systems with star and delta connections under 
balanced and unbalanced loading conditions. The power calculations for the three-phase 
systems and power measurement methods are discussed.  

Unit - IV discusses the responses of first order and second order systems in the time 
domain. Source free circuits and step responses of different electric circuits are explained. 
Application of Laplace transformation for electric circuits with necessary examples is also 
included.   

Unit - V describes the graph theory concepts to the electric circuits. The tie-set analysis 
and cut-set analysis are discussed. Also, two-port networks and its parameters like 
impedance parameters, admittance parameters, ABCD parameters and hybrid parameters 
are deliberated. The relationship between these parameters is also derived and tabulated.  

The book consists of the LTspice simulation of an electrical circuit which helps the 
students to understand the concepts very easily.   
 

Dr. Jamuna K.  
Dr. Nilanjan Tewari 
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OUTCOME BASED EDUCATION 

For the implementation of an outcome based education the first requirement is to develop 
an outcome based curriculum and incorporate an outcome based assessment in the 
education system. By going through outcome based assessments, evaluators will be able to 
evaluate whether the students have achieved the outlined standard, specific and measurable 
outcomes. With the proper incorporation of outcome based education there will be a 
definite commitment to achieve a minimum standard for all learners without giving up at 
any level. At the end of the programme running with the aid of outcome based education, 
a student will be able to arrive at the following outcomes:  

Programme Outcomes (POs) are statements that describe what students are expected 
to know and be able to do upon graduating from the program. These relate to the skills, 
knowledge, analytical ability attitude and behaviour that students acquire through the 
program. The POs essentially indicate what the students can do from subject-wise 
knowledge acquired by them during the program. As such, POs define the professional 
profile of an engineering diploma graduate. 

National Board of Accreditation (NBA) has defined the following seven POs for an 
Engineering diploma graduate: 

PO1. Basic and Discipline specific knowledge: Apply knowledge of basic mathematics, 
science and engineering fundamentals and engineering specialization to solve the 
engineering problems. 

PO2. Problem analysis: Identify and analyses well-defined engineering problems using 
codified standard methods. 

PO3. Design/ development of solutions: Design solutions for well-defined technical 
problems and assist with the design of systems components or processes to meet 
specified needs. 

PO4. Engineering Tools, Experimentation and Testing: Apply modern engineering 
tools and appropriate technique to conduct standard tests and measurements. 

PO5. Engineering practices for society, sustainability and environment: Apply 
appropriate technology in context of society, sustainability, environment and ethical 
practices. 
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PO6. Project Management: Use engineering management principles individually, as a 
team member or a leader to manage projects and effectively communicate about well-
defined engineering activities. 

PO7. Life-long learning: Ability to analyse individual needs and engage in updating in 
the context of technological changes. 
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COURSE OUTCOMES 

After completion of the course the students will be able: 
CO1: To understand and solve problems related to single phase A.C series and parallel 

circuits. 
CO2: To use and apply principles of circuit analysis and network theorems for 

troubleshooting electric circuits. 
CO3: To interpret and solve problems related to three phase circuits.  
CO4: To understand the transient behaviour of electric circuits using differential equations 

and Laplace transforms. 
CO5: To analyse electric circuits using graph theory and concept of two-port networks. 
 

Course 
Outcomes 

Expected mappings with Programme Outcomes (Pos) 
(1: Weak Correlation; 2: Medium Correlation; 3: Strong 

Correlation) 

PO1 PO2 PO3 PO4 PO5 PO6 PO7 

CO1 2 3 1 2 1 1 1 

CO2 2 3 1 2 1 - 1 

CO3 2 2 2 2 1 1 - 

CO4 1 3 3 1 1 - 1 

CO5 1 3 2 2 1 - - 
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GUIDELINES FOR TEACHERS 

To implement Outcome Based Education (OBE) knowledge level and skill set of the 
students should be enhanced. Teachers should take a major responsibility for the proper 
implementation of OBE. Some of the responsibilities (not limited to) for the teachers in 
OBE system may be as follows: 

 Within reasonable constraint, they should manoeuvre time to the best advantage of 
all students. 

 They should assess the students only upon certain defined criterion without 
considering any other potential ineligibility to discriminate them. 

 They should try to grow the learning abilities of the students to a certain level before 
they leave the institute. 

 They should try to ensure that all the students are equipped with the quality 
knowledge as well as competence after they finish their education. 

 They should always encourage the students to develop their ultimate performance 
capabilities.   

 They should facilitate and encourage group work and team work to consolidate 
newer approach. 

 They should follow Blooms taxonomy in every part of the assessment. 
 

Bloom’s Taxonomy 
 

Level Teacher should 
Check 

Student should be 
able to 

Possible Mode of 
Assessment 

 Create  Students ability to 
create Design or Create Mini project 

 Evaluate  Students ability to 
justify Argue or Defend Assignment 

 Analyse  Students ability to 
distinguish 

Differentiate or 
Distinguish 

Project/Lab 
Methodology 

 Apply  Students ability to 
use information 

Operate or 
Demonstrate 

Technical Presentation/ 
Demonstration 

 Understand  Students ability to 
explain the ideas Explain or Classify Presentation/Seminar 

Remember Students ability to 
recall (or remember) Define or Recall Quiz 
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GUIDELINES FOR STUDENTS 

Students should take equal responsibility for implementing the OBE. Some of the 
responsibilities (not limited to) for the students in OBE system are as follows: 

 Students should be well aware of each UO before the start of a unit in each and 
every course. 

 Students should be well aware of each CO before the start of the course. 

 Students should be well aware of each PO before the start of the programme. 

 Students should think critically and reasonably with proper reflection and action. 

 Learning of the students should be connected and integrated with practical and real 
life consequences. 

 Students should be well aware of their competency at every level of OBE. 
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ABBREVIATIONS AND SYMBOLS 

 

  

Abbreviation Full Form 

A 
AC 
BW 
DC 
F 
H 
Hz 
KCL 
KVL 
m 
Q factor 
RMS 
VA 
W 
Ω 
ʊ 
µ 

Ampere 
Alternating Current 
Bandwidth 
Direct Current 
Farad 
Henry 
Hertz 
KIrchoff’s Current Law 
KIrchoff’s Voltage Law 
Milli 
Quality Factor 
Root Mean Square 
Volt-Ampere 
Watts 
Ohm 
Mho 
Micro 
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UNIT SPECIFICS 

Through this unit the following topics have been discussed: 

 Phasors and complex representation of sinusoidal waveforms  
 RMS and average value calculation 
 Steady state response of pure resistor, inductor and capacitor 
 Concept of instantaneous power, average power, reactive power and complex power 
 Steady state analysis of series circuits (R-L, R-C, R-L-C) 
 Steady state analysis of parallel circuits (R-L, R-C, R-L-C) 
 Series and parallel resonance 

RATIONALE 

This fundamental unit on single phase ac circuit helps the students to get a fundamental knowledge 
about the phasor representation of sinusoidal, phase delay between different sinusoidal waveforms, 
calculation of rms and average value of alternating quantity. This knowledge is further applied to 
analyse different ac circuits under steady-state conditions. The steady-state response also includes 
the behaviour of resistance, capacitance and inductance for different circuit configurations. The 
idea about complex power in ac circuit also gives clear idea about the energy dissipating and energy 
storage elements. The knowledge of resonance is acquired for series as well as parallel circuits, 
which is extremely useful for filter design, frequency selection for radio communication and other 
applications. All these fundamental knowledge are helpful to understand the concepts of power 
engineering. The related problems are solved and included for insight knowledge of this unit. Circuit 
theory is the foundation to understand and acquire the knowledge in the domain of power 
engineering. 
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PRE-REQUISITES 

Trigonometry 
Vector calculus 

UNIT OUTCOMES 

List of outcomes of this unit is as follows: 
U1-O1: Understand the phasor representation of sinusoidal waveform 
U1-O2:  Apply mathematical formula to calculate the rms and average value of alternating 

waveforms 
U1-O3:  Apply phasor concepts to solve the ac circuits under steady state conditions  
U1-O4: Realize the power distribution and their role in circuit components  
U1-O5:  Apply vector calculus to solve complex problems 
 

Unit-1 
Outcomes 

EXPECTED MAPPING WITH COURSE OUTCOMES 
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation) 

CO-1 CO-2 CO-3 CO-4 CO-5 
U1-O1 3 3 - - - 
U1-O2 3 2 - - - 
U1-O3 3 3 - - - 
U1-O4 1 1 - - - 
U1-O5 2 2 - - - 
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1.1 Generation of alternating voltage 
The common ways of manifestation of energy are light, heat and sound. The term ‘energy’ means the 
ability of doing work. The use of energy became popular after the invention of electricity. Fossils fuels, 
potential energy of water and nuclear energy are the major source of the generation of electricity. 
Though renewable energy sources are also getting popularity to cater the problems of environmental 
hazard and rapid depletion of fossil fuels.  

Fig.1.1: Schematic of thermal power plant 
 

Fig.1.1 depicts the schematic diagram of fossil fuel based power plant. In a fossil fuel based power 
plant or commonly known as thermal power plant the main source of energy is coal, gas or oil. 
Chemical energy of these fuels are converted in to heat energy in furnace. This heat energy is used to 
generate super-heated steam in boiler chamber. The steam then enters in turbine which resembles a 
giant fan with hundreds of blades. High pressure steams are discharged against the turbine blades to 
rotate it. The potential energy of the steams is converted in to the mechanical energy which is 
responsible for the rotation of the turbine. The turbine shaft is connected to the alternator or 
synchronous generator to feed the mechanical energy into it. This mechanical energy is then converted 
into electrical energy by the principle of electromagnetic induction in the alternator. Usually step up 
transformers which are also known as generating transformer, are connected immediately after the 
alternator to step up the alternating voltage in order to reduce the transmission loss and synchronise it 
with utility grid.  
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Fig.1.2: An alternating voltage or current waveform 

Alternating voltage is generated by a rotating magnetic field linked with a stationary coil of an 
alternator. It can also be produced by the interaction of rotating coil and static magnetic field. 
Alternating voltage and current produced by the alternator are represented by sinusoidal wave as shown 
in Fig.1.2. It is very common type of alternating voltage and alternating current. An alternating 
waveform changes its magnitude and direction periodically. Fig.1.3 represents few other types of 
alternating waveforms to represent alternating voltage. 
 
  
 
 
 
 
 
 
 
 
 
 
 

Fig.1.3: Different alternating voltage waveforms 

1.2 Important terms related to alternating waveform 
Instantaneous value: It is the value of any alternating quantity or waveform at any instant of time.  
Cycle: When the alternating waveform completes one set of positive and negative values, it is called 

one cycle.   
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Amplitude: The maximum positive and negative value of an alternating waveform is known as 
amplitude or peak value of it. 

Time period: Time taken by any alternating waveform to complete one cycle is called time period. It 
is measured in seconds. 

Frequency: The number of cycles completed per second by any alternating waveform is known as 
frequency of that waveform. It is measured in hertz (Hz) or cycles per second (c/sec). 

The relation between frequency (f) and time period (T) is given by,  

݂ =  
1
ܶ                                                                                                                                                       (1.1) 

Phase: It is the angular displacement of any alternating waveform, which denotes the position of the 
waveform. 

Phase difference: It is used to compare the position of two alternating waveforms. Two alternating 
waveforms are in phase means their maximum, minimum and zero values reaches at the same 
time. 

A leading alternating waveform is one which attains its maximum, minimum and zero values earlier 
compared to other waveform. Similarly, a lagging alternating waveform is one which attains its 
maximum, minimum and zero values later compared to other waveform. A plus sign is used to 
indicate leading and minus sign indicates lagging phase difference. 

 

 
 
 
 
 

Fig.1.4: Illustration of phase difference  

In Fig.1.4, x leads y by a phase of t1 or y lags x by t1.  

1.2.1 Mathematical and graphical representations of sinusoidal 
waveform 

A sinusoidal voltage can be expressed as,  

(ݐ)ݒ = ௠ܸ sin ߠ =  ௠ܸ sin߱ݐ =  ௠ܸ sin ݐ݂ߨ2 =  ௠ܸ sin
ߨ2
ܶ ݐ                                                     (1.2) 

Where 
v(t) = instantaneous value in volts. 

Vm = amplitude or peak value in volts. 
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θ = angular displacement or phase in degree or radians.  
T = time period in sec 

f  = frequency of the sinusoidal voltage in Hz. 

ω = angular frequency in radians /sec. 

ωt = Angular displacement or argument in radians. 

T = time period in sec. 

From the sinusoidal voltage waveform as indicated in Fig.1.2 it is clear that ωT = 2π. Sinusoidal 
waveforms repeat itself after every ‘T’ seconds. The waveforms repeat itself after certain time 
are known as periodic waveforms. These type of waveforms are represented as, 
(ݐ)݂ = ݐ)݂ + ݊ܶ)                                                                                                                                 (1.3) 

Where 
f(t) = periodic waveform. 

n = integer value. 

If n = 1, then using equation (1.2), it can be written as 

ݐ)ݒ + ܶ) = ௠ܸ sin߱(ݐ + ܶ) = ௠ܸ sin߱ ൬ݐ +
ߨ2
߱ ൰ = ௠ܸ sin(߱ݐ + (ߨ2 = ௠ܸ sin߱ݐ         (1.4) 

Hence in general, equation (1.4) is expressed as, 
(ݐ)ݒ = ݐ)ݒ + ݊ܶ)                                                                                                                                 (1.5) 

v(t) is periodic because v(t) and v(t + T) have the same value as indicated in equation (1.4). 
Equation (1.2) represents a sinusoidal voltage waveform with no phase delay. In general, it is expressed 

as, 
(ݐ)ଵݒ = ௠ܸ sin(߱ݐ + ߮)                                                                                                                     (1.6) 

Or 
(ݐ)ଶݒ = ௠ܸ sin(߱ݐ − ߮)                                                                                                                   (1.7) 

Where 
φ = phase. 
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Fig.1.5: Three sinusoidal voltage waveforms with different phases  

Fig.1.5 shows three sinusoidal voltage waveforms with different phases and same amplitude and 
frequency. Vmsin(ωt+φ) leads Vmsinωt and Vmsin(ωt – φ) by φ and 2φ respectively.  This means 
the maximum value of Vm sin(ωt+φ) reaches first compared to other two waveforms. Similarly, 
Vmsin(ωt – φ) lags Vmsinωt by φ that’s why its phase is represented by ‘– φ’. 

Sinusoidal waveforms are mathematically represented in either sine or cosine form. While comparing 
two or more sinusoidal waveforms, it is convenient to represent all of them either in sine or in 
cosine. In this regard the following trigonometric relations are useful to transfer sine to cosine 
or vice versa. 
sin(߱ݐ ± 90଴) =  ± cos߱(1.8)                                                                                                               ݐ 

 
sin(߱ݐ ± 180଴) =  − sin߱ݐ                                                                                                              (1.9) 

 
cos(߱ݐ ± 90଴) =  ∓ sin߱ݐ                                                                                                              (1.10) 

 
cos(߱ݐ ± 180଴) =  − cos߱ݐ                                                                                                           (1.11) 

 

Fig.1.6: Relation between sine and cosine: A graphical representation 
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 Equations (1.8) to (1.11) can be illustrated graphically through Fig.1.6 also. In this figure, angles are 
taken positive when they are measured anti-clock wise from any axis. Magnitude of sine is 
considered along horizontal axis and magnitude of cosine is considered along vertical axis. 
Using this graphical approach, it is possible to co-relate sinusoidals which are represented as a 
function of sine as well as cosine. For an example, if 900 is added with sinωt i.e. sin(ωt+900) 
then it becomes cosωt by having a rotation of 900 in anti-clock wise direction from +sinωt, 
which is mentioned in Fig.1.6 (a). Similarly, as per Fig.1.6 (b) if 900 is subtracted from sinωt 
i.e. sin(ωt – 900) then it will be – cosωt having a rotation of 900 from +sinωt in clock wise 
direction. 

For example, the instantaneous value of any sinusoidal voltage is mentioned by 
(ݐ)ݒ = 10 sin(߱ݐ − 45଴)                                                                                                                (1.12) 

The graphical representation of the equation (1.12) is shown in Fig.1.7. An angle of 450 is measured 
from +sinωt in clock wise direction as ‘-ve’ sign is present before the angle. 

 
 
 
 
 
 
 
 
 

Fig.1.7: Graphical representation of the voltage mentioned in equation (1.12)  
Example 1.1 Find out the phase angle between the currents ݅ଵ(ݐ) = 5 sin(߱ݐ + 30଴) in A and ݅ଶ(ݐ) =

−6 cos(߱ݐ − 60଴)  in A. Also comment which current is lagging. 
Solution: 
Approach 1 (Mathematical) 
To find out the phase angle between i1 and i2, it is required to represent them in either sine or cosine 

form and amplitudes with same sign. Here both the quantities are represented in sine form and 
amplitudes with positive sign as, 
݅ଵ(ݐ) = 5 sin(߱ݐ + 30଴) 

           ݅ଶ(ݐ) = −6 cos(߱ݐ − 60଴) =  6 sin(߱ݐ − 60଴ −  90଴) [ Using equation (1.8)] 
݅ଶ = 6 sin(߱ݐ − 150଴)  

As i1 is leading by 300 and i2 is lagging by 1500, hence it is clear that the phase difference between 
them is (300 + 1500) i.e. 1800. It is also evident from the expression that i1 leads i2 by 1800. 

 



Electric Circuits and Networks | 9 

 

 

Approach 2 (Graphical) 
i1 and i2 are presented graphically as shown in Fig.1.8. i1 is represented by rotating 300 in anti-clock 

wise direction from +sinωt as ‘+’ve sign is associated with this angle. Similarly, i2 is represented 
by rotating 600 in clock wise direction from –cosωt as ‘-’ve sign is associated with this angle. 
From this figure, it is clear that the phase difference between i1 and i2 is 1800. 

 
 
 

 

Fig.1.8: Graphical representation of the i1 and i2 as mentioned in Example 1.1 

Example 1.2 Find the amplitude, phase, time period and frequency of the voltage (ݐ)ݒ =
15 sin(50ݐ + 30଴) in Volts. 

Solution: 
The instantaneous value of the voltage is given by, 

(ݐ)ݒ = 15 sin(50ݐ + 30଴) 
The standard form of the sinusoidal voltage is, 

(ݐ)ݒ =  ௠ܸ sin(2ݐ݂ߨ + ߮) =  ௠ܸ sin(߱ݐ + ߮) 
Comparing the above two equations, we can get, 
Amplitude or Maximum value = ௠ܸ = 15 volts 
Phase = ߮ = 300 
Frequency in Hz is given by,  

݂ =  
50
ߨ2 =  

25
ߨ  

Angular frequency = ߱ = ݂ߨ2  =  50 rad / sec. 
Time Period in sec. is given by, 

ܶ =  
1
݂  =  

ߨ
25 
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Example 1.3 A sinusoidal alternating voltage waveform takes 0.6 ms to become 10 A for the first time 
after being instantaneously zero. The frequency of the voltage is 50 Hz. Find the maximum value 
of the voltage waveform considering zero phase delay. 

Solution: 
(ݐ)ݒ = ,ܣ 10 ݐ = ݂,ݏ0.6݉ =  ݖܪ 50
The instantaneous voltage waveform is represented as, 
(ݐ)ݒ  = ௠ܸ sin  ݐ݂ߨ2
10 =  ௠ܸ sin(2 × ߨ × 50 × 0.6 × 10ିଷ) 
10 =  ௠ܸ × 0.187 

௠ܸ = 53.39 Volts. 

1.2.2 Phasor representations 
Phasor represents the amplitude and phase of a sinusoidal in complex form. The concept of phasor yields 

an easier way to analyse a circuit excited by sinusoidal voltage or current source. The plot of a 
sinusoidal voltage of ݒ =  ௠ܸ sin߱ݐ on a complex plane is represented in Fig.1.9. 

 
Fig.1.9: Correlation between phasor and sinusoidal quantity 

As the phase passes, the tip of the arrow rotates on a circle of radius Vm (maximum value of the sinusoidal) 
with the same angular velocity or frequency (ω) as that of the sinusoidal voltage in anti-clock wise 
direction. The arrow is represented as a rotating phasor with an amplitude of the maximum value 
of the sinusoidal. The direction or position of this phasor is determined by it’s angle with the real 
axis measured in anti-clock wise direction. As this phasor has both magnitude and phase, it can be 
represented as a phase. Hence, for this sinusoidal voltage in phasor form (polar) it can be 
represented as, 

  ܸ = ௠ܸ∠0଴                                                                                                                                             (1.13)                             
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In general, sinusoidal voltages with an amplitude of Vm and phase lead of θ or phase lag of θ are 
represented in phasors (polar form) by equations (1.14) and (1.15) respectively. 

            ܸ = ௠ܸ∠(1.14)                                                                                                                                               ߠ 
            ܸ = ௠ܸ∠−  (1.15)                                                                                                                                          ߠ
Phasor representation of the sinusoidal voltage and current is shown Table 1.1 and Fig.1.10. 

Table 1.1 Time domain to phasor domain transformation of sinusoidal 

Time domain representation of sinusoidal Phasor domain representation of 
sinusoidal (Polar) 

(ݐ)ଵݒ =  ௠ܸ sin(߱ݐ + ߮) ଵܸ = ௠ܸ∠߮ 

(ݐ)ଶݒ =  ௠ܸ sin(߱ݐ − ߮) ଶܸ = ௠ܸ∠− ߮ 

݅ଵ(ݐ) = ௠ܫ  sin߱ܫ ݐଵ =  ௠∠0଴ܫ

݅ଶ(ݐ) = ௠ܫ  sin(߱ݐ − ଶܫ (ߠ = −∠௠ܫ  ߠ

 

 

 

 

 

 
 
Fig.1.10: Phasor representation of the sinusoidal quantities mentioned in Table 1.1. 

In rectangular form or trigonometric form, the same phasors of equations (1.14) and (1.15) can be written 
as,  

ܸ = ௠ܸ [cosߠ ± ݆ sin  (1.16)                                                                                                                       [ߠ

Where, ݆ =  √−1 is a unit imaginary in complex plane. j is a rotational operator and +j denotes rotation 
of 900 in anti-clock wise direction. Similarly, any phasor in rectangular form e.g. ݔ +  can be ݕ݆
represented in polar form and exponential form by the following relations, 

ݔ + ݕ݆ =  ඥݔଶ + ∠ଶݕ tanିଵ ௬
௫

= ߠ∠ݎ = ඥݔଶ + ଶ݁୨୲ୟ୬ݕ
షభ೤

ೣ = ௝ఏ݁ݎ                                            (1.17)  

Example 1.4 Two sinusoidal currents have amplitudes 10 A and 15 A respectively. Second current is 
leading the first one by 600. Find the resultant sum of these currents in polar form. 
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Solution: 
If the phase of first current is taken as 00, then the currents phasors can be written as, 

ଵܫ = 10∠0଴  A 
ଶܫ = 15∠60଴ A 

Resultant current or sum of these currents are given by, 
ܫ = ଵܫ ଶܫ + =  10∠0଴ +  15∠60଴ 
   =  10 [cos 0଴ + ݆ sin 0଴] + 15 [cos 60଴ + ݆ sin 60଴] 
   =  10 + 7.5 + ݆ 0.866 
   =  15 + ݆ 0.866 
   =  15 + ݆ 0.866 
   =  15.025∠86.69଴ A [Using the formula mentioned in equation (1.17)] 

1.3 Average and Root Mean Square (RMS) value of alternating waveforms 

1.3.1 Average value of alternating waveforms 
Average value of any periodic waveform, x(t) with a period of T is calculated as, 

ܺ௔௩௚ =  
1
ܶ  න ݐ݀ (ݐ) ݔ

்

଴
                                                                                                                          (1.18)  

In case of any symmetrical alternating waveforms the average value over a time period is zero because 
the area under the symmetrically alternating waveform during a positive half cycle is cancelled by 
the area under the same waveform during the immediate negative half cycle. Hence, for these 
quantities the average values are calculated by considering the values either in positive half of the 
time period or in negative half of the time period. But in case of asymmetrical waveforms, the 
average value is calculated by considering the total time period.  

Example 1.5. The instantaneous value of any sinusoidal voltage is given by, (ݐ)ݒ =  ௠ܸ sin߱ݐ Volts. 
Find the average value.  

Solution: 
As, sinusoidal waveforms have the symmetry in their positive and negative half cycles, then the average 

value of this voltage is calculated over positive or negative half cycle as follows, 

௔ܸ௩௚ =  
1
ߨ  න ௠ܸ sin߱ݐ  ݐ߱݀ 

గ

଴
 

=  
1
ߨ  [− ௠ܸ cos߱ݐ]଴గ 

=  
2 ௠ܸ

ߨ  ݏݐ݈݋ܸ 
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Example 1.6. Find the average value of the waveform shown in Fig.1.11 considering sinusoidal variation 
of the waveform. 

 
 
 
 
 
 
 
 

Fig.1.11: Rectified voltage waveform 
Solution: 
The mathematical equation of the waveform shown in Fig.1.11 is given by, 

(ݐ)ݒ =  ௠ܸ sin߱ݐ      0 ≤ ݐ߱  ≤  ߨ 
The waveform is not symmetrical alternating waveform, so the average value of the waveform is obtained 

as, 

௔ܸ௩௚ =  
1
ߨ  න ௠ܸ sin߱ݐ ݐ߱݀  =  

2 ௠ܸ

ߨ

గ

଴
 

Example 1.7. Find the average value of the waveform shown in Fig.1.12. Consider sinusoidal variation 
of the waveform indicated. 

 
 
 
 
 
 
 
 
 
 

Fig.1.12: Voltage waveform 
Solution: 
The mathematical representation for the waveform shown in Fig.1.12 is given by, 

(ݐ)ݒ =  ௠ܸ sin߱ݐ      0 ≤ ݐ߱  ≤  ߨ 
    = ߨ                    0   < ݐ߱  <  ߨ2
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The average value of the waveform is as mentioned below, 

௔ܸ௩௚ =  
1

ߨ2  ቆන ௠ܸ sin߱ݐ ݐ߱݀ 
గ

଴
+ න ݐ߱݀ 0

ଶగ

గ
ቇ =  ௠ܸ

ߨ2  [− cos߱ݐ]଴గ = ௠ܸ

ߨ   

Example 1.8.  An alternating current waveform is shown in Fig.1.13. Find it’s average value. 
 
 
 
 
 
 
 
 
 

Fig.1.13: Current waveform 
Solution: 
The mathematical representation for the current waveform shown in Fig.1.13 is given by, 

(ݐ)݅ =  
௠ܫ − 0

0.5ܶ − 0 ݐ  =
௠ܫ2
ܶ 0     ݐ ≤ ݐ ≤  0.5ܶ 

         =   
0 − (௠ܫ−)
ܶ − 0.5ܶ ݐ  =  

௠ܫ2
ܶ 0.5ܶ     ݐ ≤ ݐ ≤ ܶ 

As the waveform is symmetrical, then the average value of the current waveform is written as, 

௔௩௚ܫ =  
1

0.5ܶ  ቆන
௠ܫ2
ܶ ݐ݀ ݐ 

଴.ହ்

଴
ቇ =  

௠ܫ4
ܶଶ ቈ

ଶݐ

2 ቉
଴

଴.ହ்

=
௠ܫ
2   

1.3.2 RMS value of alternating waveforms 
RMS value gives the idea about the effectiveness of any alternating quantity. RMS value of any periodic 

waveform, x(t) with a period of T is calculated as, 

ܺ௥௠௦ =  ඨ
1
ܶ  න ଶݔ ݐ݀ (ݐ) 

்

଴
                                                                                                                    (1.19)  

In case of any symmetrical alternating waveform the rms value over a full cycle is equal to the rms value 
of over a half cycle due to symmetry. Hence, for these quantities the rms value is calculated by 
considering the values either in positive half of the time period or in negative half of the time 
period. But in case of asymmetrical waveforms, the rms value is calculated by considering the total 
time period. 
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Example 1.9. The instantaneous value of any sinusoidal voltage is given by, (ݐ)ݒ =  ௠ܸ sin߱ݐ. Find the 
rms value.  

Solution: 
As, sinusoidal waveforms have the symmetry in their positive and negative half cycles, then the rms 

value of this voltage over the half cycle is enough to get the actual rms value as follows, 

௥ܸ௠௦ =  ඨ
1
ߨ  න ௠ܸ

ଶ sinଶ߱ݐ  ݐ߱݀ 
గ

଴
 

=  ඨ ௠ܸ
ଶ

ߨ2  න (1 − cos  ݐ߱݀ (ݐ2߱
గ

଴
 

=  ඨ ௠ܸ
ଶ

ߨ2  ൤߱ݐ −
sin ݐ2߱

2 ൨
଴

గ

 

=  ඨ ௠ܸ
ଶ

ߨ2 ൤(ߨ − 0) − (
sin ߨ2

2 −
sin 0

2 )൨  

=  ௠ܸ

√2
 

Example 1.10. Find the rms value of the waveform shown in Fig.1.11. 
Solution: 
The mathematical equation of the waveform shown in Fig.1.11 is given by, 

(ݐ)ݒ =  ௠ܸ sin߱ݐ      0 < ݐ߱  <  ߨ 
The waveform is not symmetrically alternating waveform during the entire time period, so the rms value 

of the waveform is as follows, 

௥ܸ௠௦ =  ඨ
1
ߨ  න ௠ܸ

ଶ sinଶ߱ݐ ݐ߱݀ 
గ

଴
=  ඨ ௠ܸ

ଶ

ߨ2 න (1 − cos  ݐ߱݀ (ݐ2߱
గ

଴
= =  ௠ܸ

√2
 

Example 1.11. Find the rms value of the current waveform shown in Fig.1.14. 
 
 
 
 
 
 
 

Fig.1.14: Current waveform 
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Solution: 
The mathematical representation for the current waveform shown in Fig.1.14 is given by, 

(ݐ)݅ = ௠ܫ       0 < ݐ <  0.5ܶ 
         = ௠ܫ−       0.5ܶ < ݐ <  ܶ 

As the waveform is symmetrically alternating waveform in the positive half as well as negative half of 
the entire time period, so the rms value of the waveform is given by, 

௥௠௦ܫ =  ඨ
1

0.5ܶ  ቆන ݐ݀ ௠ଶܫ
଴.ହ்

଴
ቇ 

         =  ඨ
௠ଶܫ

0.5ܶ
଴଴.ହ்[ݐ]   

        =  ௠ܫ 

1.4 Form factor and peak factor of alternating waveforms 
Form factor of an alternating waveform is defined as the ratio of its rms value to its average value.  

ݎ݋ݐܿܽܨ ݉ݎ݋ܨ =  
݁ݑ݈ܽݒ ݏ݉ݎ

 ݁ݑ݈ܽݒ ݊ܽ݁݉ ݎ݋ ݁݃ܽݎ݁ݒܽ

Peak factor of an alternating waveform is defined as the ratio of its maximum value to its rms value. 

ݎ݋ݐܿܽܨ ݇ܽ݁ܲ =  
݁ݑ݈ܽݒ ݉ݑ݉݅ݔܽ݉

݁ݑ݈ܽݒ ݏ݉ݎ  

Example 1.12. An alternating voltage waveform as shown in Fig. 1.15 is given by,  

(ݐ)ݒ = 0      0 ≤ ݐ߱ <
ߨ
3 

         =  ௠ܸ sin߱ݐ     
ߨ
3 ≤ ݐ߱  ≤  ߨ

 
Fig.1.15: Current waveform 
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Find the average and rms value of this waveform. Also calculate the form factor and peak factor of the 
waveform shown in Fig. 1.15 

Solution: 
The average value of the waveform is calculated as, 

௔ܸ௩௚ =  
1
ߨ  න ௠ܸ sin߱ݐ ݐ߱݀ 

గ

ഏ
య

 

         =  ௠ܸ

ߨ [1 + cos
ߨ
3] 

         =  
3 ௠ܸ

ߨ2  

The rms value of the waveform is given by, 

௥ܸ௠௦ =  ඨ
1
ߨ  න ௠ܸ

ଶ sinଶ߱ݐ ݐ߱݀ 
గ

ഏ
య

 

         =  ඨ ௠ܸ
ଶ

ߨ2  න (1 − cos ݐ߱݀ (ݐ2߱
గ

ഏ
య

 

         =  ඨ ௠ܸ
ଶ

ߨ2  ൤߱ݐ −
sin ݐ2߱

2 ൨
ഏ
య

గ

 

        =  ඩ ௠ܸ
ଶ

ߨ2 ቎(ߨ −
ߨ
3) − (

sin ߨ2
2 −

sin ଶగ
ଷ

2 )቏  

       = ௠ܸ ඨ
1
3 + 0.0689 

        = 0.63 ௠ܸ 
The form factor of the waveform is calculated as, 

ݎ݋ݐܿܽܨ ݉ݎ݋ܨ =  
0.63 ௠ܸ

0.477 ௠ܸ
= 1.32 

The form factor of the waveform is calculated as, 

ݎ݋ݐܿܽܨ ݇ܽ݁ܲ =  ௠ܸ

0.63 ௠ܸ
= 1.587 
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1.5 Steady state response of pure resistor, inductor and capacitor for a 
sinusoidal ac voltage source 

1.5.1 Pure resistive circuit 
 
 
 
 
 

 
Fig.1.16: Pure resistive circuit  

A pure resistive circuit of resistance ‘R’ is connected to a sinusoidal ac voltage source of (ݐ)ݒ =
 ௠ܸ sin߱ݐ as shown in Fig.1.16. The phasor form of this voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                               (1.20) 

The instantaneous value of the current flowing through the circuit can be expressed as, 

(ݐ)݅ =  ௠ܸ sin߱ݐ 
ܴ = ௠ܫ sin߱ݐ                                                                                                             (1.21) 

Where, ܫ௠ =  ௏೘
ோ

 is the maximum value of alternating current flowing through the circuit. The current 
phasor (I) is given by, 

ܫ = ௠ܸ∠0଴

ܴ =  ௠∠0଴                                                                                                                             (1.22)ܫ 

The voltage across the resistor in phasor form can be expressed as, 

ோܸ = ܴܫ = ܸ                                                                                                                                            (1.23) 

1.5.1.1 Phase, impedance and power factor of pure resistive circuit 
 Phase:  
The current and voltage waveforms and their phasor representations are shown in Fig.1.17 and Fig.1.18 

respectively. 
 
 
 
 
 

 
 

Fig.1.17 Voltage and current waveforms of pure resistive circuit excited by sinusoidal ac voltage 
source 
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Fig.1.18 Voltage and current phasors of pure resistive circuit excited by sinusoidal ac voltage source 

It is clear from both the diagrams and equations (1.20) and (1.21) that the current and voltage in a pure 
resistive circuit excited by sinusoidal ac voltage source are in phase. In other word, the phase 
difference between the current flowing through the circuit and voltage across the resistor is zero. 

Impedance:  
Impedance of any ac circuit is defined as the resistance offered by the circuit to the flow of current 

through it. It is measured in ohm (Ω). In a pure resistive circuit excited by ac voltage source, the 
impedance of the circuit is given by, 

ܼ =  
ܸ
ܫ =  ௠ܸ∠0଴

௠∠0଴ܫ =  ௠ܸ

௠ܸ
× ܴ = ܴ                                                                                                       (1.24) 

Admittance of any ac circuit is just reciprocal of impedance. It is measured in siemens (S). In case of 
pure resistive ac circuit, it is just the conductance (G) i.e reciprocal of resistance. 

ܻ =
1
ܴ =  (1.25)                                                                                                                                                ܩ

Power factor: 
Power factor (PF) is defined as the cosine of the angle between the current phasor and voltage phasor. 

Sometimes, this PF is called as displacement PF. But in general, for power system applications, 
this is termed as just PF. In this case voltage and current phasors are in phase and the PF is obtained 
as,  
ܨܲ =  cos 0଴ = 1                                                                                                                                    (1.26) 

1.5.1.2 Instantaneous and average power of pure resistive circuit 
Instantaneous power: 
The instantaneous power absorbed by any electric circuit element is the product of instantaneous current 

flowing through that element and instantaneous voltage across the same element. It is measured in 
watts (W). The expression of instantaneous power is given by, 
(ݐ)݌ =  (1.27)                                                                                                                                       (ݐ)݅(ݐ)ݒ

For this circuit the instantaneous power is calculated as, 

(ݐ)݌ = ௠ܸ sin߱ݐ  × ௠ܫ  sin߱ݐ =  ௠ܸܫ௠ sinଶ߱ݐ =  
1
2 ௠ܸܫ௠  [1− cos  [ݐ2߱

(ݐ)݌ =  
1
2 ௠ܸܫ௠ −  

1
2 ௠ܸܫ௠ cos  (1.28)                                                                                                    ݐ2߱
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Fig.1.19: Power waveform of pure resistive circuit excited by sinusoidal ac voltage source 

From equation (1.28), it is well understood that the first term of the instantaneous power is constant and 
time independent. Whereas the second term of the instantaneous power is sinusoidal with a 
frequency double the frequency of voltage and current. Fig.1.19 depicts the instantaneous power 
of the pure resistive circuit excited by ac voltage source. It is clear from the diagram that it is 
periodic function with frequency of 2ω or 2f, if the ω or f is the frequency of voltage and current 
waveforms. If the time period of the voltage and current waveform is indicated as T then the time 
period of the instantaneous power is 0.5T. The instantaneous power is positive for every cycle of 
it except every interval of π from ωt = 0. The positive instantaneous power indicates that the entire 
power is being absorbed by the circuit element (R for this circuit). 

Average power: 
Average power is the average or mean of the instantaneous power over a complete time period of it. The 

unit of average power is also watts (W). The expression of the average power is obtained as, 

௔ܲ௩௚ =  
1

0.5ܶ  න  ݐ߱݀ (ݐ)݌
଴.ହ்

଴
 

                     =
1

0.5ܶ  න [
1
2 ௠ܸܫ௠ −  

1
2 ௠ܸܫ௠ cos  ݐ߱݀ [ݐ2߱

଴.ହ்

଴
 

௔ܲ௩௚ = ௏೘ூ೘
ଶ

= ௏ூ
ଶ

=  ௏೘
√ଶ

× ூ೘
√ଶ

=  ௥ܸ௠௦ܫ௥௠௦                                                                                           (1.29) 

Equation (1.29) can be further re-written by using equation (1.24) as, 

௔ܲ௩௚ = ௠ܸ
ଶ

2ܴ =
௠ଶܴܫ

2 = ௥ܸ௠௦
ଶ

ܴ = ௥௠௦ܫ
ଶܴ                                                                                            (1.30) 
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1.5.2 Pure inductive circuit 
 
 
 
 
 
 
 

Fig.1.20: Pure inductive circuit  
A pure inductive circuit of inductance ‘L’ is connected to a sinusoidal ac voltage source of ݒ =  ௠ܸ sin߱ݐ 

as shown in Fig.1.20. The phasor form of this voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                               (1.31) 

The instantaneous value of the current flowing through the circuit can be obtained as, 

(ݐ)݅ =  
1 
ܮ නݐ݀ ݒ = ௠ܸ

ܮ න sin߱ݐ  ݐ݀

        = ௠ܸ

ܮ߱ [− cos߱ݐ] =  ௠ܸ

ܮ߱ sin ቀ߱ݐ −  
ߨ
2ቁ = ௠ܫ sin ቀ߱ݐ −  

ߨ
2ቁ                                                  (1.32) 

Where, ܫ௠ =  ௏೘
ఠ௅

 is the maximum value of alternating current flowing through the circuit. Using the 
concept of Table 1.1 in equation (1.31), the current phasor (I) is given by, 

ܫ = ௠ܸ

90଴−∠ܮ߱ = ௠∠−90଴ܫ  = ௠ܫ݆− = ௠݁ି௝ଽ଴ܫ
బ                                                                          (1.33) 

The phasor form of voltage across the inductor can be calculated as, 

௅ܸ = ௠ܸ∠0଴ =  0଴                                                                                                                      (1.34)∠ܮ௠߱ܫ
In phasor form, the voltage across the inductor denotes anti-clock wise 900 rotation of it w.r.t current 

phasor. 

1.5.2.1 Phase, impedance and power factor of pure inductive circuit 
Phase:  
The current and voltage waveforms and their phasor representations are shown in Fig.1.21 and Fig.1.22 

respectively based on the equations (1.30) and (1.32). It is clear from both the diagrams and 
equations (1.30), (1.32) and (1.33) that the current and voltage in a pure inductive circuit excited 
by sinusoidal ac voltage source have a phase difference of 900. In other word, it can be stated that 
the current flowing the pure inductive circuit lags the supply voltage by 900. 

 
 
 



22 | Electric Circuits and Networks 

 

 

 
 
 
 
 
 

Fig.1.21: Voltage and current waveforms of pure inductive circuit excited by sinusoidal ac voltage 
source 

 
 

 
 
 
 

Fig.1.22: Voltage and current phasors of pure inductive circuit excited by sinusoidal ac voltage source 

Impedance:  
The impedance of a pure inductive circuit excited by sinusoidal ac voltage source is given by,  

ܼ =  
ܸ
ܫ =  ௠ܸ∠0଴

௠∠−90଴ܫ =  ௠ܸ

௠ܸ
× 90଴∠ܮ߱ = ܮ݆߱ = ݆ܺ௅                                                                     (1.35) 

The term ωL is known as inductive reactance and it is denoted as XL. Impedance in this type of circuit 
depends on the frequency of the supply. If the frequency of supply is zero then the inductive 
reactance term becomes zero. In case of DC supply, the frequency is zero that means the inductive 
reactance value will be zero. Hence, inductor behaves as a short circuit in DC supply due to the 
absence of XL. Admittance in purely inductive ac circuit is calculated as,  

ܻ =
1
ܮ݆߱                                                                                                                                                     (1.36) 

Power factor: 
Power factor (PF) for a pure inductive circuit, which is the cosine of the angle between the current phasor 

and voltage phasor is obtained as,  
ܨܲ =  cos(90଴) = 0                                                                                                                              (1.37) 

1.5.2.2 Instantaneous and average power of pure inductive circuit 
Instantaneous power: 
The expression of instantaneous power for a pure inductive circuit is given by using the equations (1.30) 

and (1.31), 
(ݐ)݌ =  (1.38)                                                                                                                                       (ݐ)݅(ݐ)ݒ
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(ݐ)݌ = ௠ܸ sin߱ݐ  × ௠ܫ  sin(߱ݐ −
ߨ
2) =  − ௠ܸܫ௠ sin߱ݐ cos߱ݐ =  −

1
2 ௠ܸܫ௠ sin  ݐ2߱

(ݐ)݌ = −  
1
2 ௠ܸܫ௠ sin ݐ2߱                                                                                                                     (1.39) 

 
 
 
 
 
 
 
 

Fig.1.23: Power waveform of pure inductive circuit excited by sinusoidal ac voltage source 
From equation (1.38), it is clear that the instantaneous power of a pure inductive circuit excited by 

sinusoidal ac voltage source is just a sinusoidal with a frequency double the frequency of voltage 
and current. Fig.1.23 depicts the instantaneous power of the pure inductive circuit excited by ac 
voltage source. It is clear from the diagram that it is periodic function with frequency of 2ω or 2f, 
if the ω or f is the frequency of voltage and current waveforms. If the time period of the voltage 
and current waveform is indicated as T then the time period of the instantaneous power is 0.5T. 
The positive half cycle in instantaneous power indicates that the absorption of power by the 
inductor from the source and the negative half cycle in instantaneous power depicts absorption of 
power by the source from the charged inductor. That means in one half cycle inductor charges by 
absorbing energy from the source and in the next half cycle it throws back the stored energy to the 
source by discharging itself. 

Average power: 
The expression of the average power is obtained as, 

௔ܲ௩௚ =  
1

0.5ܶ  න  ݐ߱݀ (ݐ)݌
଴.ହ்

଴
 

                     =
1

0.5ܶ  න [ 
1
2 ௠ܸܫ௠ sin  ݐ߱݀ [ݐ2߱

଴.ହ்

଴
 

௔ܲ௩௚ = 0                                                                                                                                                     (1.40) 
The average power absorption by an inductive element over a time period is zero. This means inductor 

does not consume any average power. Fig.1.23 indicates the power only oscillates between source 
and inductor (load) and it reacts upon itself. It does not do any useful work. Hence it is known as 
watt-less power or re-active power. Reactive power is measured in VAr. From equations (1.35) 
and (1.39) the peak value or maximum value of this reactive power is derived as, 

|ܳ௠| =  ௠ܸ

√2
௠ܫ
√2

= ௥ܸ௠௦ܫ௥௠௦ = ௠ܸ
ଶ

2ܺ௅
=
௠ଶܺ௅ܫ

2                                                                                    (1.41) 
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1.5.3 Pure capacitive circuit 
 
 
 
 
 
 

 
Fig.1.24: Pure capacitive circuit  

A pure capacitor of capacitance ‘C’ is connected to a sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ 
as shown in Fig.1.24. The phasor form of this voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                               (1.42) 

The instantaneous value of the current flowing through the circuit can be obtained as, 

(ݐ)݅ = ܥ 
ݒ݀
ݐ݀ = ܥ

݀( ௠ܸ sin߱ݐ)
ݐ݀  

        = ܥ߱ ௠ܸ cos߱ݐ = ܥ߱  ௠ܸ sin ቀ߱ݐ +  
ߨ
2ቁ = ௠ܫ sin ቀ߱ݐ +  

ߨ
2ቁ                                               (1.43) 

Where, ܫ௠ ܥ߱  = ௠ܸ  is the maximum value of alternating current flowing through the circuit. Using the 
concept of Table 1.1 in equation (1.43), the current in phasor form (I) is given by, 

ܫ = ܥ߱ ௠ܸ∠+90଴ = ௠∠+90଴ܫ  = ௠ܫ݆ = ௠݁௝ଽ଴ܫ
బ                                                                            (1.44) 

The phasor form of voltage across the capacitor can be calculated as, 

஼ܸ = ௠ܸ∠0଴ =
௠ܫ
ܥ߱ ∠0଴                                                                                                                         (1.45) 

The phasor form of voltage across capacitor denotes clock wise 900 rotation of it w.r.t current phasor. 

1.5.3.1 Phase, impedance and power factor of pure capacitive circuit 
Phase:  
The current and voltage waveforms and their phasor representations are shown in Fig.1.25 and Fig.1.26 

respectively based on the equations (1.42), (1.43), (1.44) and (1.45). It is clear from both the figures 
(Fig.1.25 and Fig.1.26) and equations (1.42), (1.43), (1.44) and (1.45) that the current and voltage 
in a pure capacitive circuit excited by sinusoidal ac voltage source have a phase difference of 900. 
In other words, it can be stated that the current flowing the pure capacitive circuit leads the supply 
voltage by 900. 
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Fig.1.25: Voltage and current waveforms of pure capacitive circuit excited by sinusoidal ac voltage 

source 
 
 

 
 
 
 
 

Fig.1.26: Voltage and current phasors of pure capacitive circuit excited by sinusoidal ac voltage source 
Impedance:  
The impedance of a pure capacitive circuit excited by sinusoidal ac voltage source is given by,  

ܼ =  
ܸ
ܫ =  ௠ܸ∠0଴

௠∠90଴ܫ =  ௠ܸ

௠ܸ
×

1
ܥ߱ ∠ − 90଴ = −݆

1
ܥ߱ = −݆ܺ஼                                                         (1.46) 

The term ଵ
ఠ஼

 is known as capacitive reactance and it is denoted as XC. Impedance in this type of circuit 
also depends on the frequency of the supply. If the frequency of supply is zero then the capacitive 
reactance term becomes infinity. In case of DC supply, the frequency is zero that means the 
capacitive reactance value will be infinity. Hence, capacitor behaves as an open circuit in DC 
supply due to the very high value of XC. Admittance in purely capacitive ac circuit is calculated 
as,  
ܻ =  (1.47)                                                                                                                                                    ܥ݆߱

Power factor: 
Power factor (PF) for a pure capacitive circuit, which is the cosine of the angle between the current 

phasor and voltage phasor is obtained as,  
ܨܲ =  cos 90଴ = 0                                                                                                                                 (1.48) 

1.5.3.2 Instantaneous and average power of pure capacitive circuit 
Instantaneous power: 
The expression of instantaneous power for a pure capacitive circuit is given by  
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(ݐ)݌ =  (1.49)                                                                                                                                       (ݐ)݅(ݐ)ݒ

(ݐ)݌ = ௠ܸ sin߱ݐ  × ௠ܫ  sin(߱ݐ +
ߨ
2) =  ௠ܸܫ௠ sin߱ݐ cos߱ݐ =  

1
2 ௠ܸܫ௠ sin  ݐ2߱

(ݐ)݌ =  
1
2 ௠ܸܫ௠ sin ݐ2߱                                                                                                                          (1.50) 

 
 
 
 
 
 
 

Fig.1.27: Power waveform of pure capacitive circuit excited by sinusoidal ac voltage source 
From equation (1.50), it is clear that the instantaneous power of a pure capacitive circuit excited by 

sinusoidal ac voltage source is just a sinusoidal with a frequency double the frequency of voltage 
and current. Fig.1.27 shows the instantaneous power of the pure capacitive circuit excited by ac 
voltage source. It is clear from the diagram that it is periodic function with frequency of 2ω or 2f, 
if the ω or f is the frequency of voltage and current waveforms. If the time period of the voltage 
and current waveform is indicated as T then the time period of the instantaneous power is 0.5T. 
The positive instantaneous power indicates that the absorption of power by the capacitor from the 
source and negative instantaneous power depicts the absorption of power by the source from the 
charged capacitor. 

Average power: 
The expression of the average power is obtained as, 

௔ܲ௩௚ =  
1

0.5ܶ  න  ݐ߱݀ (ݐ)݌
଴.ହ்

଴
 

                     =
1

0.5ܶ  න [ 
1
2 ௠ܸܫ௠ sin  ݐ߱݀ [ݐ2߱

଴.ହ்

଴
 

௔ܲ௩௚ = 0                                                                                                                                                    (1.51) 
The average power absorption by a pure capacitive element over a time period is zero. As shown in 

Fig.1.27, the instantaneous power oscillates between source and capacitor (load) and it reacts upon 
itself. It does not do any useful work. From equations (1.46) and (1.50) the different formula of 
peak value of this reactive power is derived as, 

|ܳ௠| =  ௠ܸ

√2
௠ܫ
√2

= ௥ܸ௠௦ܫ௥௠௦ = ௠ܸ
ଶ

2ܺ஼
=
௠ଶܺ஼ܫ

2                                                                                    (1.52) 

In conclusion, it can be stated that the pure resistive load absorbs power from the source but the pure 
reactive (pure inductive or pure capacitive) load consumes zero average power. 
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1.5.4. General concept of impedance, impedance triangle and admittance 
1.5.4.1 Impedance and impedance triangle 
The concept of impedance for pure resistive, pure inductive and pure capacitive circuits are discussed in 

the previous sections. But in practice, these elements are connected in different combinations to 
form a network. In that case, the impedance is represented as,  
ܼ = ܴ + ݆ (ܺ௅ −ܺ஼) = ܴ + ݆ܺ =  (1.53)                                                                                         ߠ∠|ܼ|

|ܼ| =  ඥܴଶ + ܺଶ                                                                                                                                     (1.54) 

ߠ =  tanିଵ ൬
ܺ
ܴ൰                                                                                                                                        (1.55) 

Where R, XL, XC, X are the effective values of the resistance, inductive reactance, capacitive reactance 
and net reactance of the network respectively. If the value of XL is greater than XC then the 
imaginary term of the impedance becomes positive indicating net reactance as inductive reactance 
and if the value of XL is less than XC then the imaginary term of the impedance becomes negative 
indicating net reactance as capacitive reactance. Impedance is measured in ohms (Ω). 

Impedance angle: 
θ is known as impedance angle. It is positive if the net reactance is inductive and it is negative if the net 

reactance is capacitive. It is to be noted that impedance angle is phase angle between voltage and 
current or power factor angle.  

As the impedance is expressed in complex form, so it can be represented in complex plane as shown in 
Fig. 1.28. 

 
 
 
 
 
 
 
                                                  

(a)                                                            (b) 
Fig. 1.28: Impedance triangle for (a) net reactance as inductive, (b) for net reactance as capacitive 

Impedance triangle: 
Impedance in complex plane form a triangle which is known as impedance triangle. Impedance triangle 

illustrates the relationship between resistance, reactance and impedance. But it is to be remembered 
that these quantities are not in phasor form. 

1.5.4.2 Admittance 
Admittance (Y) is reciprocal of impedance in AC circuits. It is measured in Siemens (S). The expression 

for admittance is given by, 
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ܻ =  
1
ܼ =

1
ܴ + ݆ܺ =

ܴ − ݆ܺ
(ܴ + ݆ܺ)(ܴ − ݆ܺ)        

ܻ =
ܴ

ܴଶ + ܺଶ − ݆ 
ܺ

ܴଶ + ܺଶ = ܩ +  (1.56)                                                                                                ܤ݆

The real part of the admittance is known as conductance (G) and it is measured in mho (℧) or Siemens 
(S). The imaginary term in the admittance is susceptance (B) and it is measured in mho (℧) or 
Siemens (S). 

Example 1.13. The equivalent resistance, equivalent inductive reactance and equivalent capacitive 
reactance of a circuit is given by 10 ohm, 15 ohm and 5 ohm respectively. Find out the equivalent 
impedance and admittance of the circuit. Also calculate the impedance angle. 

Solution: 
We know, 

ܼ = ܴ + ݆ (ܺ௅ −ܺ஼) = ܴ + ݆ܺ =  ߠ∠|ܼ|
R = 10 ohm. 
X = XL – XC = (15 -10) = 5 ohm 

Impedance is obtained as, 
ܼ = 10 + ݆5  ohm 

|ܼ| =  ඥ(10)ଶ + (5)ଶ = √125 = 11.18  
Impedance angle is calculated as, 

ߠ =  tanିଵ ൬
5

10൰ = 26.56଴ 

 Impedance in polar form is given by, 
ߠ∠|ܼ|  =  11.18∠26.56଴ ohm 

ܻ =
ܴ

ܴଶ + ܺଶ − ݆ 
ܺ

ܴଶ + ܺଶ =  
10

(10)ଶ + (5)ଶ − ݆
5

(10)ଶ + (5)ଶ =
10

125 − ݆
5

125 

ܻ = 0.08 − ݆ 0.04 S. 

1.5.5 Concept of power and power triangle 
The steady-state voltage-current relationships and concept of power for pure resistive, pure inductive and 

pure capacitive are discussed in the previous sections. But in practice, all these passive elements 
are connected in different series-parallel combinations. Hence, it is essential to know the concept 
of generalized power where a sinusoidal ac voltage source is connected to a load combined with 
R, L and C.  
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Fig.1.29: Passive linear network excited by sinusoidal ac voltage source 
Let us assume a passive linear network combined with R, L and C is excited by a sinusoidal ac voltage 

source with a magnitude of Vm, angular frequency of ω and a phase delay of θv as shown in Fig. 
1.29. Due to this voltage source, let us consider a sinusoidal current of magnitude of Im and phase 
delay of θi is flowing through the circuit. The instantaneous voltage and current waveforms are 
indicated in Fig.1.30 and their expressions are given as, 
(ݐ)ݒ =  ௠ܸ sin(߱ݐ −  ௩)                                                                                                                      (1.57)ߠ
(ݐ)݅ = ௠ܫ  sin(߱ݐ −  ௜)                                                                                                                       (1.58)ߠ

 

 

 

 

 
 

Fig.1.30: Instantaneous voltage and current waveforms of the circuit mentioned in Fig.1.29 

1.5.5.1 Instantaneous power, average power and complex power 
Instantaneous power:  
The instantaneous power flowing through this circuit is given by  

(ݐ)݌ =  (1.59)                                                                                                                                       (ݐ)݅(ݐ)ݒ
Equation (1.59) can be modified by using equations (1.57) and (1.58) as, 

(ݐ)݌ = ௠ܸ sin(߱ݐ − × (௩ߠ ௠ܫ  sin(߱ݐ −  (௜ߠ

(ݐ)݌ =  
1
2 ௠ܸܫ௠ {cos(ߠ௜ − −(௩ߠ cos ( ௩ߠ −ݐ2߱ −  {(௜ߠ
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(ݐ)݌ =  
1
2 ௠ܸܫ௠ {cos(ߠ௩ − (௜ߠ − cos( ௩ߠ −ݐ2߱ −    {(௜ߠ

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cos(ߠ௩ − (௜ߠ −

1
2 ௠ܸܫ௠cos( ௩ߠ −ݐ2߱ −  ௜)                                                         (1.60)ߠ

Let us consider the phase difference between the voltage and current phasor is ߠ = ௩ߠ)  −  ௜). Then theߠ 
expression of the instantaneous power can be modified as,  

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cosߠ −

1
2 ௠ܸܫ௠cos( ௩ߠ −ݐ2߱ −  ௜)                                                                       (1.61)ߠ

   First term of equation (1.61) is time independent and it depends on the cosine of the phase angle 
between the voltage and current. As the phase angle between the voltage and current is constant, 
the first term is also a constant. The second term is a time varying sinusoidal function. The 
frequency of this term is double the frequency of supply voltage and current through the circuit. 
Hence the time period of this second term is గ

ఠ
 second if the time period of the voltage and current 

signal is ଶగ
ఠ

 second. If the time period of the voltage and current is denoted as T then the time period 
of the second term in the instantaneous power will be 0.5T. 

 
 
 
 
 
 
 
 

 
Fig. 1.31: Instantaneous power of the passive network shown in Fig. 1.29 

Fig. 1.31 represents the instantaneous power flowing through the circuit considered. It is clear from the 
figure that the average value of this quantity is positive as it has positive values in all the cycles. 
The positive value of the power waveform indicates the absorption of power by the load from the 
source and the negative power indicates the delivery of power to the source by the load. Power 
delivery to the source is possible by discharging inductor or capacitor or both capacitor and 
inductor. 

Average power: 
Instantaneous power is changing w.r.t time. So, it is very difficult to measure it. Rather it is convenient 

to measure the average power. Usually, the instrument ‘wattmeter’ is used to measure the average 
power in Watts. The expression of the average power for this circuit is obtained as, 

௔ܲ௩௚ =  
1

0.5ܶ  න  ݐ߱݀ (ݐ)݌
଴.ହ்

଴
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௔ܲ௩௚ =
1

0.5ܶ  න [ 
1
2 ௠ܸܫ௠ cosߠ −

1
2 ௠ܸܫ௠cos( ௩ߠ −ݐ2߱ − (௜ߠ  ݐ߱݀

଴.ହ்

଴
 

௔ܲ௩௚ =  
1
2 ௠ܸܫ௠ cos ߠ                                                                                                                              (1.62) 

Equation (1.62) represents the average power flowing through a passive network consists of R, L and C 
excited by sinusoidal ac voltage source. In the expression of average power, the second term of the 
instantaneous power disappears as it is time varying sinusoidal function. The average power is also 
constant and it depends on the phase difference between voltage and current. It is interesting to 
note that the instantaneous power is time varying but the average power is time independent. Hence 
the calculation of instantaneous power requires the knowledge of instantaneous voltage and 
instantaneous current in time domain. But average power can be evaluated in time domain as well 
as in frequency domain (in phasor form). The instantaneous voltage and current mentioned in 
equations (1.57) and (1.58) are expressed in phasor as, 
ܸ =  ௠ܸ∠ߠ௩                                                                                                                                              (1.63) 
ܫ = ௜ߠ∠௠ܫ                                                                                                                                                  (1.64) 

 
 
 
 
 
 
 
 

Fig.1.32: Voltage and Current phasors as mentioned in equations (1.63) and (1.64) 
One point is to be remembered while calculating the average power in phasor form that the expression 

of average power includes the phase difference between the voltage and current phasor. 
Considering this, if we take the conjugate of current phasor and multiply it with 0.5 times of voltage 
phasor then the expression becomes, 
1
ܫ2ܸ

∗ =
1
2 ௠ܸ∠ߠ௩ × ௜ߠ−∠௠ܫ =

1
2 ௠ܸܫ௠∠(ߠ௩ −  (௜ߠ 

1
ܫ2ܸ

∗ =
1
2 ௠ܸܫ௠[cos(ߠ௩ − (௜ߠ  + ݆ sin(ߠ௩ −  [(௜ߠ 

1
ܫ2ܸ

∗ =
1
2 ௠ܸܫ௠[cosߠ + ݆ sin(1.65)                                                                                                         [ߠ 

The real term of the above equation is the average power flowing through a passive network consists of 
R, L and C excited by sinusoidal ac voltage source. So, it can be concluded that the real part of the 
equation (1.65) is the average power, which can be expressed as, 

          ௔ܲ௩௚ =  ܴ݁[ଵ
ଶ
[∗ܫܸ  =  ଵ

ଶ ௠ܸܫ௠ cos ߠ                                                                                                       (1.66) 
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When voltage and current are in phase, i.e. ߠ = 0 then the circuit becomes pure resistive circuit. In that 
case, the average power becomes, 

         ௔ܲ௩௚ =  
1
2 ௠ܸܫ௠ =  ௠ܸ

ଶ

2ܴ =
௠ଶܴܫ

2 =
|ܸ|ଶ

2ܴ =
ଶܴ|ܫ|

2                                                                    (1.67) 

Where |ܸ|and |ܫ| are the absolute values of voltage and current phasors respectively. When the phase 
difference between the voltage and current phase is 900, i.e. ߠ = ±90଴ then the circuit becomes 
either pure capacitive or pure inductive. In that case, the average power becomes, 
         ௔ܲ௩௚ =  0                                                                                                                                          (1.68) 

Equations (1.67) and (1.68) again conform that the pure resistive circuit consumes power and pure 
inductive or capacitive circuit does not consume any average power. These satisfy the concept 
discussed in equations (1.30), (1.40) and (1.51). 

Complex power: 
Equation (1.64) includes one real term as well as one imaginary term. This is the total power or apparent 

power consumed by any passive network consists of R, L and C excited by sinusoidal ac source. 
As it is expressed in complex form, it is also known as complex power. It is measured in Volt-
Ampere (VA) and usually denoted as ‘S’. The expression of total power or apparent power or 
complex power is given by, 

ܵ =  
1
ܫ2ܸ

∗ =
1
2 ௠ܸܫ௠[cosߠ + ݆ sin(1.69)                                                                                               [ߠ 

In terms of rms values the complex power is expressed as, 
ܵ =  ௥ܸ௠௦ܫ௥௠௦

∗ =  | ௥ܸ௠௦||ܫ௥௠௦|[cosߠ + ݆ sin  (1.70)                                                                              [ߠ
Where the rms values of voltage and current in phasor forms are as follows, 

௥ܸ௠௦ =  
ܸ
√2

= ௠ܸ

√2
௩ߠ∠ = | ௥ܸ௠௦|∠ߠ௩                                                                                                     (1.71) 

௥௠௦ܫ =  
ܫ
√2

=
௠ܫ
√2

௜ߠ∠ = ௜ߠ∠|௥௠௦ܫ|                                                                                                      (1.72) 

Real power or active power: 
It is already discussed that the real part of equation (1.69) or (1.70) is the average power consumed by 

the circuit. As it is the real part of the equation, it is also known as real power or true power. It 
involves in active work done so sometimes it is also termed as active power. It is the useful power 
consumed or dissipated by the load. It is measured in Watts and denoted as P. Real power is 
consumed by resistive element of the circuit. Inductive or capacitive element does not consume 
active power.  

ܲ = ܴ݁[ܵ] = ܴ݁ ൤
1
ܫ2ܸ

∗൨ =
1
2 ௠ܸܫ௠ cosߠ =  | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ                                                   (1.73) 

Reactive power: 
The imaginary part of the equation (1.69) or (1.70) is the reactive power of the circuit. It is the measure 

of power exchange between the source and reactive part of the network. This power transfers back 
and forth between the source and reactive part of the circuit. The reactive power in a pure resistive 
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circuit is zero. Whatever power is transferred to the reactive elements by the source in one half 
cycle, the same is thrown back to the source from those reactive elements in the next half cycle. It 
is known as reactive power as it reacts upon itself by lossless interchanging of power. It is measured 
in VAr and denoted as Q. 

ܳ = [ܵ]݉ܫ = ܴ݁ ൤
1
ܫ2ܸ

∗൨ =
1
2 ௠ܸܫ௠ sinߠ =  | ௥ܸ௠௦||ܫ௥௠௦| sin ߠ                                                   (1.74) 

The expression of total power or apparent power is mentioned in terms of active power and reactive 
power as follows. 
ܵ =  ܲ + ݆ܵ                                                                                                                                               (1.75) 

|ܵ| = ඥܲଶ + ܳଶ = | ௥ܸ௠௦||ܫ௥௠௦|                                                                                                          (1.76) 
Power factor can also be calculated by apparent power and active power as, 

ܨܲ =  cos ߠ =
ܲ
ܵ =  

ݎ݁ݓ݋ܲ ݁ݒ݅ݐܿܣ
ݎ݁ݓ݋ܲ ݐ݊݁ݎܽ݌݌ܣ                                                                                             (1.77) 

Impedance can be evaluated by using equations (1.63), (1.64), (1.71) and (1.72) as, 

ܼ =  
ܸ
ܫ =  ௠ܸ∠ߠ௩

௜ߠ∠௠ܫ
=  ௠ܸ

௠ܫ
௩ߠ)∠ − (௜ߠ  =

| ௥ܸ௠௦|∠ߠ௩
௜ߠ∠|௥௠௦ܫ|

=  
| ௥ܸ௠௦|
௩ߠ)∠|௥௠௦ܫ| −  ௜)                                   (1.78)ߠ

As the phase angle (ߠ௩ −   ,௜) is already denoted as θ, then the equation (1.78) is modified asߠ 

ܼ =  ௠ܸ

௠ܫ
= ߠ∠  

| ௥ܸ௠௦|
|௥௠௦ܫ| ߠ∠  = ߠ∠|ܼ| = ඥܴଶ + ܺଶ∠ߠ = ܴ + ݆ܺ                                                  (1.79) 

Where R and X are effective or equivalent resistance and reactance of the network considered in Fig. 
1.29. By comparing equations (1.17) and (1.79), R and X can be expressed as,   
ܴ =  |ܼ| cos ߠ                                                                                                                                           (1.80) 
ܺ =  |ܼ| sinߠ                                                                                                                                           (1.81) 

From the equations (1.73), (1.74), (1.80) and (1.81) the active, reactive power and apparent power can 
also expressed as, 

ܲ =  | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ =  
| ௥ܸ௠௦|

|ܼ| ܴ|௥௠௦ܫ| = ௥௠௦|ଶܴܫ|  =  
| ௥ܸ௠௦|ଶ

ܴ                                              (1.82) 

ܳ =  | ௥ܸ௠௦||ܫ௥௠௦| sinߠ =  
| ௥ܸ௠௦|

|ܼ| ܺ|௥௠௦ܫ| = ௥௠௦|ଶܺܫ|  =  
| ௥ܸ௠௦|ଶ

ܺ                                               (1.83) 

|ܵ| =  ඥܲଶ + ܳଶ = ௥௠௦|ଶඥܴଶܫ|  +  ܺଶ = |ܼ|௥௠௦|ଶܫ|  =  
| ௥ܸ௠௦|ଶ

|ܼ|                                                (1.84) 

Example 1.14. The voltage across a circuit is given by120 sin(100 π t + 30º) V. The current through the 
circuit is 5 sin(100 π t + 45º) A. Find out the active power, reactive power, apparent power and 
power factor. 

Solution: 
ܸ = 120∠30଴ 
ܫ = 5∠45଴ 
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Power factor angle is given by,  
ߠ = −15଴ 

Active power is given by, 

ܲ =
1
2 × 120 × 5 × cos(−15଴) = 289.77ܹ 

Reactive power is calculated as, 

ܳ =
1
2 × 120 × 5 × sin(−15଴) =  ݎܣ77.645ܸ−

Total power and apparent power is given by, 
ܵ = 289.77 −  ܣܸ 77.645݆

Power factor is obtained as, 
ܨܲ = cos(−15଴) = 0.966 ݈݁ܽ݀݅݊݃ 

1.5.5.2 Power triangle 
The total power is expressed in complex form and it can be represented in complex plane. The 

relationships between the active power, reactive power and total or apparent power are shown in 
Fig.1.33. It forms a triangular shape that is why it is known as power triangle.  

 
 
 
 
 
 
 
 
 
                                                                                     
                                                        (a)                                                        (b) 

Fig.1.33: Power triangle for (a) positive reactive power, (b) for negative reactive power 
When the phase angle (θ = ߠ௩ −  ௜) between voltage and current is positive, the reactive power isߠ 

positive. Positive phase angle is possible when current lags the voltage i.e in a circuit with a 
dominance of inductive reactance. During this time the PF is lagging. On the other hand, reactive 
power is negative in a circuit where capacitive reactance is dominating. During this time, current 
lead the supply voltage and PF is leading. Equation (1.79) and comparison of Fig.1.28 and Fig.1.33 
also confirm that the impedance angle is the phase angle between the voltage and current as 
discussed in section 1.5.4. Another interesting fact is to be noted that if all the sides of impedance 
triangle is extended by |Irms|2 times without altering their direction then it will become power 
triangle.  
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1.6 Steady state response of series circuits for a sinusoidal ac voltage 
source 

In this section, the steady state response of networks consist of different series combinations of R, L and 
C excited by sinusoidal ac voltage source are discussed. 

1.6.1 R-L series circuit 
 
 
 
 
 
 
 
 
 

Fig. 1.34: Series R-L circuit 
A circuit consists of series combination of pure resistor (R) and pure inductor (L) is connected to a 

sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.34. The phasor form of the 
supply voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                               (1.85) 

 The phasor form of voltage across R and L are mentioned as VR and VL in Fig.1.34. Applying the concept 
of phasor sum the relation between V, VR and VL is given by, 
ܸ =  ோܸ + ௅ܸ                                                                                                                                             (1.86) 

 
 
 
 
 
 

Fig. 1.35: Voltage and current phasors of series R-L circuit 
The phasor sum of all the voltages are also represented in Fig.1.35. Using the concept mentioned in 

equations (1.24) and (1.34), the above equation can be modified as, 
ܸ = ܴܫ + ௅ܺܫ݆                                                                                                                                          (1.87) 
ܸ = ܴ) ܫ + ݆ܺ௅) =  (1.88)                                                                                                                            ܼܫ

Where the impedance Z is given by, 
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ܼ =  (1.89)                                                                                                                                                ߠ∠|ܼ|

|ܼ| =  ටܴଶ + ܺ௅ଶ                                                                                                                                   (1.90) 

ߠ =  tanିଵ ൬
ܺ௅
ܴ ൰ = tanିଵ ൬

ܮ߱
ܴ ൰                                                                                                           (1.91) 

This impedance angle is also power factor angle for this circuit. The value of current flowing through the 
circuit can be found out by using equations (1.85), (1.88) and (1.89) as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

ߠ∠|ܼ| =  ൬ ௠ܸ
|ܼ|൰∠ − ߠ = −∠௠ܫ  (1.92)                                                                                   ߠ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the current flowing through the circuit is as follows, 

݅ = ௠ܫ  sin(߱ݐ −  (1.93)                                                                                                                               (ߠ
 
 
 
 
 
 
 
 
 

Fig. 1.36: Waveforms of supply voltage and current of series R-L circuit 
The relation between instantaneous value of voltage and current is represented in Fig.1.36. Fig.1.36 and 

equations (1.85) and (1.92) clearly depict that the current through a series R-L is lagging the supply 
voltage by an angle of θ (impedance angle or power factor angle). 

 The instantaneous power flowing through the series R-L circuit is obtained by using (1.61) as follows, 

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cos ߠ −

1
2 ௠ܸܫ௠cos( ݐ2߱ −  (1.94)                                                                                 (ߠ

The first term of equation (1.94) is the active power or average power and it is given by, 

ܲ =  
1
2 ௠ܸܫ௠ cosߠ =  | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ = ௥௠௦|ଶܴܫ| =  

ห ோܸ,௥௠௦ห
ଶ

ܴ                                              (1.95) 

The second term of the instantaneous power is a time varying sinusoidal whose average value over a 
complete cycle is zero. It represents only charging of inductor in one half cycle and discharging of 
it in the next half cycle by pumping the power back to the source. This circulating power reacts 
upon itself and it is known as reactive power. It is the measure of oscillating power between the 
source and inductive reactance. The reactive power of the circuit in different forms are expressed 
as, 
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ܳ =  
1
2 ௠ܸܫ௠ sin ߠ = | ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = ௥௠௦|ଶܺ௅ܫ| =  

ห ௑ܸ,௥௠௦ห
ଶ

ܺ௅
                                             (1.96) 

The reactive power for a series R-L circuit is positive and it represents the lagging reactive power as 
indicated in Fig.1.33 (a). The expression of total power or apparent power for the series R-L circuit 
is mentioned as follows, 

ܵ =  
1
ܫ2ܸ

∗ =
1
2 ௠ܸܫ௠[cosߠ + ݆ sin(1.97)                                                                                               [ߠ 

ܵ =  ܲ + ݆ܳ                                                                                                                                              (1.98) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                              (1.99) 

 
 
 
 
 
 
 
 
 

Fig. 1.37: Power triangle for a series R-L circuit 
The power triangle for this circuit is presented in Fig.1.37. The power triangle and equation (1.96) 

confirm the positive and lagging reactive power and positive power factor angle. 
Power factor can also be calculated by apparent power and active power or resistance and impedance as, 

ܨܲ =  cosߠ =
ܲ
ܵ =  

ܴ
ܼ                                                                                                                         (1.100) 

The power factor for a series R-L circuit is lagging in nature. It can also be evaluated from voltage phasors 
as indicated in Fig.1.35 as, 

ܨܲ =  cosߠ = ோܸ

ܸ                                                                                                                                 (1.101) 

Example 1.15. A series R-L circuit is connected to 230∠0଴ V, 50Hz AC supply. It draws a total current 
4 -j3 A. Find out the active power, reactive power and apparent power. 

Solution: 
ܸ = 230∠0଴ 

ܫ = 4 − ܣ 3݆ = √16 + 9∠ tanିଵ ൬
−3
4 ൰ = 5∠−36.86଴ 

AC quantities are specified in terms of rms value. Hence the voltage and current given are in rms values. 
Active power is given by, 
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ܲ = 230 × 5 × cos(0଴ − (−36.86଴)) = 920.12ܹ 
Reactive power is calculated as, 

ܳ = 230 × 5 × sin(0଴ − (−36.86଴)) =  ݎܣ689.84ܸ
Total power and apparent power is given by, 

ܵ = 920.12 +  ܣܸ 689.84݆
Example 1.16. A practical coil connected to a 230V, 50Hz supply consumes 6 A while dissipating 500 

W across it. Find the value of current drawn by the coil if the supply frequency changes to 60 Hz 
from 50 Hz. 

Solution: 
Practical coil includes an inductor along with a small series resistor. Hence, the coil can be modelled as, 

ܼ = ܴ + ݆ܺ௅ 

௥ܸ௠௦ = 230ܸ 
௥௠௦ܫ =  ܣ6

|ܼ| =
230

6 =  ℎ݉݋ 38.33

ܲ =  ௥௠௦|ଶܴܫ|
500 = (6)ଶ × ܴ 

ܴ =
500
36 =  ℎ݉݋ 13.89

|ܼ| = 38.33 = ට(13.89)ଶ + ܺ௅ଶ 

1469.189 = 192.93 + ܺ௅ଶ 
ܺ௅ =  ℎ݉݋ 35.724
ܺ௅ =  ܮ݂ߨ2

ܮ =
35.724

2 × 3.14 × 50 =  ܪ 0.1137

The inductive reactance changes with the change in frequency. Now the new reactance at 60 Hz is 
calculated as, 
ܺ௅ ,௡௘௪ = ܮ݂ߨ2 = 2 × 3.14 × 60 × 0.1137 =  ℎ݉݋ 42.86

ห ,ܼ௡௘௪ห = ඥ(13.89)ଶ + (42.86)ଶ =  ℎ݉݋ 45.05

ߠ = tanିଵ ൬
42.86
13.89൰ = 72.04଴ 

ܫ = ߠ∠௠ܫ =
ห√2 ௥ܸ௠௦ห∠0଴

|ܼ|∠72.04଴ = 7.22∠ − 72.04଴ ܣ 
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1.6.2 R-C series circuit 
 
 
 
 
 
 
 
 
 

Fig. 1.38: Series R-C circuit 
A circuit consists of series combination of pure resistor (R) and pure capacitor (C) is connected to a 

sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.38. The phasor form of the 
supply voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                            (1.102) 

 The phasor form of voltage across R and C are mentioned as VR and VC in Fig.1.38. Applying the concept 
of phasor sum the relation between V, VR and VL is given by, 
ܸ =  ோܸ + ஼ܸ                                                                                                                                           (1.103) 

 
 
 
 
 

Fig. 1.39: Voltage and current phasors of series R-C circuit 
The phasor sum of all the voltages are also represented in Fig.1.39. Using the concept mentioned in 

equations (1.24) and (1.45), the above equation can be modified as, 
ܸ = ܴܫ − ஼ܺܫ݆                                                                                                                                       (1.104) 
ܸ = ܴ) ܫ − ݆ܺ஼) =  (1.105)                                                                                                                         ܼܫ

Where the impedance Z is given by, 
ܼ =  (1.106)                                                                                                                                              ߠ∠|ܼ|

|ܼ| =  ටܴଶ + ܺ஼ଶ                                                                                                                                (1.107) 

ߠ =  tanିଵ ൬
−ܺ஼
ܴ ൰ = tanିଵ ൬

−1
൰ܥܴ߱                                                                                                 (1.108) 
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From equations (1.106) and (1.108), it is clear the impedance angle for a series R-C circuit is negative. 
The value of current flowing through the circuit can be found out by using equations (1.102), 
(1.106) as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

|ܼ|∠ − ߠ =  ൬ ௠ܸ
|ܼ|൰∠ߠ =  (1.109)                                                                                       ߠ∠௠ܫ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the current flowing through the circuit is as follows, 

݅ = ௠ܫ  sin(߱ݐ +  (1.110)                                                                                                                            (ߠ
 
 
 
 
 
 
 
 
 

Fig. 1.40: Waveforms of supply voltage and current of series R-C circuit 
The relation between instantaneous value of voltage and current is represented in Fig.1.40. Equations 

(1.102) and (1.109) and Fig. 1.40 present that the current in a series R-C circuit is leading the 
supply voltage by an angle of θ (impedance angle or power factor angle). 

The instantaneous power flowing through the series R-C circuit is obtained by using (1.61) as follows, 

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cos(−ߠ)−

1
2 ௠ܸܫ௠cos( ݐ2߱ +  (1.111)                                                                        (ߠ

The first term of equation (1.111) is the active power or average power and it is given by, 

ܲ =  
1
2 ௠ܸܫ௠ cos ߠ = | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ = ௥௠௦|ଶܴܫ| =  

ห ோܸ,௥௠௦ห
ଶ

ܴ                                             (1.112) 

The second term of the instantaneous power is a time varying sinusoidal whose average value over a 
complete cycle is zero. It represents only charging of the capacitor in one half cycle and 
discharging of it in the next half cycle by pumping the power back to the source. This reactive is 
the measure of oscillating power between the source and capacitive reactance. The reactive power 
of the series R-C circuit in different forms are expressed as, 

ܳ =  
1
2 ௠ܸܫ௠ sin(−ߠ) = −

1
2 ௠ܸܫ௠ sin ߠ                                                                                          (1.113) 

ܳ = −| ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = ௥௠௦|ଶܺ஼ܫ|− =  −
ห ௑ܸ,௥௠௦ห

ଶ

ܺ஼
                                                              (1.114) 
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Equations (1.113) and (1.114) show that the reactive power is negative. It is because of negative 
impedance angle or negative and leading power factor angle. This reactive power is the leading 
reactive power. The expression of total power or apparent power for the series R-C circuit is 
mentioned as follows, 
ܵ =  ܲ − ݆ܳ                                                                                                                                           (1.115) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                           (1.116) 

 
 
 
 
 
 
 
 
 
 

 
 

Fig. 1.41: Power triangle for a series R-C circuit 
The power triangle for this circuit is presented in Fig.1.41. The power triangle also represents the negative 

and leading reactive power and negative power factor angle. 
Power factor can also be calculated by apparent power and active power or resistance and impedance as, 

ܨܲ =  cos(−ߠ) =
ܲ
ܵ =  

ܴ
ܼ                                                                                                                   (1.117) 

The power factor for a series R-C circuit is leading in nature. It can also be evaluated from voltage phasors 
as indicated in Fig.1.39 as, 

ܨܲ =  cos(−ߠ) = ோܸ

ܸ                                                                                                                           (1.118) 

Example 1.17. A series R-C circuit is connected to a 220V, 50Hz supply. The resistor dissipates 250W 
at 110V. Find the value of C and calculate the maximum energy stored by the capacitor. 

Solution: 

ܸ = 220 × √2∠0଴ 
The formula for active power in terms of voltage and resistance is given by, 

ܲ =
ห ோܸ,௥௠௦ห

ଶ

ܴ  
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ܴ =
(110)ଶ

250 =  ℎ݉݋ 48.4

The formula for active power in terms of current and resistance is given by, 
ܲ =  ௥௠௦|ଶܴܫ|

௥௠௦ܫ = ඨܲ
ܴ = ඨ250

48.4 =  ܣ5.16

| ௖ܸ| = ටܸଶ − ோܸ
ଶ = √96800 − 24200 = 269.44ܸ 

As it is series circuit, the same current is flowing through the capacitor also. So, 
| ௖ܸ| = ஼ܺܫ  

269.44 = (5.16 × √2) ×
1

 ܥ݂ߨ2

ܥ = 8.62 × 10ିହܨ 
Maximum energy stored in capacitor is given by, 

ܧ =
|ܥ ஼ܸ|ଶ

2 =  ݈݁ݑ݋ܬ 3.129

Example 1.18. A series R-C circuit is connected to a 110 sin(100 π t + 30º) V supply and current flowing 
through the circuit is 20 sin(100 π t + 60º) A. Find the power factor, active power and reactive 
power.  

Solution: 
ܸ = 110∠30଴ 
ܫ = 20∠60଴ 

Power factor is given by, 
ܨܲ = cos (ߠ௩ − (௜ߠ = cos(−30଴) = 0.866 (݈݁ܽ݀݅݊݃) 

Active Power is given by, 

ܲ =
1
2 ௠ܸܫ௠ cos(−30଴) = 110 × 20 × 0.866 = 1905.25ܹ 

Reactive Power is given by, 

ܳ =
1
2 ௠ܸܫ௠ sin(−30଴) = −110 × 20 × 0.5 =  ݎܣ1100ܸ−

1.6.3 R-L-C series circuit 

A circuit consists of series combination of pure resistor (R) , pure inductance (L) and pure capacitor (C) 
is connected to a sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.42. 
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Fig. 1.42: Series R-L-C circuit 

The phasor form of the supply voltage is expressed as, 
ܸ = ௠ܸ∠0଴                                                                                                                                            (1.119) 

 The phasor form of voltage across R, L and C are mentioned as VR, VL and VC in Fig.1.42. Applying the 
concept of phasor sum the relation between V, VR, VL and VC is given by, 
ܸ =  ோܸ + ௅ܸ+ ஼ܸ                                                                                                                                   (1.120) 

The series R-L-C circuit is analysed here by considering two conditions. First one is XL>XC and second 
one is XL<XC.  

Condition 1: XL>XC  
 
 
 
 
 

 
Fig. 1.43: Voltage and current phasors of series R-L-C circuit for XL>XC 

The phasor sum of all the voltages for this condition are represented in Fig.1.43. Using the concept 
mentioned in equations (1.24), (1.34) and (1.45) the equation (1.120) can be modified as, 
ܸ = ܴܫ + ௅ܺ)ܫ݆  −ܺ஼)                                                                                                                       (1.121) 
ܸ = ܴ) ܫ + ݆(ܺ௅ −ܺ஼) = ܴ)ܫ + ݆ܺ) =  (1.122)                                                                                    ܼܫ

Whereܺ௅ − ܺ஼ = ܺ. Value of net reactance i.e X is positive as XL>XC. Considering net reactance as 
positive the impedance Z is given by, 
ܼ =  (1.123)                                                                                                                                              ߠ∠|ܼ|

|ܼ| =  ඥܴଶ + (ܺ௅ −ܺ஼)ଶ                                                                                                                  (1.124) 

ߠ =  tanିଵ ൬
ܺ௅ − ܺ஼

ܴ ൰                                                                                                                         (1.125) 
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As, XL>XC, the impedance angle for this condition of a series R-L-C circuit is positive. The value of 
current flowing through the circuit can be found out as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

ߠ∠|ܼ| =  ൬ ௠ܸ
|ܼ|൰∠ − ߠ = −∠௠ܫ  (1.126)                                                                                ߠ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the current flowing through the circuit is as follows, 

݅ = ௠ܫ  sin(߱ݐ −  (1.127)                                                                                                                            (ߠ
 
 
 
 
 
 
 

Fig. 1.44: Waveforms of supply voltage and current of series R-L-C circuit for XL>XC 
The relation between instantaneous value of voltage and current is represented in Fig.1.44. Equations 

(1.119) and (1.126) and Fig. 1.44 present that the current in a series R-L-C circuit is lagging the 
supply voltage by an angle of θ (impedance angle or power factor angle), if XL>XC. 

The instantaneous power flowing through this circuit is obtained by using the concept of equation (1.61) 
as follows, 

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cos(ߠ) −

1
2 ௠ܸܫ௠cos( ݐ2߱ −  (1.128)                                                                           (ߠ

The first term of equation (1.128) is the active power or average power and it is given by, 

ܲ =  
1
2 ௠ܸܫ௠ cos ߠ =  | ௥ܸ௠௦||ܫ௥௠௦| cosߠ = ௥௠௦|ଶܴܫ| =  

| ௥ܸ௠௦|ଶ

ܴ                                               (1.129) 

The second term of the instantaneous power is a time varying sinusoidal whose average value over a 
complete cycle is zero. It represents only charging of the inductor and capacitor in one half cycle 
and discharging of them in the next half cycle by pumping the power back to the source. This 
power is the reactive power which is the measure of oscillating power between the source and 
capacitive reactance. The reactive power of the series R-L-C circuit for XL>XC in different forms 
are expressed as, 

ܳ =
1
2 ௠ܸܫ௠ sin ߠ = | ௥ܸ௠௦||ܫ௥௠௦| sin ߠ                                                                                            (1.130) 

ܳ = ௥௠௦|ଶ(ܺ௅ܫ| −ܺ஼) =  
| ௥ܸ௠௦|ଶ

(ܺ௅ − ܺ஼)                                                                                              (1.131) 

Equations (1.130) and (1.131) show that the net reactive power is positive as XL>XC. This net reactive 
power is lagging reactive power. The expression of total power or apparent power for the series R-
C circuit for XL>XC is mentioned as follows, 
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ܵ =  ܲ + ݆ܳ                                                                                                                                           (1.132) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ =  | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                          (1.133) 

 
 
 
 
 
 
 
 
 
 
 

Fig. 1.45: Power triangle for a series R-L-C circuit for XL>XC 
The power triangle for this circuit is presented in Fig.1.45. The power triangle also represents the positive 

and lagging net reactive power. 
Power factor can also be calculated by apparent power and active power or resistance and impedance as, 

ܨܲ =  cosߠ =
ܲ
ܵ =  

ܴ
ܼ                                                                                                                         (1.134) 

The power factor for a series R-L-C circuit for XL>XC is lagging in nature. It can also be evaluated from 
voltage phasors as indicated in Fig.1.43 as, 

ܨܲ =  cosߠ = ோܸ

ܸ                                                                                                                                 (1.135) 

Condition 2: XL<XC  
The phasor sum of all the voltages for this condition are represented in Fig.1.46. 
 
 
 
 
 
 

 
Fig. 1.46: Voltage and current phasors of series R-L-C circuit for XL<XC 

Using the concept mentioned in equations (1.24), (1.34) and (1.45) the equation (1.120) can be modified 
as, 
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ܸ = ܴܫ + ௅ܺ)ܫ݆  −ܺ஼)                                                                                                                       (1.136) 
ܸ = ܴ) ܫ + ݆(ܺ௅ −ܺ஼) = ܴ)ܫ − ݆ܺ) =  (1.137)                                                                                    ܼܫ

Whereܺ௅ − ܺ஼ = ܺ. The value of net reactance i.e X is negative as XL<XC which is also indicated in 
equation (1.37). Considering net reactance as negative, the impedance Z is given by, 
ܼ =  (1.138)                                                                                                                                              ߠ∠|ܼ|

|ܼ| =  ඥܴଶ + (ܺ௅ −ܺ஼)ଶ                                                                                                                  (1.139) 

ߠ =  tanିଵ ൬
ܺ௅ − ܺ஼

ܴ ൰ = tanିଵ ൬
ܮ
൰ܥܴ                                                                                              (1.140) 

As, XL<XC, the impedance angle for this condition of a series R-L-C circuit is negative. The value of 
current flowing through the circuit can be found out as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

|ܼ|∠ − ߠ =  ൬ ௠ܸ
|ܼ|൰∠ߠ =  (1.141)                                                                                       ߠ∠௠ܫ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the current flowing through the circuit is as follows, 

݅ = ௠ܫ  sin(߱ݐ +  (1.142)                                                                                                                            (ߠ
 
 
 
 
 
 
 
 
 

Fig. 1.47: Waveforms of supply voltage and current of series R-L-C circuit for XL<XC 
The relation between instantaneous value of voltage and current as well as the relation between the phasor 

form of voltage and current is represented in Fig.1.47. Equations (1.119) and (1.142) and Fig. 1.47 
present that the current in a series R-L-C circuit is leading the supply voltage by an angle of θ 
(impedance angle or power factor angle), if XL<XC. 

The instantaneous power flowing through this circuit is obtained by using the concept of equation (1.61) 
as follows, 

(ݐ)݌ =  
1
2 ௠ܸܫ௠ cos(−ߠ)−

1
2 ௠ܸܫ௠cos( ݐ2߱ +  (1.143)                                                                        (ߠ

The first term of equation (1.143) is the active power or average power and it is given by, 

ܲ =  
1
2 ௠ܸܫ௠ cos ߠ = | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ = ௥௠௦|ଶܴܫ| =  

| ௥ܸ௠௦|ଶ

ܴ                                                (1.144) 
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The second term of the instantaneous power is a time varying sinusoidal whose average value over a 
complete cycle is zero. It represents only charging of the inductor and capacitor in one half cycle 
and discharging of them in the next half cycle by pumping the power back to the source. This 
power is the reactive power which is the measure of oscillating power between the source and 
capacitive reactance. The reactive power of the series R-L-C circuit for XL<XC in different forms 
are expressed as, 

ܳ = −
1
2 ௠ܸܫ௠ sinߠ  =−| ௥ܸ௠௦||ܫ௥௠௦| sin ߠ                                                                                     (1.145) 

ܳ = ௥௠௦|ଶ(ܺ௅ܫ| −ܺ஼) = ௥௠௦|ଶܺܫ|− =  
| ௥ܸ௠௦|ଶ

(ܺ௅ −ܺ஼) = −
| ௥ܸ௠௦|ଶ

ܺ                                               (1.146) 

Equations (1.145) and (1.146) show that the net reactive power is negative as XL<XC. This net reactive 
power is leading reactive power. The expression of total power or apparent power for the series R-
C circuit for XL<XC is mentioned as follows, 
ܵ =  ܲ − ݆ܳ                                                                                                                                           (1.147) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ =  | ௥ܸ௠௦||ܫ௥௠௦| |ܫ௥௠௦|ଶܼ =  

| ௥ܸ௠௦|ଶ

ܼ                                               (1.148) 

The power triangle for this circuit is presented in Fig.1.48. The power triangle also represents the negative 
and leading net reactive power. 

Power factor can also be calculated by apparent power and active power or resistance and impedance as, 

ܨܲ =  cosߠ =
ܲ
ܵ =  

ܴ
ܼ                                                                                                                         (1.149) 

The power factor for a series R-L-C circuit for XL<XC is leading in nature. It can also be evaluated from 
voltage phasors as indicated in Fig.1.43 as, 

ܨܲ =  cosߠ = ோܸ

ܸ                                                                                                                                 (1.150) 

 

 

 

 

 

 

 
Fig. 1.48: Power triangle for a series R-L-C circuit for XL<XC 

Example 1.19. A coil is connected in series with a practical capacitor. The coil inductance and resistance 
are 0.1H and 5 ohm respectively. The equivalent impedance of the circuit is given by 6+j5 ohm. If 
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the supply voltage for this circuit is single phase, 230V, 50Hz then find the impedance of the 
practical capacitor.  

Solution: 
The practical capacitor includes one capacitor in series with a small resistance. Hence the impedance of 

the practical capacitor becomes, 
ܼ஼ = ܴ஼ − ݆ܺ஼  ℎ݉݋ 

Reactance of the coil is given by, 
ܺ௅ = 2 × 3.14 × 50 × 0.1 =  ℎ݉݋ 31.4

The equivalent impedance of the circuit is given by, 
ܼ௘௤ = 6 + ݆5 = (5 + ܴ஼) + ݆(31.4 −ܺ஼) ݋ℎ݉ 

Comparing the real and imaginary term of the above equation the value of the impedance of the capacitor 
is obtained as, 
ܼ஼ = 1 −  ℎ݉݋ 26.4݆

1.7 Steady state response of parallel circuits for a sinusoidal ac voltage 
source 

In this section, the steady state response of networks consist of different parallel combinations of R, L 
and C excited by sinusoidal ac voltage source are discussed. 

1.7.1 R-L parallel circuit 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1.49: Parallel R-L circuit 
A circuit consists of parallel combination of pure resistor (R) and pure inductor (L) and excited by a 

sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.49. The phasor form of the 
supply voltage is expressed as, 
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ܸ = ௠ܸ∠0଴                                                                                                                                            (1.151) 
The phasor form of voltage across R and L are same as supply voltage as they are in parallel. The voltage 

across R and L are mentioned as VR and VL in Fig.1.49. The relation between V, VR and VL is given 
by, 
ܸ =  ோܸ = ோܴܫ = ௅ܸ =  (1.152)                                                                                                            ܮ௅߱ܫ݆

 
 
 
 
 

Fig. 1.50: Voltage and current phasors of parallel R-L circuit 
As R and L are in parallel, the input current is divided in to two branches as shown in Fig.1.49. The 

phasor sum of the current flowing through R and L are shown in Fig.1.50. Their relation is 
mentioned in the equation below as, 
ܫ = ோܫ ௅ܫ +                                                                                                                                             (1.153) 

If the equivalent impedance of this circuit is taken as Z, the equation (1.153) is modified by putting the 
values of currents from equation (1.152) as,  
ܸ
ܼ = ோܸ

ܴ − ݆ ௅ܸ

ܮ߱                                                                                                                                       (1.154) 

As the values of voltage across all the elements are same as supply voltage then the impedance of the 
circuit is given by,  
1
ܼ =

1
ܴ − ݆

1
ܮ߱                                                                                                                                         (1.155) 

1
ܼ =

1
ܴ − ݆

1
ܺ௅

                                                                                                                                         (1.156) 

ܼ =
ܴ݆ܺ௅
ܴ + ݆ܺ௅

                                                                                                                                          (1.157) 

Separating the real and imaginary term of equation (1.157), it becomes, 

ܼ =
ܴܺ௅ଶ

ܴଶ + ܺ௅ଶ
+ ݆

ܴଶܺ௅
ܴଶ + ܺ௅ଶ

                                                                                                              (1.158) 

ܼ =  (1.159)                                                                                                                                              ߠ∠|ܼ|

|ܼ| = ඨቆ
ܴܺ௅ଶ

ܴଶ + ܺ௅ଶ
ቇ
ଶ

+ ቆ
ܴଶܺ௅

ܴଶ + ܺ௅ଶ
ቇ
ଶ

                                                                                            (1.160) 

ߠ =  tanିଵ ൬
ܴ
ܺ௅
൰ = tanିଵ ൬

ܴ
 ൰                                                                                                       (1.161)ܮ߱
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The value of total input current flowing through the circuit can be found out by using equations (1.151) 
and (1.159) as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

ߠ∠|ܼ| =  ൬ ௠ܸ
|ܼ|൰∠ − ߠ = −∠௠ܫ  (1.162)                                                                                ߠ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the input current flowing through the circuit is as 

follows, 
݅ = ௠ܫ  sin(߱ݐ −  (1.163)                                                                                                                            (ߠ

 
 
 
 
 
 
 
 
 

Fig. 1.51: Waveforms of supply voltage and current of parallel R-L circuit 
The relation between instantaneous value of supply voltage and current is presented in Fig.1.51. Fig.1.51 

and equations (1.151) and (1.162) clearly depict that the input current through a parallel R-L is 
lagging the supply voltage by an angle of θ (impedance angle or power factor angle). 

The active power or average power of this circuit is consumed by only R and it is given by, 

ܲ =
1
2 ௠ܸܫ௠ cos ߠ =  | ௥ܸ௠௦||ܫ௥௠௦| cosߠ =  หܫோ,௥௠௦ห

ଶܴ =  
ห ோܸ,௥௠௦ห

ଶ

ܴ                                         (1.164) 

IR,rms and VR,rms are the rms value of current through R and rms value of voltage across R. Similarly, the 
reactive power is only associated with reactive elements. Here, the reactive power oscillates 
between the inductor and source and its value is given by,  

ܳ =   
1
2 ௠ܸܫ௠ sin ߠ = | ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = หܫ௅,௥௠௦ห

ଶܺ௅ =  
ห ௅ܸ,௥௠௦ห

ଶ

ܺ௅
                                        (1.165) 

IL,rms and VL,rms are the rms value of current through L and rms value of voltage across L. The expression 
of total power or apparent power for the parallel R-L circuit is mentioned as follows, 
ܵ =  ܲ + ݆ܳ                                                                                                                                           (1.166) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                           (1.167) 

The power triangle for this circuit is presented in Fig.1.52. The power triangle confirms the positive and 
lagging reactive power and positive power factor angle. Power factor can also be calculated by 
apparent power and active power or resistance and impedance as, 
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ܨܲ =  cosߠ =
ܲ
ܵ                                                                                                                                   (1.168) 

The power factor for a series R-L circuit is lagging in nature. It can also be evaluated from current phasors 
as indicated in Fig.1.50 as, 

ܨܲ =  cosߠ =
ோܫ
ܫ                                                                                                                                  (1.169) 

 

 

 

 

 

 
 

Fig. 1.52: Power triangle for a parallel R-L circuit 
Example 1.20. A resistor of 50 ohm is connected in parallel to a 2H inductor. This parallel circuit is 

connected to a 220V, 50 Hz single phase sinusoidal voltage supply. Find the active power 
dissipated in the resistor and reactive power in the inductor branch.  

Solution: 
Current through the resistor is given by, 

ோܫ =
220
50 =  ܣ 4.4

Current through the inductor is given by, 

௅ܫ = −݆
220
ܺ௅

= −݆
220
628 = ௅ܺ]  ܣ 0.350݆− =  [ܮ݂ߨ2

The active power dissipated in the resistor is given by, 

ܲ = ோ,௥௠௦ܫ
ଶܴ = (4.4)ଶ × 50 = 968 ܹ 

The reactive power in the inductor is given by, 

ܳ = ௅,௥௠௦ܫ
ଶܺ௅ = (0.35)ଶ × 628 =  ݎܣܸ 76.93

1.7.2 R-C parallel circuit 

A circuit consists of parallel combination of pure resistor (R) and pure capacitor (C) and excited by a 
sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.53. 
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Fig. 1.53: Parallel R-C circuit 
The phasor form of the supply voltage is expressed as, 

ܸ = ௠ܸ∠0଴                                                                                                                                          (1.170) 
The phasor form of voltages across R and C are same as supply voltage as they are in parallel, the voltage 

across R and C are mentioned as VR and VC in Fig.1.53. The relation between V, VR and VC is given 
by, 

ܸ =  ோܸ = ோܴܫ = ஼ܸ =
஼ܫ݆−
ܥ߱                                                                                                              (1.171) 

 
 
 
 
 

Fig. 1.54: Voltage and current phasors of parallel R-C circuit 
As R and C are in parallel, the input current is divided in to two branches as shown in Fig.1.53. The 

phasor sum of the current flowing through R and C are shown in Fig.1.54. Their relation is 
mentioned in the equation below as, 
ܫ = ோܫ ஼ܫ +                                                                                                                                             (1.172) 

If the equivalent impedance of this circuit is taken as Z, then the equation (1.172) is modified by the 
putting the values of currents from equation (1.171) as,  
ܸ
ܼ = ோܸ

ܴ + ݆ ஼ܸ߱(1.173)                                                                                                                                   ܥ 

As the values of voltage across all the elements are same as supply voltage then the impedance of the 
circuit is given by,  
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1
ܼ =

1
ܴ +  (1.174)                                                                                                                                         ܥ݆߱

1
ܼ =

1
ܴ + ݆

1
ܺ஼

                                                                                                                                         (1.175) 

The value of Z in complex form is obtained as , 

ܼ =
ܴ

1 +߱ଶܥଶܴଶ − ݆
ଶܴܥ߱

1 + ߱ଶܥଶܴଶ                                                                                                  (1.176) 

ܼ =                                                                                      ߠ∠|ܼ|

|ܼ| = ඨ൬
ܴ

1 + ߱ଶܥଶܴଶ൰
ଶ

+ ቆ−
ଶܴܥ߱

1 +߱ଶܥଶܴଶቇ
ଶ

                                                                            (1.177) 

ߠ =  tanିଵ(−߱ܥ) = tanିଵ ൬−
1
ܺ஼
൰                                                                                                  (1.178) 

It is clear from equation (1.178) that the impedance angle is negative. The value of total input current 
flowing through the circuit can be found out by using equations (1.170) and (1.176) as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

|ܼ|∠− ߱ܿ =  ൬ ௠ܸ
|ܼ|൰∠ߠ =  (1.179)                                                                                    ߠ∠௠ܫ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the input current flowing through the circuit is as 

follows, 
݅ = ௠ܫ  sin(߱ݐ +  (1.180)                                                                                                                            (ߠ

 
 
 
 
 
 
 
 
 

Fig. 1.55: Waveforms of supply voltage and input current of parallel R-C circuit 
The relation between instantaneous value of supply voltage and input current is presented in Fig.1.55. 

Fig.1.55 and equations (1.170) and (1.179) clearly depict that the input current through a parallel 
R-C is leading the supply voltage by an angle of θ (impedance angle or power factor angle). 

The active power or average power of this circuit is consumed by only R and it is given by, 

ܲ =
1
2 ௠ܸܫ௠ cos ߠ = | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ =  หܫோ,௥௠௦ห

ଶܴ =  
ห ோܸ,௥௠௦ห

ଶ

ܴ                                          (1.181) 
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IR,rms and VR,rms are the rms value of current through R and rms value of voltage across R. Similarly, the 
reactive power is only associated with reactive elements. Here the reactive power oscillates 
between the capacitor and source and its value is given by,  

ܳ =  −
1
2 ௠ܸܫ௠ sin ߠ = −| ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = −หܫ஼,௥௠௦ห

ଶܺ஼ =  −
|  ܸ௥௠௦|ଶ

ܺ஼
                           (1.182) 

The expression of total power or apparent power for the parallel R-C circuit is mentioned as follows, 
ܵ =  ܲ − ݆ܳ                                                                                                                                           (1.183) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                           (1.184) 

The power triangle for this circuit is presented in Fig.1.56. The power triangle confirms the negative and 
leading reactive power and negative power factor angle. 

Power factor can also be calculated by apparent power and active power as,  

ܨܲ =  cosߠ =
ܲ
ܵ                                                                                                                                   (1.185) 

The power factor for a parallel R-C circuit is leading in nature. It can also be evaluated from current 
phasors as indicated in Fig.1.54 as, 

ܨܲ =  cosߠ =
ோܫ
ܫ                                                                                                                                  (1.186) 

 
Fig. 1.56: Power triangle for a parallel R-C circuit 

Example 1.21. A resistor of 10 ohm is connected in parallel to a 20µF capacitor. This parallel circuit is 
connected to a 200V, 50 Hz single phase sinusoidal voltage supply. Find the total current flowing 
through the circuit and equivalent impedance of the circuit.  

Solution: 
Current through the resistor is given by, 

ோܫ =
200√2

10 =  ܣ 2√20
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Current through the capacitor is given by, 

஼ܫ = ݆
200√2
ܺ஼

= ݆
200√2
159.23 = ஼ܺ]  ܣ 1.77݆ =

1
 [ܥ߱

ܫ = ோܫ + ஼ܫ = 28.28 + ݆1.77 = 28.33∠3.58଴ ܣ 
Impedance of the circuit is given by, 

ܼ =
ܸ
ܫ =

200√2
28.33∠3.58଴ = 9.98∠−3.58଴ ݋ℎ݉ 

1.7.3 R-L-C parallel circuit 

A circuit consists of parallel combination of pure resistor (R), pure inductor (L) and pure capacitor (C) 
and excited by a sinusoidal ac voltage source of (ݐ)ݒ =  ௠ܸ sin߱ݐ as shown in Fig.1.57. 

 
 
 
 
 
 
 
 
 
 
 

Fig. 1.57: Parallel R-L-C circuit 
The phasor form of the supply voltage is expressed as, 

ܸ = ௠ܸ∠0଴                                                                                                                                            (1.187) 
The phasor form of voltage across R, L and C are same as supply voltage as they are in parallel. The 

voltage across R, L and C are mentioned as VR, VL and VC in Fig.1.57. The relation between V, VR 
VL and VC is given by, 

ܸ =  ோܸ = ோܴܫ = ௅ܸ = ܮ௅߱ܫ݆ = ஼ܸ =
஼ܫ݆−
ܥ߱                                                                                   (1.188) 

As R, L and C are in parallel, the input current is divided in to three branches as shown in Fig.1.57. Their 
relation is mentioned in the equation below as, 
ܫ = ோܫ + ௅ܫ ஼ܫ +                                                                                                                                    (1.189) 

If the equivalent impedance of this circuit is taken as Z, then the equation (1.189) is modified by the 
putting the values of currents from equation (1.188) as,  
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ܸ
ܼ = ோܸ

ܴ − ݆ ௅ܸ

ܮ߱ + ݆ ஼ܸ߱(1.190)                                                                                                                     ܥ 

As the values of voltage across all the elements are same as supply voltage then the impedance of the 
circuit is given by,  
1
ܼ =

1
ܴ − ݆

1
ܮ߱ +  (1.191)                                                                                                                           ܥ݆߱

1
ܼ =

1
ܴ + ݆ ൬

1
ܺ஼

−
1
ܺ௅
൰                                                                                                                           (1.192) 

The value of Z in complex form is obtained as, 

ܼ =
߱ଶܮଶܴ

ܴଶ(1 − ߱ଶܥܮ)ଶ + ߱ଶܮଶ + ݆
ଶ(1ܴܮ߱ − ߱ଶܥܮ)

ܴଶ(1 −߱ଶܥܮ)ଶ +߱ଶܮଶ                                                                    (1.193) 

ܼ =  (1.194)                                                                                                                                              ߠ∠|ܼ|

|ܼ| = ඨቆ
߱ଶܮଶܴ

ܴଶ(1 − ߱ଶܥܮ)ଶ +߱ଶܮଶቇ
ଶ

+ ቆ
ଶ(1ܴܮ߱ −߱ଶܥܮ)

ܴଶ(1 −߱ଶܥܮ)ଶ +߱ଶܮଶቇ
ଶ

                                    (1.195) 

If the equation (1.195) is simplified then then it becomes, 

|ܼ| = ඨቆ
߱ଶܮଶܴଶ

ܴଶ(1 − ߱ଶܥܮ)ଶ + ߱ଶܮଶቇ
ଶ

                                                                                              (1.196) 

 

ߠ =  tanିଵ ቌ

ଵ
௑ಽ
− ଵ

௑಴
ଵ
ோ

ቍ                                                                                                                         (1.197) 

The parallel R-LC circuit is also analysed considering two conditions. First one is XL>XC and second one 
is XL<XC.  

Condition 1: XL>XC 
If the inductive reactance is larger than the capacitive reactance then, 

ܺ௅ > ܺ஼  

ܮ߱ >
1
 ܥ߱

߱ଶܥܮ > 1 
1− ߱ଶܥܮ < 0                                                                                                                                       (1.198) 

From the above inequality, it is clear that the imaginary term of the equation (1.193) is negative for 
XL>XC. Hence the net reactance (X) is capacitive. Similarly, 

ܺ௅ > ܺ஼  
1
ܺ௅

<
1
ܺ஼
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1
ܺ௅

−
1
ܺ஼

< 0                                                                                                                                          (1.199) 

From the inequality mentioned in (1.199), it is clear that the impedance angle in equation (1.197) is 
negative for XL>XC. 

The value of total input current flowing through the circuit can be found out by considering negative 
impedance angle as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

|ܼ|∠ − ߠ =  ൬ ௠ܸ
|ܼ|൰∠ߠ =  (1.200)                                                                                       ߠ∠௠ܫ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the input current flowing through the circuit is as 

follows, 
݅ = ௠ܫ  sin(߱ݐ +  (1.201)                                                                                                                            (ߠ

 
 
 
 
 
 
 
 
 
 

Fig. 1.58: Parallel R-L-C circuit for XL>XC (a) waveforms; (b) phasor diagram 
The relation between instantaneous value of supply voltage and input current as well as phasor diagram 

of of supply voltage and input current are represented in Fig.1.58. Fig.1.58 and equations (1.187) 
and (1.200) clearly depict that the input current through a parallel R-L-C for XL>XC is leading the 
supply voltage by an angle of θ (impedance angle or power factor angle). 

The active power or average power of this circuit is consumed by only R and it is given by, 

ܲ =
1
2 ௠ܸܫ௠ cos ߠ = | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ =  หܫோ,௥௠௦ห

ଶܴ =  
ห ோܸ,௥௠௦ห

ଶ

ܴ                                          (1.202) 

IR,rms and VR,rms are the rms value of current through R and rms value of voltage across R. Similarly, the 
reactive power is only associated with reactive elements. Here the reactive power oscillates 
between the inductor, capacitor and source and its value is given by,  

ܳ =  −
1
2 ௠ܸܫ௠ sin ߠ = −| ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = −หܫ௑,௥௠௦ห

ଶܺ =  −
| ௥ܸ௠௦|ଶ

ܺ                               (1.203) 

Where X is the net reactance of the circuit which is nothing but the imaginary term of equation (1.193). 
The value of IX are given by, 
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௑ܫ =
ܸ
ܺ                                                                                                                                                     (1.204) 

  The expression of total power or apparent power for the parallel R-C circuit is mentioned as follows, 
ܵ =  ܲ − ݆ܳ                                                                                                                                           (1.205) 

|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                           (1.206) 

 
 
 
 
 
 
 
 
 
 

Fig. 1.59: Power triangle for parallel R-L-C circuit for XL>XC 
The power triangle for this circuit is presented in Fig.1.59. The power triangle confirms the negative and 

leading reactive power and negative power factor angle. 
Power factor, which is leading in nature, can be calculated as, 

ܨܲ =  cosߠ =
ܲ
ܵ =

ோܫ
ܫ                                                                                                                         (1.207) 

Condition 2: XL<XC 
If the inductive reactance is smaller than the capacitive reactance then, 

ܺ௅ < ܺ஼  

ܮ߱ <
1
 ܥ߱

߱ଶܥܮ < 1 
1− ߱ଶܥܮ > 0     (1.208) 

From the above inequality, it is clear that the imaginary term of the equation (1.193) is positive for XL<XC. 
Hence the net reactance is inductive. Similarly, 

ܺ௅ < ܺ஼  
1
ܺ௅

>
1
ܺ஼

 

1
ܺ௅

−
1
ܺ஼

> 0                                                                                                                                          (1.208) 
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From the inequality mentioned in (1.208), it is clear that the impedance angle in equation (1.197) is 
positive for XL>XC. 
The value of total input current flowing through the circuit can be found out by considering negative 

impedance angle as, 

ܫ =  
ܸ
ܼ =  ௠ܸ∠0଴

ߠ∠|ܼ| =  ൬ ௠ܸ
|ܼ|൰∠ − ߠ = −∠௠ܫ  (1.209)                                                                                ߠ

Where, Im is ቀ௏೘
|௓|
ቁ. Hence the instantaneous value of the input current flowing through the circuit is as 

follows, 
݅ = ௠ܫ  sin(߱ݐ −  (1.210)                                                                                                                            (ߠ

 
 
 
 
 
 
 
 
 

Fig. 1.60: Parallel R-L-C circuit for XL<XC (a) waveforms; (b) phasor diagram 
The relation between instantaneous value of supply voltage and input current as well as phasor form of 

supply voltage and input current are represented in Fig.1.60. Fig.1.60 and equations (1.187) and 
(1.210) clearly depict that the input current through a parallel R-L-C for XL<XC is lagging the 
supply voltage by an angle of θ (impedance angle or power factor angle). 

The active power or average power of this circuit is consumed by only R and it is given by, 

ܲ =
1
2 ௠ܸܫ௠ cos ߠ = | ௥ܸ௠௦||ܫ௥௠௦| cos ߠ =  หܫோ,௥௠௦ห

ଶܴ =  
ห ோܸ,௥௠௦ห

ଶ

ܴ                                          (1.211) 

IR,rms and VR,rms are the rms value of current through R and rms value of voltage across R. Similarly, the 
reactive power is only associated with reactive elements. Here the reactive power oscillates 
between the inductor, capacitor and source and its value is given by,  

ܳ =  
1
2 ௠ܸܫ௠ sin ߠ = | ௥ܸ௠௦||ܫ௥௠௦| sin ߠ = หܫ௑,௥௠௦ห

ଶܺ =  
| ௥ܸ௠௦|ଶ

ܺ                                              (1.212) 

Where X is the net reactance of the circuit which is nothing but the imaginary term of equation (1.193). 
The value of IX is given by, 

௑ܫ =
ܸ
ܺ                                                                                                                                                     (1.213) 

  The expression of total power or apparent power for the parallel R-C circuit is mentioned as follows, 
ܵ =  ܲ + ݆ܳ                                                                                                                                           (1.214) 
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|ܵ| = ඥܲଶ + ܳଶ =
1
2 ௠ܸܫ௠ = | ௥ܸ௠௦||ܫ௥௠௦| = ௥௠௦|ଶܼܫ| =  

| ௥ܸ௠௦|ଶ

ܼ                                           (1.215) 

 
 
 
 
 
 
 
 
 

Fig. 1.61: Power triangle for parallel R-L-C circuit for XL<XC 
The power triangle for this circuit is presented in Fig.1.61. The power triangle confirms the positive and 

lagging reactive power and positive power factor angle. 
Power factor, which is lagging in nature, can be calculated as, 

ܨܲ =  cosߠ =
ܲ
ܵ =

ோܫ
ܫ                                                                                                                         (1.216) 

Example 1.22. A resistor of 12 ohm, an inductor of 0.05 H and a capacitor of 50µF are connected in 
parallel to each other. The supply voltage is 240V, 50 Hz single phase sinusoidal. Find the total 
current flowing through the circuit. 

Solution: 
Current through the resistor is given by, 

ோܫ =
240√2

12 =  ܣ 28.28

Current through the capacitor is given by, 

஼ܫ = ݆
240√2
ܺ஼

= ݆
240√2
63.69 = ஼ܺ]  ܣ 5.32݆ =

1
 [ܥ߱

Current through the inductor is given by, 

௅ܫ = −݆
240√2
ܺ௅

= −݆
240√2

15.7 = ௅ܺ]  ܣ 21.62݆− =  [ܮ߱

Total current flowing through the circuit is given by, 
ܫ = ோܫ + ஼ܫ + ௅ܫ = 28.28 − ܣ 16.3݆ = 32.64∠ − 29.95଴ ܣ 
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1.8 Resonance 
Resonance in electrical circuits is a very significant phenomenon which is useful in communication 

applications, filter design etc.  
Resonance in RLC circuits occur when the capacitive reactance is equal to the inductive reactance and 

circuit becomes resistive in nature. 

1.8.1 Series resonance 
 
 
 
 
 
 
 
 

Fig. 1.62: Series R-L-C circuit 
Fig. 1.62 shows a series R-L-C circuit indicating the all voltage and current values. In a series R-L-C if 

the inductive reactance becomes equal to the capacitive reactance then the impedance of the circuit 
is equal to the resistance of that circuit. The phenomenon during resonance is demonstrated as, 
ܺ௅ = ܺ஼                                                                                                                                                   (1.217) 
ܼ = ܴ ± ݆(ܺ௅ − ܺ஼) = ܴ                                                                                                                   (1.218) 

Hence it can be mentioned as,  
ܺ௅ = ܺ஼ 

ܮ߱ =  
1
 ܥ߱

߱ =  
1

ܥܮ√
= ߱௥                                                                                                                                    (1.219) 

௥݂ =  
1

ܥܮ√ߨ2
                                                                                                                                         (1.220) 

Equations (1.219) and (1.220) represent the expression of resonant frequency (ωr or fr ) in rad/sec or Hz 
respectively. This condition can be achieved by changing the frequency for a fixed value of L and 
C. It can also be achieved by varying L or C for a fixed frequency. 

Variation of R, XL, XC and Z with frequency: 
Fig. 1.63 shows the variations of R, XL, XC and Z with frequency. At zero frequency XL is zero but XC and 

Z are infinity. The value of R is independent of frequency. As frequency increases the value of XL 
increases but the value of XC decreases. At resonant frequency (fr or ωr), the XL = XC and Z = R. 
At the frequencies below the resonant frequency, XC>XL and Z decreases as XC increases. At 
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resonant frequency, Z has the lowest value. At the frequencies above the resonant frequency, 
XL>XC and Z increases as XC decreases or XL increases. Fig. 1.64 demonstrates the variation of 
power factor angle with the frequency. At resonant frequency, the value of it is zero indicating the 
resistive nature of the circuit. 

 
 
 
 
 
 
 
 
 
 
 

Fig.1.63: Variation of R, XL, XC and Z with frequency 
     
 
 
 
 
 
 
 
 

Fig.1.64: Variation of power factor angle (θ) with frequency 
Current at resonance: 
The current as resonant frequency is maximum as the impedance at that frequency is minimum. The R-

L-C series circuit accepts maximum current at resonance, so under resonance it is known as 
acceptor circuit. 

௠௔௫ܫ =
ܸ
ܴ                                                                                                                                                 (1.221) 

PF at resonance: 
In a series R-L-C circuit, the power is the ratio of resistance and impedance of the circuit and impedance 

at resonant frequency is equal to the resistance. Hence the power factor at resonance is unity and 
the power factor angle is zero.  
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Bandwidth: 
The active power dissipated across the resistor as resonance is given by, 

௥ܲ௘௦௢௡௔௡௖௘(߱) = ௠௔௫ܫ
ଶܴ                                                                                                                    (1.222) 

This power is the highest power dissipated and it decreases as frequency increases or decreases. 
Power dissipated at any other frequency for a series R-L-C circuit is given by, 

ܲ(߱) =  ଶܴ                                                                                                                                           (1.223)ܫ
Where the value of I is given by, 

ܫ =  
ܸ

ටܴଶ + ቀ߱ܮ − ଵ
ఠ஼
ቁ
ଶ

                                                                                                                    (1.224) 

Using the equations (1.221) and (1.224), it can be written as, 
ܫ

௠௔௫ܫ
=

ܴ

ටܴଶ + ቀ߱ܮ − ଵ
ఠ஼
ቁ
ଶ

                                                                                                              (1.225) 

Let us assume at frequencies ω1 and ω2 the power dissipated in this circuit are equal and its value is half 
of the maximum power dissipated. These frequencies are known as half-power frequency. Then it 
can be written as, 

ଵܲ(߱ଵ) = ଶܲ(߱ଶ) = ଶܴܫ =  ௥ܲ௘௦௢௡௔௡௖௘(߱)
2 =

௠௔௫ܫ
ଶܴ

2                                                                (1.226) 

It is clear from the above equation that the current at ω1 and ω2 is 0.707 times of Imax. Fig. (1.65) shows 
the variation of current through this circuit with the frequency. During this condition, the voltage 
across L and voltage across C are equal and opposite. Hence, the total voltage across the series 
combination of L-C is zero and the series combination of L-C is acting like a short circuit at 
resonance that is why the entire voltage is appeared across the resistor. The current through resistor 
is also maximum during this condition. 

 
 
 
 
 
 
 
 
 

Fig. 1.65: Current variations with frequency for a series R-L-C circuit 
At ω1 and ω2, the value of current is 0.707 times of Imax. Hence the equation (1.225) is modified for the 

frequencies ω1 and ω2 or at half-power frequencies as,  
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௠௔௫ܫ0.707

௠௔௫ܫ
=

ܴ

ටܴଶ + ቀ߱ܮ − ଵ
ఠ஼
ቁ
ଶ

                                                                                                   (1.227) 

Solving equation (1.227), the values of frequencies are obtained as, 

߱ଵ =  −
ܴ
ܮ2 + ඨ൬

ܴ
൰ܮ2

ଶ

+
1
ܥܮ                                                                                                             (1.228) 

߱ଶ =  
ܴ
ܮ2 + ඨ൬

ܴ
൰ܮ2

ଶ

+
1
ܥܮ                                                                                                                 (1.229) 

The relation between these half-power frequencies and resonant frequency is obtained by using equations 
(1.219), (1.228) and (1.229) as, 

߱௥ = ඥ߱ଵ߱ଶ                                                                                                                                         (1.230) 
ω1 and ω2 are known as lower cut-off frequency and upper cut-off frequency respectively. The difference 

between these two half-power frequencies is known as bandwidth. It is measured in rad or Hz. The 
expression for bandwidth is given by, 

ܹܤ =  (߱ଶ − ߱ଵ) =
ܴ
ܮ                                                                                                                       (1.231) 

It can be also expressed as,  

ܹܤ =  ( ଶ݂ − ଵ݂) =
ܴ

ܮߨ2                                                                                                                     (1.232) 

Quality factor: 
The sharpness of the bandwidth is measured by quality factor. It is measured as the ratio of peak energy 

stored in inductor or capacitor to the energy dissipated in resistor in one period at resonance. It is 
expressed as,  

ݎ݋ݐܿܽܨ ܳ = ߨ2
ଵ
ଶ
ଶܫܮ

ଵ
ଶ
ଶܴܫ ቀ ଵ

௙ೝ
ቁ

= ߨ2

ଵ
ଶ
ܥ ቀ ூ

ఠೝ஼
ቁ
ଶ

ଵ
ଶ
ଶܴܫ ቀ ଵ

௙ೝ
ቁ

 

ݎ݋ݐܿܽܨ ܳ =  
߱௥ܮ
ܴ =

1
߱௥ܴܥ

                                                                                                                (1.233) 

Quality factor is dimensionless as it is the ratio of two quantities with the same dimensions. Quality factor 
can be expressed in terms of BW using equation (1.231) and (1.233) as, 

ݎ݋ݐܿܽܨ ܳ =  
߱௥
ܹܤ                                                                                                                                  (1.234) 

From equation (1.235), it is clear that higher the value of quality factor lower the bandwidth of the circuit. 
This means better the selectivity of the circuit. Selectivity of a circuit is the ability of the circuit to 
respond to a certain frequency and eliminate all other frequencies. 
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Voltage at Resonance: 
At resonance the voltages across inductor and capacitor for a series R-L-C circuit are derived as, 

߱௥ܮ =  
1
߱௥ܥ

 

ܮ௠௔௫߱௥ܫ =
ܸ
ܴ߱௥ܮ = ௠௔௫ܫ 

1
߱௥ܥ

=
ܸ
ܴ

1
߱௥ܥ

 

௅ܸ,௥௘௦௢௡௔௡௖௘ = ஼ܸ,௥௘௦௢௦௡௔௡௖௘ = ܸ ×  (1.235)                                                                           (ݎ݋ݐܿܽܨ ܳ)
The voltages across inductor and capacitor for a series R-L-C circuit at resonance are equal. As the current 

through the circuit under this condition is maximum, the voltage across resistance is maximum at 
resonance. The voltage across inductor and capacitor at resonance is magnified by Q Factor times 
than source voltage. 

Example 1.23. A series R-L-C circuit has the following parameter: R = 10 ohm, L = 0.05 H and C = 
50µF. Find out the resonant frequency, bandwidth, quality factor, lower cut-off frequency, upper 
cut-off frequency. 

Solution: 
Resonant frequency is calculated as, 

߱௥ =
1

ܥܮ√
=

1
√0.05 × 50 × 10ି଺

=  ܿ݁ݏ/݀ܽݎ 632.45

Bandwidth is given by, 

ܹܤ =
ܴ
ܮ =  ܿ݁ݏ/݀ܽݎ 200

Quality factor is calculated as, 

ݎ݋ݐܿܽܨ ܳ =
߱௥
ܹܤ =

632.45
200 = 3.16 

Lower cut off frequency is obtained as, 

߱ଵ =  −
ܴ
ܮ2 + ඨ൬

ܴ
൰ܮ2

ଶ

+
1
 ܥܮ

߱ଵ =  −
10

2 × 0.05 + ඨ൬
10

2 × 0.05൰
ଶ

+
1

0.05 × 50 × 10ି଺ =  ܿ݁ݏ/݀ܽݎ 540.3

Upper cut off frequency is obtained as, 

߱ଶ =  
ܴ
ܮ2 + ඨ൬

ܴ
൰ܮ2

ଶ

+
1
 ܥܮ

߱ଵ =  
10

2 × 0.05 + ඨ൬
10

2 × 0.05൰
ଶ

+
1

0.05 × 50 × 10ି଺ =  ܿ݁ݏ/݀ܽݎ 740.3
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1.8.2 Parallel resonance 
 
 
 
 
 
 
 
 
 

Fig. 1.66: Parallel R-L-C circuit 
Fig. 1.66 shows a parallel R-L-C circuit indicating the all voltage and current values. In a parallel R-L-C 

if the inductive susceptance becomes equal to the capacitive susceptance then the impedance of 
the circuit is equal to the resistance of that circuit. The phenomenon is known as parallel resonance. 
Using the concept of equation (1.191), it can be stated that during parallel resonance the relation 
between inductive and capacitive reactance is given by, 

ܥ߱ =
1
ܮ߱                                                                                                                                                (2.236) 

 The frequency at which parallel resonance occurs is given by, 

߱௥ =  
1

ܥܮ√
                                                                                                                                             (2.237) 

The expression for parallel resonant frequency is same as of series resonant frequency. The variation in 
voltage in parallel R-L-C circuit with frequency is shown in Fig. 1.67. It is evident from the figure 
that the parallel combination of L and C is acting like open circuit at resonance that is why the 
entire current is flowing through the resistor.  

 
 
 
 
 
 
 
 

 
 
 

Fig. 1.67: Current variations with frequency for a series R-L-C circuit 
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Quality factor: 
Quality factor for a parallel R-L-C is expressed as, 

ݎ݋ݐܿܽܨ ܳ =  
ܴ
߱௥ܮ

= ߱௥(1.238)                                                                                                                 ܴܥ 

Current at resonance: 
The magnitude of current through L and C during at resonance are given by,  

|௅ܫ| =
ܸ
߱௥ܮ

=
௠ܴܫ
߱௥ܮ

= × ݎ݋ݐܿܽܨ ܳ ௠ܫ                                                                                              (1.239) 

|஼ܫ| = ߱௥ܸܥ = ߱௥ܫܥ௠ܴ = × ݎ݋ݐܿܽܨ ܳ ௠ܫ                                                                                   (1.240) 
It is evident from the above two equations that the current through L and C during at resonance in a 

parallel R-L-C is magnified by Q Factor times as compared to source current. 
Bandwidth: 
By using the duality between series R-LC circuit and parallel R-L-C circuit and by comparing their 

impedance equations, the expressions for lower cut-off frequency and upper cut-off frequency are 
obtained as, 

߱ଵ =  −
1

ܥ2ܴ +  ඨ൬
1

൰ܥ2ܴ
ଶ

+
1
ܥܮ                                                                                                      (1.241) 

߱ଶ =  
1

ܥ2ܴ + ඨ൬
1

൰ܥ2ܴ
ଶ

+
1
ܥܮ                                                                                                          (1.242) 

The difference between these two half-power frequencies is known as bandwidth. It is measured in rad 
or Hz. The expression for bandwidth is given by, 

ܹܤ =  (߱ଶ −߱ଵ) =
1
ܥܴ                                                                                                                    (1.243) 

It can be also expressed as,  

ܹܤ =  ( ଶ݂ − ଵ݂) =
1

ܥܴߨ2                                                                                                                  (1.244) 

Example 1.24. A parallel R-L-C circuit has the following parameter: R = 20 ohm, L = 0.02 H and C = 
20µF. Find out the resonant frequency, bandwidth, quality factor. 

Solution: 
Resonant frequency is calculated as, 

߱௥ =
1

ܥܮ√
=

1
√0.02 × 20 × 10ି଺

=  ܿ݁ݏ/݀ܽݎ 1581.13

Bandwidth is given by, 

ܹܤ =
1
ܥܴ =

1
20 × 20 × 10ି଺ =  ܿ݁ݏ/݀ܽݎ 2500
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Quality factor is calculated as, 

ݎ݋ݐܿܽܨ ܳ =
߱௥
ܹܤ =

1581.1
2500 = 0.63 

 

UNIT SUMMARY  
1. Alternating voltage and current generated by alternators are sinusoidal in nature. Sinusoidal 

waveforms are periodic in nature. They are defined by their amplitude, frequency and phase.  
2. Sinusoidal waveforms are represented in time domain as well as in phasor domain. It is 

convenient to perform mathematical operations in phasor domain.  
3. RMS value and average values of symmetrical alternating waveforms are calculated by 

considering half of the total time period. Whereas, rms value and average values of asymmetrical 
alternating waveforms are calculated by considering the total time period. AC quantities are 
rated and specified by their rms values. 

4. Impedance is the resistance offered by the ac circuit. It is measured in ohms. It has two 
components: resistance and reactance. Reactance can be inductive or capacitive in nature. 

5. Current leads the supply voltage if the capacitance nature of the circuit is dominating. For 
inductance dominance circuit current lags the supply voltage. In case of purely resistive circuit, 
voltage and current are in same phase. 

6. In ac circuit complex power is computed. Unit of complex power is VA. It has two components. 
First one is active power which is measured in Watts. Active power does the useful work. 
Another one is reactive power which is measured in VAr. Reactive power oscillates between 
reactance (inductor and capacitor) and source. Average power or active power consumes by pure 
inductor and pure capacitor is zero. 

7. Relation between complex power, active power and reactive power is represented in terms of 
triangle in complex plane. It is known as power triangle. 

8. Similarly, relation between impedance, resistance and reactance is represented in terms of 
triangle in complex plane. It is known as impedance triangle. 

9. If the inductive reactance becomes equal to the capacitive reactance in a R-L-C circuit then the 
circuit becomes resistive and the phenomenon is known as resonance. Resonance can occur in 
series as well as parallel circuits. Resonance is an important phenomenon for communication 
systems, filter design etc.  

10. Quality factor determines the sharpness of the bandwidth under resonance. 
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EXERCISES 
 
Multiple Choice Questions  
1. Unit of admittance is   

a. ohm 

b. mho 

c. siemens 

d. tesla 

 

2. The current in a pure inductive circuit   

a. lags the supply voltage at any angle 

b. leads the supply voltage at any angle 

c. lags the supply voltage by 900 

d. leads the supply voltage by 900 

 

3. In a R-L-C series circuit, if the inductive reactance is larger than the capacitive reactance 
then the reactive power will be   

a. positive and lagging 

b. positive and leading 

c. negative and lagging 

d. negative and leading 

3. In a R-L-C parallel circuit, if the inductive reactance is larger than the capacitive reactance 
then the reactive power will be   

a. positive and lagging 

b. positive and leading 

c. negative and lagging 

d. negative and leading 

4. The frequency of the reactive power is  

a. half of the supply frequency 

b. one fourth of the supply frequency 

c. double the supply frequency  

d. triple the supply frequency 
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5. The value of j operator 

a. 1 

b. √1 

c. √−1 

d. 0 

 

6. If the impedance angle of a circuit is positive then the power factor angle will be 

a. 0 

b. positive 

c. negative 

d. sign neutral. 

 

7. If the current through a circuit leads the supply voltage by 300, then the power factor will be 

a. 0.866 leading 

b. 0.866 lagging 

c. unity and lagging 

d. unity and leading 

 

8. If the current through a circuit is j and the supply voltage is 1V sinusoidal, then the impedance 
angle of the circuit will be 

a. positive and 900 

b. negative and 900 

c. positive and 00 

d. negative and 00 

 

9. During resonance the circuit will become 

a. purely inductive 

b. purely capacitive 

c. purely resistive 

d. purely magnetic 

 

10. If the Q Factor increases then for a fixed resonant frequency, bandwidth will 

a. increase 
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b. decrease 

c. remain same 

d. either increase or decrease 

 
Answers of Multiple-Choice Questions  
1. c                     2. c                    3. d                   4. c                    5. c 
6. b                     7. a                   8. b                    9. c                   10. b 

Short Answer Questions: 

1. What is the meaning of alternating quantity?  
2. Define frequency, time period, phase, amplitude, phase difference and cycle. 
3. What is the positive phase sequence and negative phase sequence? 
4. Give the mathematical definition of rms value and average value of a periodic function. 
5. What do you mean by periodic function? 
6. Draw the phasor relation between supply voltage and current for a pure resistive, pure 

inductive and pure capacitive circuit. 
7. What do you mean by impedance? What is the unit of it? 
8. What do you mean by power factor? Draw the power triangle of series R-L circuit.  
9. Write down the condition of series resonance. 
10. Mention the significance of quality factor under resonance. 

 
Long Answer Questions: 
1. Prove that the average power consumed by an inductor over a complete cycle is zero. 
2. Show that the impedance angle of a series R-L-C circuit is positive if the capacitive reactance 

is dominant. 
3. Derive the expression for instantaneous power, active power, reactive power and PF for a 

series R-C circuit excited by sinusoidal ac voltage source.  
4. Discuss the series resonance phenomenon in a series R-L-C circuit and derive the 

expression of bandwidth considering an sinusoidal ac voltage excitation. 
5. If the impedance angle of parallel R-L-C circuit is negative then draw the phasor relations 

between the three branch currents and derive the expression for active power, reactive 
power, apparent power and power factor. Consider the source as sinusoidal ac voltage.  

6. Compare the series and parallel resonance. 

Numerical Problems 
1. A sinusoidal is expressed as (ݐ)ݒ = 10 sin(100ݐ + 20଴). Find out the amplitude, phase, 

frequency, time period, angular frequency. 
2. Calculate the phase angle between the two sinusoidals given by ݒଵ(ݐ) = 10 sin(100ݐ + 20଴) 

and ݒଶ(ݐ) = −20 cos(100ݐ − 30଴). Which sinusoidal is leading? 
3. Find out the resultant of two phasors represented by ܫଵ = 20∠10଴ and ܫଶ = 30∠30଴. 



72 | Electric Circuits and Networks 

 

 

4. Find out the resultant of two sinusoidals represented by ݒଵ(ݐ) = 10 sin(100ݐ − 20଴) and 
(ݐ)ଶݒ = 20 sin(100ݐ − 30଴). 

5. Find out the rms and average value of a function given by 

(ݐ)ݒ =  10 sin߱ݐ      0 < ݐ߱  <  
ߨ
2 

          =   0                     
ߨ
2 < ݐ߱ <  ߨ

 
6. Determine the expressions of rms and average value of the voltage waveform shown in 

figure below considering both the curves (curve 1: 0 to π/2 and curve 2: π/2 to π) as 
sinusoidal. If Vm is 200 V, then calculate the RMS and average voltages of the waveform 
given below. 

 
7. Find the rms and average value of the waveform given below. Consider the time period as 

10 seconds and the unit of current in Ampere. 
 
 
 
 
 
 
 
 
 
 

8. A single phase circuit consists of a pure resistance and a coil (combination of inductor 
and resistor in series) in series. Power dissipated in the resistance and in the coil are 
1200W and 350W respectively. The voltage drops across the resistance and the coil 
are 250V and 400V respectively. Determine the i) value of pure resistance ii) resistance 
and reactance of the coil iii) coil impedance iv)combined resistance of the circuit. 

9. The voltage applied to a series R-L circuit is (ݐ)ݒ = 100 sin߱ݐ and current flowing 
through it ݅(ݐ) = 10 sin(߱ݐ − 45଴). Find out the value of impedance, impedance angle, 
resistance, inductive reactance. Also calculate the active power, reactive power and 
total power drawn by the circuit. 
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10. In a series R-L circuit the value of applied voltage is 230 sin (�t - 1500) Volts and current 
flow through it is 0.5 sin (�t - 2100) A find the value of impedance, active power 
consumed, reactive power, power factor. Also draw the phasor diagram of voltage and 
current mentioning the values and angles. 

11. A resistor of 50 ohm is connected in series with a 100µF capacitor to a 50Hz, 230V 
supply. Find the value of impedance, current through the circuit, voltage drop across 
each element, power factor. 

12. In a series circuit containing resistance and capacitance, the current and voltage are 
expressed as i(t) = 4 sin(100 π t + 10º) A and v(t) = 120 sin(100 π t - 20º) V. Determine 
the a) Impedance b) Values of resistance and capacitance  c) Reactive power. Also 
draw the phasor relation between voltage and current. 

13. A series circuit consumes 1000 Watt at 0.866 lagging power factor, when it is connected 
to a 220V, 50Hz single phase ac supply. Calculate reactive power, apparent power, 
current flowing through the circuit, impedance of the circuit, value of the resistor. Also 
draw the phasor diagram of voltage and current mentioning the values and angles. 

14. A voltage of v(t) = 120 sin(100 π t - 20º) V is applied to a circuit consisting of R, L and 
C are in parallel. Consider the value of R as 50 ohm, value of l as 2mH and value C as 
50µF to calculate the current flowing through each element. Also find out the power 
factor angle. 

15. A series R-L-C circuit consists of 500 ohm resistor, 50mH inductor and 0.05µF 
capacitor. Find the impedance of the circuit at 50 Hz. Also calculate the resonant 
frequency in rad/sec, bandwidth, quality factor and current at resonant frequency.   

16. A pure resistor of 100 ohm, pure inductor of 60mH and pure capacitor of 0.5µF are 
connected in parallel across a 10A ac current source. Find out the resonant frequency 
and bandwidth.  

 

PRACTICAL  
1. Use LTspice to determine the current through a series R-L-C circuit with R=100 ohm, L= 2 

mH and C=50 µF when connected to a 230V, 50Hz ac voltage supply. Also determine the 
power factor angle of this circuit.  

 
2. Use LTspice to determine the maximum current flowing through a series R-L-C circuit during 

resonance. Consider R=10 ohm, L=0.01 H and C=150 µF.  
 
KNOW MORE  

1. A resistor of 50 ohm is connected in series with a 100µF capacitor to a 50Hz, 230V 
supply. Find the value of current through the circuit and power factor using LTspice. 
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Fig. 1. 68: Steady state response of series R-C circuit of the problem given using LTspice 

Current through the circuit is 5.48∠32.48଴ and power factor is cos 32.48଴ = 0.8435 leading. 
REFERENCES AND SUGGESTED READINGS  
1. Charles K. Alexander and Matthew N. O. Sadiku, “Fundamentals of Electric Circuits”, 

McGraw Hill Publishers, 7th Edition, 2021.   
2. D Roy Choudhury, “Networks and Systems”, New Age International Publishers, Reprint 2005. 
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UNIT SPECIFICS  

Through this unit we have discussed the following aspects: 

 Source transformation  
 Star to delta and delta to star transformation   
 Mesh analysis  
 Node Analysis 
 Superposition theorem  
 Thevenin’s theorem 
 Norton’s theorem 
 Maximum power transfer theorem 
 Reciprocity Theorem  
 Duality of an electric circuit   

RATIONALE  

An electric circuit consists of voltage sources, current sources and passive elements (R, L, C) in 
series and parallel combinations. In order to analyse the circuit, the circuit is to be transformed for easy 
and fast analysis, hence both source transformation, star to delta transformation and vice versa are 
utilized. Based on the circuit formation, analysis could be done by mesh analysis or node analysis. In this 
chapter, few theorems are discussed to find the response of the circuit using the simplified method. The 
superposition theorem is applicable to the circuit consisting of more than one sources of the circuit. Both 
Thevenin’s and Norton’s theorem are used for solving any complicated circuit in effective manner. In 
most of the practical applications, the maximum power delivered by an electric circuit is calculated before 
the installation. Hence the maximum power transfer theorem helps to provide the load impedance value 
for the maximum power. The reciprocity theorem is applicable to the circuit which has only one source 
in it. The electric circuit have many dual pairs (voltage- current, resistance – conductance, inductance-
capacitance) that has been discussed in this chapter.  

 

2 

Network Reduction and 
Theorems 
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PRE-REQUISITES  

Vector calculus 
Single-phase systems 

UNIT OUTCOMES  

List of outcomes of this unit is as follows: 
U2-O1: Understand the concept of source transformations, star – delta and delta -star 

transformations  
U2-O2:  Apply the mesh and node analysis for a circuits 
U2-O3:  Comprehend and exploit the superposition theorem, Thevenin’s and Norton’s theorem  
U2-O4: Realize the concepts of the maximum power transfer theorem, reciprocity theorem  
U2-O5:  Identify the dual pairs in a circuit  
 

Unit-2 
Outcomes 

EXPECTED MAPPING WITH COURSE OUTCOMES 
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation) 

CO-1 CO-2 CO-3 CO-4 CO-5 
U2-O1 2 2 - 3 2 
U2-O2 1 1 - 3 2 
U2-O3 1 1 - 2 3 
U2-O4 1 1 - 2 3 
U2-O5 1 1 - 2 3 

audacity 
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2.1 SOURCE TRANSFORMATION    
The source transformation is one of the tools for analysing the circuits in a simple method. In dc circuits, 

the dc voltage source in series with the resistance is converted to the dc current source in parallel 
with the resistance which is represented in Fig.2.1. The value of the current source is calculated as 
௦ܫ = ௏ೞ

ோ
. Similarly, the current source in parallel with resistance is converted into voltage source in 

series with the resistance. The voltage source value is calculated using ௦ܸ = ௦ܫ ∗ ܴ. The ac voltage 
source in series with the passive elements like R, L, C is converted into the ac current source in 
parallel with these passive elements as shown in Fig.2.2 and vice versa. The conversion values are 
calculated as voltage source into current source using ܫ௦∠߮ = ௏ೞ∠ఏ

௓
 or current source into voltage 

source using ௦ܸ∠ߠ = ߮∠௦ܫ ∗ ܼ.  

+
_

R

Vs

Is R

 
Fig. 2.1: Source transformation in dc circuits 

Z

ZsV sI

 
Fig. 2.2: Source transformation in ac circuits 

 Example 2.1: Find the voltage across 30Ω resistor shown in Fig.2.3 using source transformation method.  

+
_

2A
10

20

30 Vx

30V

 
Fig. 2.3: Source transformation in dc circuits of Example 2.1 
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Solutions: The circuit shown in Fig.2.3 is the dc circuit. In this problem, current source and parallel 10Ω 
are converted into voltage source in series with resistance 10Ω which is shown in Fig.2.4. 

+
_

30V

10 20

30 Vx

+
_

20V I

 
Fig. 2.4: Current source converted into voltage source of Example 2.1 

Hence the current (I) flowing in the circuit is assumed as clockwise direction and is shown in Fig.2.3 that 
could be performed as follows. 
+20 − ܫ10 − ܫ20 − ܫ30 − 30 = 0 
ܫ60− − 10 = 0 

ܫ60 = −10; ܫ     =  −  
10
60 =  ܣ0.167−

Since the current I polarity is negative, it means that the assumed current direction is wrong and that to 
be reversed and the modified circuit is shown in Fig.2.5. Hence the current I flows through 30Ω 
as indicated by the arrow. Hence the voltage across 30Ω is calculated as follows.  

ଷܸ଴Ω = ܫ  ∗ 30Ω = (0.167)(30) = 5.01ܸ 
Hence the voltage across 30Ω is needed to be found is named as ܸ ௫. Since the polarity of the both voltages 

௫ܸ, ଷܸ଴Ω are reversible. Hence ௫ܸ = − ଷܸ଴Ω = −5.01ܸ. 

+
_

30V

10 20

30

+
_

20V I

 
Fig. 2.5: Current through the circuit is reversed of Example 2.1 
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Example 2.2: Find the voltage across 10Ω resistor shown in Fig.2.6 using source transformation method 

V04520 

5 4

10
3

 13j

4j

Vx

 
Fig. 2.6: Source transformation in ac circuits of Example 2.2 

Solutions: The circuit shown in Fig.2.6 is the ac circuit. In this problem, voltage source in series 
resistance 5Ω are converted into current source in parallel with resistance 5Ω which is shown in 
Fig.2.7. 

ܫ =
ܸ
5 =

04520 
5 = 4∠−45଴ܣ 

A0454 

4

10
3

 13j

4j

Vx5

 
Fig. 2.7: Voltage source transformed into current source of Example 2.2 

In Fig.2.7, 5Ω and (3+j4) Ω are in parallel. These are made into the single impedance ܼ௘௤ଵ which is 
calculated as follows and represented in Fig.2.8.  

ܼ௘௤ଵ = 5Ω||(3 + ݆4)Ω =
5 ∗ (3 + ݆4)
5 + (3 + ݆4) =

15 + ݆20
8 + ݆4 =

25∠53.1
8.94∠26.56 = 2.79∠26.54      

= (2.49 + ݆1.25)Ω 
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A0454 

4

10

 13j

Vx
 25.149.2 j

 
Fig. 2.8: Two parallel impedances made into one single impedances of Example 2.2 

A current source ( A0454  ) in parallel impedance(2.49 + ݆1.25)Ω) is converted into a voltage source 
in series with the impedances which is shown in Fig.2.9. 

௦ܸ௦ = ( A0454  )*(2.49 + ݆1.25) = 11.16∠ − 18.44ܸ  
 

4

10

 13j

Vx

 )25.149.2( j

V044.1816.11 

 
Fig. 2.8: Two parallel impedances made into one single impedances of Example 2.2 

A total impedance of the circuit shown in Fig.2.8 is (16.49-j11.75) Ω. Hence the current flowing that 

circuit is ܫ =
044.1816.11 

(ଵ଺.ସଽି୨ଵଵ.଻ହ) 
= ଵଵ.ଵ଺∠ିଵ଼.ସସ

ଶ଴.ଶହ∠ିଷହ.ସ଻
= 0.55∠17଴ܣ 

Hence the voltage across 10Ω resistance is ଵܸ଴ஐ = (0.55∠17) ∗ 10 = 5.5∠17଴ܸ 

2.2 STAR/DELTA and DELTA/STAR TRANSFORMATION    
As like source transformation, star/delta transformation is also applicable to both dc and ac circuits. The 

conversion of star connected impedances is converted into delta connected impedances which is 
pictorially represented in Fig.2.9.  
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Z1 Z3

Z2

A

B

C

D

Z
AB

ZAC

ZBC

A

DB  
(a) Star Connection                 (b) Delta Connection 

Fig. 2.9: Star connected load transformed into delta connected load  
Based on the Fig.2.9a, the equivalent value of the impedances by looking from terminals A and B, that 

could be written as equation (2.1).  
ܼ஺஻ = ܼଵ + ܼଶ                                                                                                                            (2.1) 

Similarly, the equivalent impedances are obtained from terminals A and C, terminals C and D and they 
are presented in equations (2.2) and (2.3) respectively. Both B and D are the same potential. Hence 
D could be replaced with B.  
ܼ஺஼ = ܼଵ + ܼଷ                                                                                                                            (2.2) 
ܼ஼஽ = ܼ஼஻ = ܼଶ + ܼଷ                                                                                                                (2.3) 

 

1

2

3

4

Z
AB

ZAC

ZBC

Z1 Z3

Z2

1

2

3

4  
(a) Delta Connection                 (b) Star Connection 

Fig. 2.10: Delta connected load transformed into star connected load  
 

 Based on the Fig.2.10a, the equivalent value of the impedances by looking from terminals 1 and 2, that 
could be written as equation (2.4).  
ܼଵଶ = ܼ஺஻ ||(ܼ஺஼ + ܼ஻஼)                                                                                                            (2.4) 

Similarly, the equivalent impedances are obtained from terminals 1 and 3, terminals 3 and 4 and they are 
presented in equations (2.5) and (2.6) respectively. Both terminals 2 and 4 are the same potential. 
Hence 4 could be replaced with 2.  
ܼଵଷ = ܼ஺௖ ||(ܼ஺஻ + ܼ஻஼)                                                                                                            (2.5) 
ܼଶଷ = ܼ஻஼ ||(ܼ஺஻ + ܼ஻஼)                                                                                                           (2.6) 



82 | Electric Circuits and Networks 

 

 

By comparing Fig.2.9 and Fig.2.10, the potential A, potential B are equal to potential at point 1 and 2 
respectively. Hence, ܼ஺஻ = ܼଵଶ. Similarly, ܼ஺௖ = ܼଵଷ  and ܼ஼஻ = ܼଶଷ. The following equations 
(2.7) to (2.9) are written based on the above statements.  

ܼଵ + ܼଶ = ௓ಲಳ∗(௓ಲ಴ା௓ಳ಴)
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                             (2.7) 

ܼଵ + ܼଷ = ௓ಲ೎∗(௓ಲಳା௓ಳ಴)
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                             (2.8) 

ܼଶ + ܼଷ = ௓ಳ಴∗(௓ಲಳା௓ಲ಴)
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                            (2.9) 

By subtracting the equations (2.9) from (2.7), the equation (2.10) is obtained. By adding (2.10a) and 
(2.8), the equation (2.11) is attained.  

ܼଵ − ܼଷ = ௓ಲಳ௓ಲ಴ା௓ಲಳ௓ಳ಴ି௓ಳ಴௓ಲಳି௓ಳ಴௓ಲ಴
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                (2.10) 

ܼଵ − ܼଷ = ௓ಲಳ௓ಲ಴ି௓ಳ಴௓ಲ಴
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                       (2.10a) 

2ܼଵ = ௓ಲ೎௓ಲಳା௓ಲ೎௓ಳ಴ା௓ಲಳ௓ಲ಴ି௓ಳ಴௓ಲ಴
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                        (2.11) 

                        = ଶ௓ಲ಴௓ಲಳ
௓ಲಳା௓ಲ಴ା௓ಳ಴

 

Hence,                                       

 ܼଵ = ௓ಲ಴௓ಲಳ
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                                              (2.12) 

ܼଶ = ௓ಲಳ௓ಳ಴
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                                     (2.13) 

ܼଷ = ௓ಲ಴௓ಳ಴
௓ಲಳା௓ಲ಴ା௓ಳ಴

                                                                                                                     (2.14) 

For Star to Delta conversion, use the equations (2.12) to (2.14) and perform ܼଵܼଶ + ܼଶܼଷ + ܼଵܼଷ, 

ܼଵܼଶ + ܼଶܼଷ + ܼଵܼଷ =  
ܼ஺஻ଶ ܼ஺஼ܼ஻஼ + ܼ஻஼ଶ ܼ஺஻ ஺ܼ஼ + ܼ஺஼ଶ ܼ஺஻ܼ஻஼

(ܼ஺஻ + ܼ஺஼ + ܼ஻஼)ଶ  

=
ܼ஺஻ܼ஺஼ܼ஻஼(ܼ஺஻ + ܼ஺஼ + ܼ஻஼)

(ܼ஺஻ + ܼ஺஼ + ܼ஻஼)ଶ  

=  
ܼ஺஻ܼ஺஼ܼ஻஼

ܼ஺஻ + ܼ஺஼ + ܼ஻஼
= ܼ஺஻ ∗

ܼ஺஼ܼ஻஼
ܼ஺஻ + ܼ஺஼ + ܼ஻஼

 

ܼଵܼଶ + ܼଶܼଷ + ܼଵܼଷ = ܼ஺஻ ∗
௓ಲ಴௓ಳ಴

௓ಲಳା௓ಲ಴ା௓ಳ಴
                                                                             (2.15) 

By using (2.14), the equation (2.15) becomes as follows.  
ܼଵܼଶ + ܼଶܼଷ + ܼଵܼଷ = ܼ஺஻ ∗ ܼଷ 

Hence,  

ܼ஺஻ = ௓భ௓మା௓మ௓యା௓భ௓య
௓య

                                                                                                                (2.16) 

Similarly,                           
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   ܼ஺஼ = ௓భ௓మା௓మ௓యା௓భ௓య
௓మ

                                                                                                                 (2.17) 

ܼ஻஼ = ௓భ௓మା௓మ௓యା௓భ௓య
௓భ

                                                                                                                (2.18) 

In general, ܼଵܼଶ + ܼଶܼଷ + ܼଵܼଷ could be represented as ∑ܼଵܼଶ. Hence equations (2.16) to (2.18) are 
written as equations (2.19) to (2.21) respectively. These equations are used for the conversion of 
star (Y) into delta (Δ) connection.  

ܼ஺஻ = ∑௓భ௓మ
௓య

                                                                                                                              (2.19) 

           ܼ஺஼ = ∑௓భ௓మ
௓మ

                                                                                                                             (2.20) 

           ܼ஻஼ = ∑௓భ௓మ
௓భ

                                                                                                                             (2.21) 

Similarly, ܼ஺஻ + ܼ஺஼ + ܼ஻஼  could be represented as ∑ܼ஺஻. Hence equations (2.12) to (2.14) are written 
as equations (2.22) to (2.24) respectively. These equations are used for the conversion of delta (Δ) 
into star (Y) connection.  

ܼଵ = ௓ಲ಴௓ಲಳ
∑௓ಲಳ

                                                                                                                                     (2.22) 

ܼଶ = ௓ಲಳ௓ಳ಴
∑௓ಲಳ

                                                                                                                                      (2.23) 

  ܼଷ = ௓ಲ಴௓ಳ಴
∑௓ಲಳ

                                                                                                                                         (2.24) 

When all the impedances are equal, ܼ஺஻ = ܼ஺஼ = ܼ஻஼ = ௱ܼ & ܼଵ = ܼଶ = ܼଷ = ܼ௒, the equations (2.22) 
could be mentioned as follows,   

ܼ௒ =
ܼ୼ଶ

3ܼ୼
 

ܼ௒ = ௓౴
ଷ

                                                                                                                                         (2.25) 

From the equation (2.25), it is understood that the delta impedances are converted into star impedances 
by dividing with 3. In other words, obtaining delta impedances from the star impedances by 
multiplying with 3. 

Example 2.3: Perform the star connected impedance into delta connected impedances in Fig.2.11 using 
star/delta transformation method. Consider terminals 1, 2 and 3 are the terminals of star connection. 
ܼଵ = 5Ω;  ܼଶ = (3 + ݆4)Ω;  ܼଷ = (4 − ݆13)Ω 
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V04520 

5 4

10
3

 13j

4j

Vx

1 3N

2  
Fig. 2.11: Star/delta transformation in ac circuits of Example 2.3 

Solutions: The circuit shown in Fig.2.11 is the ac circuit. In this problem, the star impedances are 
converted into delta connected impedances which is represented in Fig.2.12. The Fig.2.12 is 
modified for the convenient to make the loops as like in Fig.2.13.  
ܼଵ = 5Ω;  ܼଶ = (3 + ݆4)Ω = 5∠53.13଴;  ܼଷ = (4 − ݆13)Ω=13.6∠− 72.9଴ 

Hence delta connected impedances are ܼଵଶ = ∑௓భ௓మ
௓య

;  ܼଵଷ = ∑௓భ௓మ
௓మ

;  ܼଶଷ = ∑௓భ௓మ
௓భ

; 

෍ܼଵܼଶ = (5)(3 + ݆4) + (3 + ݆4)(4 − ݆13) + (5)(4 − ݆13) = 99 − ݆68
= 120.1∠ − 34.48଴ 

ܼଵଶ = ଵଶ଴.ଵ∠ିଷସ.ସ଼
ଵଷ.଺∠ି଻ଶ.ଽ

= 8.83∠38.42 =(6.92+j5.48) Ω 

ܼଵଷ = ଵଶ଴.ଵ∠ିଷସ.ସ଼
ହ∠ହଷ.ଵଷ

= 24∠ − 87.61 = (1 − ݆23.97) Ω   

ܼଶଷ =
120.1∠ − 34.48

5 = 24∠ − 34.48 = (19.78 − ݆13.58) Ω 

V04520  10
Vx

1 3

2

Z13

Z
12 Z 23

(6.92+j5.48)

(1-j23.97)

(19.7
8-j1

3.5
8)

 
Fig. 2.12: Star to delta transformation in ac circuits from Fig.2.11 
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V04520  10
Vx

1 3

2

Z13

Z
12 Z 2

3

(6.92+j5.48)

(1-j23.97)

(1
9.

78
-j

13
.5

8)

 
Fig. 2.13: Star to delta transformation in ac circuits from Fig.2.12 

Fig.2.13 provides the equivalent delta connected impedances of the given star connected impedances as 
given in this problem.  

Example 2.4: Perform the delta connected impedance into star connected impedances in Fig.2.13 using 
star/delta transformation method.  ܼଵଶ =(6.92+j5.48) Ω; ܼଵଷ = (1 − ݆23.97) Ω;  ܼଶଷ =
(19.78 − ݆13.58) Ω 

Solutions: The circuit shown in Fig.2.13 is the ac circuit. In this problem, the delta impedances are 
converted into star connected impedances.  
ܼଵଶ =(6.92+j5.48) Ω; ܼଵଷ = (1 − ݆23.97) Ω;  ܼଶଷ = (19.78 − ݆13.58) Ω 

Hence star connected impedances are   ܼଵ = ௓ಲ಴௓ಲಳ
∑௓ಲಳ

;   ܼଶ = ௓ಲಳ௓ಳ಴
∑௓ಲಳ

;  ܼଷ = ௓ಲ಴௓ಳ಴
∑௓ಲಳ

 according to the 
equations (2.22) to (2.24). These equations are replaced according to the problem. Since terminals 
are mentioned as 1, 2 and 3. Hence the suffixes A,B and C are replaced with 1, 2, 3 respectively 
in the above equations.  

The obtained equations are ܼଵ = ௓భయ௓భమ
∑௓భమ

;   ܼଶ = ௓భమ௓మయ
∑௓భమ

;  ܼଷ = ௓భయ௓మయ
∑௓భమ

 

 ∑ܼଵଶ = ܼଵଶ + ܼଵଷ + ܼଶଷ =(27.7-j32.07) Ω 
 

ܼଵ =
ܼଵଷܼଵଶ
∑ܼଵଶ

=
(1 − ݆23.97)(6.92 + j5.48)

(27.7 − j32.07) =
138.28 − ݆160.4
42.37∠ − 49.18 =

211.78∠ − 49.23
42.37∠ − 49.18 = 4.998Ω 

ܼଵ = 4.998Ω 

ܼଶ =
ܼଵଶܼଶଷ
∑ܼଵଶ

=
(6.92 + j5.48)(19.78 − ݆13.58)

(27.7 − j32.07) =
211.29 + ݆14.42
42.37∠ − 49.18 =

211.78∠3.9
42.37∠ − 49.18

= 4.99∠53.08 = (2.99 + ݆3.98)Ω 
ܼଶ = (2.99 + ݆3.98)Ω 

ܼଷ = ௓భయ௓మయ
∑௓భమ

= (ଵି௝ଶଷ.ଽ଻)(ଵଽ.଻଼ି௝ଵଷ.ହ଼)
(ଶ଻.଻ି୨ଷଶ.଴଻)

= ିଷ଴଴.ଷି௝ଵଷ.ହ଺
ସଶ.ଷ଻∠ିସଽ.ଵ଼

= ହ଻ଶ.଻ସ∠ିଵଶଵ.଺଻
ସଶ.ଷ଻∠ିସଽ.ଵ଼

=13.51∠ − 72.49=(4.06-
j12.8) Ω        
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ܼଷ =(4.06-j12.8) Ω 
From the above calculations, it is understood that the star connected impedances  ܼଵ,ܼଶ and ܼଷ values 

are similar with the previous problem star impedances. It is proved that star to delta and then delta 
to star conversion provided the actual values.  

2.3 MESH ANALYSIS  
The mesh analysis is based on Kirchoff’s voltage law (KVL). KVL states that the phasor summation of 

the voltages in a loop or a mesh is equal to zero or the sum of the voltage rises is equal to the sum 
of voltage drops in a loop. The circuit shown in Fig. 2.14 consists of the three meshes namely 
ABGHA, BCFGB and CDEFC respectively. In this circuit, the mesh currents I1,  I2  &  I3  are to be 
found. For that, the three loops will be formed and the corresponding equations (2.26) to (2.28) are 
written respectively.  
+ ଵܸ∠Θ − ଵܼଵܫ − ܼଶ(ܫଵ − (ଶܫ = 0                                                                                            (2.26) 
ଶܼଷܫ− − ܼସ(ܫଶ − (ଷܫ − ܼଶ(ܫଶ − (ଵܫ = 0                                                                                  (2.27) 
ଷܼହܫ− − ܼସ(ܫଷ − (ଶܫ − ܼ଺ܫଷ = 0                                                                                             (2.28) 

Z1

Z2

Z3 Z5

Z4 Z6
I1 I2 I3

V V 0
1 

A B C D

EG FH  
Fig. 2.14: Mesh analysis in ac circuits  

Eq. (2.26) could be modified as,  ଵܸ∠Θ = ଵܼଵܫ + ܼଶ(ܫଵ −                               (ଶܫ

ଵܸ∠Θ = ଵ(ܼଵܫ + ܼଶ)−        ଶܼଶ                                                                                                   (2.29a)ܫ
ଵ(ܼଵܫ + ܼଶ) − ଶܼଶܫ = ଵܸ∠Θ                                                                                                   (2.29b)       

Eq. (2.27) and Eq. (2.28) could be modified as,  
ଶܼଷܫ− − ܼସܫଶ − ܼସܫଷ − ܼଶܫଶ + ܼଶܫଵ = 0 
ଵܼଶܫ− + ଶ(ܼଶܫ + ܼଷ + ܼସ) − ଷܼସܫ = 0                                                                                    (2.30) 
ଶܼସܫ− + ଷ(ܼସܫ + ܼହ + ܼ଺) = 0                                                                                               (2.31) 

These equations (2.29) to (2.31) are formed as matrix format which is represented in equations (2.32).  
 

቎
(ܼଵ + ܼଶ)                        −ܼଶ                            0
−ܼଶ (ܼଶ + ܼଷ + ܼସ)                              −ܼସ

0                      − ܼସ                         (ܼଶ + ܼଷ + ܼସ) 
቏   ൥

ଵܫ
ଶܫ
ଷܫ
൩ = ൥

ଵܸ∠Θ
0
0

൩                                      (2.32) 
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[ܫ][ܼ] = [ܸ]                                                                                                                            (2.32a) 
The equation (2.32) will be solved by Cramer’s rule to find the loop currents. Δ௓ is the determinant of Z 

matrix. Δଵ,Δଶ  and Δଷ are the determinant of the matrix, where those matrices are formed by 
replacing the 1st, 2nd  and 3rd column by [V] matrix.   The values of the loop currents are found by 
equation (2.33).  

ଵܫ = ୼భ
୼ೋ

; ଶܫ   = ୼మ
୼ೋ

; ଷܫ  = ୼య
୼ೋ

                                                                                                       (2.33) 

Steps for Mesh Analysis: 
1. Mark the node terminals and name them.  
2. Identify the number of closed loops and mark the current flow direction and also name these 

mesh currents as I1, I2,  I3 and etc.  
3. Apply the KVL and write the equations.  
4. Simplify the equations and form the matrix format as like [Z][I] =[V].  
5. Solve the matrix by Cramer’s rule and find the mesh current values.  

Example 2.5: Find the voltage across 10Ω resistor shown in Fig.2.6 using mesh analysis method. 
Consider terminals 1, 2 and 3 are the terminals of star connection. ܼଵ = 5Ω;  ܼଶ =
(3 + ݆4)Ω;  ܼଷ = (4 − ݆13)Ω 

Solutions: The circuit shown in Fig.2.6 is represented as Fig.2.11. Solve this problem after converting 
star into delta transformation which is presented in Fig.2.13. In that figure, the nodes are named 
and the meshes are formed that is shown in Fig.2.15.  

V04520 
10

Vx

A B Z13

Z
12 Z 2

3

(6.92+j5.48)

(1-j23.97)

(1
9.

78
-j

13
.5

8)

C D

H G F E

I1 I2 I3

 
Fig. 2.15: Mesh analysis of Example 2.5  

The loop equations (2.34) to (2.36) are formed according to the KVL and then simplified equations are 
presented as equations (2.37) to (2.39) respectively. 
+20∠ − 45 − ܼଵଶ(ܫଵ − (ଶܫ = 0                                                                                               (2.34) 
ଶܼଵଷܫ− − ܼଶଷ(ܫଶ − −(ଷܫ ܼଵଶ(ܫଶ − (ଵܫ = 0                                                                             (2.35) 
−ܼଶଷ(ܫଷ − (ଶܫ − ଷܫ10 = 0                                                                                                       (2.36) 

After simplification,  
ܼଵଶܫଵ − ܼଵଶܫଶ = 20∠ − 45                                                                                                      (2.37) 
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ܼଵଶܫଵ − (ܼଵଶ + ܼଶଷ + ܼଵଷ)ܫଶ + ܼଶଷܫଷ = 0                                                                               (2.38) 
ܼଶଷܫଶ − (10 + ܼଶଷ)ܫଷ = 0                                                                                                        (2.39) 

The simplified equation is formed as matrix which is shown below.  

൥
ܼଵଶ                        −ܼଵଶ                            0
ܼଵଶ −(ܼଵଶ + ܼଶଷ + ܼଵଷ)                              ܼଶଷ
0                        ܼଶଷ                        − (10 + ܼଶଷ) 

൩  ൥
ଵܫ
ଶܫ
ଷܫ
൩ = ൥

20∠ − 45଴
0
0

൩          

(ܼଵଶ + ܼଶଷ + ܼଵଷ)= 6.92+j5.98+1-j23.97+19.78-j13.58=27.7-j32.07; 
(10 + ܼଶଷ)=10+19.78-j13.58=29.78-j13.58; 

          

቎
6.92 + ݆5.48     −6.92 − ݆5.48                            0

6.92 + ݆5.48   (−27.7 + j32.07)                              19.78 − j13.58
0                              19.78− j13.58                             ( −29.78 + j13.58)

቏   ൥
ଵܫ
ଶܫ
ଷܫ
൩ = ൥

20∠ − 45଴
0
0

൩                   

The determinant values are calculated as per the description given in section 4.3.  
Δ௭ = 4052.7 −  ݆6510.1; Δଷ = 3191.6 − ݆2783.8  

simplified equation is formed as matrix which is shown below.  
∠௓=7668.49߂ − 58.09଴ 
Δଷ =4235.07∠ − 41.09଴ 

ଷܫ =
Δଷ
Δ௓

= 0.552∠17଴ܣ 

ଵܸ଴ஐ = 10 ∗ ଷܫ = 5.52∠17଴ܸ 
Example 2.6: Find the current (I) flowing through the inductor using mesh analysis for the circuit shown 

in Fig.2.16.  
Solutions: The circuit shown in Fig.2.16 has the two voltage sources and its value is represented in time 

domain which needs to be converted into polar form. The conversion is described in the next page. 
Based on the description, 50ݐ5݊݅ݏ = 50∠ − 90଴ ,ܸ; ݐ5ݏ݋50ܿ = 50∠0଴,ܸ     

+
_Vt  5sin50

0.5H

I

Vt  5cos50

10

+
_

0.1FE

 
Fig. 2.16: Mesh analysis of Example 2.6 

Inductive reactance ܺ௅ = (ܮ݂ߨ2) = ߨ2) ∗ 50 ∗ 0.5) = ߨ5 = 15.71Ω 
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Capacitive reactance  ܺ஼ = ଵ
(ଶగ௙஼)

= ଵ
(ଶగ∗ହ଴∗଴.ଵ)

= 0.318Ω 

The loop current direction is marked and the impedances are represented in ohms which is represented 
in Fig.2.17. The KVL is applied and the corresponding equations are presented in equation (2.40) 
and (2.41).   

+
_

V09050 

10

+
_

0.318

15.71

V0050I1 I2

 
Fig. 2.17: Mesh analysis of Example 2.6 with the loop current direction 

50∠ − 90଴ − ଵܫ10 − ଵܫ)15.71݆ − (ଶܫ = 0                                                                              (2.40) 
ଶܫ)15.71݆− − (ଵܫ − ଶܫ0.318 − 50∠0଴ = 0                                                                             (2.41) 
(10 + ଵܫ(15.71݆ − ଶܫ15.71݆ = 50∠ − 90଴                                                                           (2.41a) 
ଵܫ15.71݆ − (0.318 + ଶܫ(15.71݆ = 50∠0଴                                                                             (2.41b) 

൤(10 + ݆15.71) −15.71
15.71 −(0.318 + ݆15.71)൨ ൤

ଵܫ
ଶܫ
൨ = ቂ50∠ − 90଴

50∠0଴
ቃ = ቂ−50݆

50
ቃ 

The determinant values are calculated as per the description given in section 4.3.  
Δ௭ = 490.4 − ݆162.1; Δଵ = ݆15.9; Δଶ = 500 + ݆157  
Δ௭ = 516.49∠ − 18.29଴;  Δଵ = 15.9∠90଴;  Δଶ = 524.06∠17.43଴ 
Iଵ = 30.78∠108.29଴;  Iଶ = 1.015∠35.72଴  
Iଵ = (−9.659 + ;ܣ(29.22݆  Iଶ = (0.824 +   ܣ(0.5925݆

I

I1

I2  
Fig. 2.18: Mesh analysis for Example 2.6 to find the current I 
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The current flowing through the inductor is I. In order to find the current I, the loop currents’ direction is 
necessary to know and those are presented in Fig.2.18. The current I is in the same direction of I1 
and in the opposite direction of I2. Hence the current I is found as (I1- I2) A.  
ܫ = ଵܫ) − (ଶܫ = (−9.659 + ݆29.22 − 0.824 − ݆0.5925) = (−10.483 −  ܣ(28.6275݆
ܫ = 30.48∠ − 110.112଴ ܣ 

2.4 NODE ANALYSIS     
The node analysis is performed based on Kirchoff’s current law (KCL). KCL states that the algebraic 

sum of the currents in a node is equal to zero or the sum of the incoming currents is equal to the 
sum of outgoing currents in a node. Node is a point where one or more elements are joined together. 
The circuit shown in Fig. 2.19 is taken for explaining the node analysis.  

Steps for Node Analysis: 
a) Identify the nodes and name them as A, B, C and etc.  
b) Identify the different potential nodes and mark them as E1, E2, E3 and etc. Where E1, 

E2, E3 are the node potential. 
c) Mark the current flow direction in the elements of the circuit (called as branch 

currents) like I1, I2, I3 and etc.  
d) Apply the KCL at each node potential points and write the equations.  
e) Simplify the equations and form the matrix format as like [Y][E] =[I].  
f) Solve the matrix by Cramer’s rule and find the node voltage values. 
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Time domain into phasor form 

cos(t)-cos(t)

sin(t)

-sin(t)

 
Fig.2. S Phasor Reference 

The voltage is represented in time domain as like given in the example 2.7. ݒଵ(ݐ) =   ;ܸ,ݐ5݊݅ݏ50
(ݐ)ଶݒ =   ܸ,ݐ5ݏ݋50ܿ

Cosine is taken as the reference: ݒଶ(ݐ) =   .is represented in phasor form with zero degree ܸ,ݐ5ݏ݋50ܿ

ଶܸ = 50∠0଴,ܸ 
Another voltage ݒଵ(ݐ) =   .is represented as follows ܸ,ݐ5݊݅ݏ50

(ݐ)ଵݒ = ݐ5݊݅ݏ50 = 50 cos(5ݐ − 90) ,ܸ 
Hence, ଵܸ = 50∠ − 90଴,ܸ 
 
Sine is taken as the reference: ݒଵ(ݐ) =   .is represented in phasor form with zero degree ܸ,ݐ5݊݅ݏ50

ଵܸ = 50∠0଴,ܸ 
Another voltage ݒଶ(ݐ) =   .is represented as follows ܸ,ݐ5ݏ݋50ܿ

(ݐ)ଶݒ = ݐ5ݏ݋50ܿ = 50 sin(5ݐ + 90) ,ܸ 
Hence, ଶܸ = 50∠ + 90଴,ܸ 
Hint: 
As “cos” reference:   

ݐ߱)ݏ݋ܿܣ + ߶) =  ߶∠ܣ
ݐ߱)݊݅ݏܣ + ߶) = ݐ߱)ݏ݋ܿܣ + ߶ − 90) = ߶)∠ܣ − 90) 

ݐ߱)ݏ݋ܿܣ− + ߶) = ݐ߱)ݏ݋ܿܣ + ߶ ± 180) = ߶)∠ܣ ± 180) 
ݐ߱)݊݅ݏܣ− + ߶) = ݐ߱)ݏ݋ܿܣ + ߶ + 90) = ߶)∠ܣ + 90) 

As “sin” reference:   
ݐ߱)݊݅ݏܣ + ߶) =  ߶∠ܣ

ݐ߱)ݏ݋ܿܣ + ߶) = ݐ߱)݊݅ݏܣ + ߶ + 90) = ߶)∠ܣ + 90) 
ݐ߱)ݏ݋ܿܣ− + ߶) = ݐ߱)݊݅ݏܣ + ߶ − 90) = ߶)∠ܣ − 90) 
ݐ߱)݊݅ݏܣ− + ߶) = ݐ߱)݊݅ݏܣ + ߶ ± 180) = ߶)∠ܣ ± 180) 
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ଵܫ = ௏భ∠ఏభିாభ
௓భ

                                                                                                                             (2.42) 

Nodes are identified in the circuit shown in Fig.2.19, namely A, B, C, D, E, F, G and H. Now mark the 
different potential nodes and mark the branch current direction which is shown in Fig.2.20. Two 
potential nodes E1 and E2 and the branch currents are I1, I2, I3,  I4  and  I5. .  

Apply the KCL at the node potential points and the corresponding equations are formed which is 
mentioned in equations (2.42a) and (2.43). Where I1 is flowing from source ଵܸ∠ߠଵ to node 
potential ܧଵ. Hence current I1 could be written as mentioned in equation (2.42). Hence, equations 
(2.42a) and (2.43) are elaborated as (2.44) and (2.45) respectively.   
ଵܫ = ଶܫ +  ଷ                                                                                                                             (2.42a)ܫ
ଷܫ + ହܫ =  ସ                                                                                                                               (2.43)ܫ
௏భ∠ఏభିாభ

௓భ
= ாభି଴

௓మ
+ ாభିாమ

௓య
                                                                                                            (2.44) 

( ଵܸ∠ߠଵ − (ଵܧ ଵܻ = ଵܧ ଶܻ + ଵܧ) − (ଶܧ ଷܻ 

ቀ௒భା௒మା௒య
௒భ

ቁܧଵ − ቀ௒య
௒భ
ቁܧଶ = ଵܸ∠ߠଵ                                                                                           (2.44a) 

ாభିாమ
௓య

+ ௏మ∠ఏమିாమ
௓ఱ

= ாమି଴
௓ర

                                                                                                             (2.45) 

-ቀ௒య
௒ఱ
ቁ ଵܧ + ቀ௒యା௒రା௒ఱ

௒ఱ
ቁܧଶ = ଶܸ∠ߠଶ                                                                                          (2.45a) 

These equations (2.44a) and (2.45a) are formed as matrix format which is represented in equation (2.46) 
and this can be written as equation (2.46a).  

 ቎
ቀ௒భା௒మା௒య

௒భ
ቁ −ቀ௒య

௒భ
ቁ

−ቀ௒య
௒ఱ
ቁ ቀ௒యା௒రା௒ఱ

௒ఱ
ቁ
቏ ൤ܧଵܧଶ

൨ = ൤ ଵܸ∠ߠଵ
ଶܸ∠ߠଶ ൨                                                                                (2.46) 

OR 

൤ ଵܻ + ଶܻ + ଷܻ − ଷܻ
− ଷܻ ଷܻ + ସܻ + ହܻ

൨ ൤ܧଵܧଶ
൨ = ൤ ଵܸ∠ߠଵ ∗ ଵܻ

ଶܸ∠ߠଶ ∗ ହܻ ൨                                                              (2.46a) 

Z1

Z2

Z3 Z5

Z4V V 11 

A
B C D

EG FH

V V 22 

 
Fig. 2.19: Node analysis in ac circuits  
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E1 E2

I1

I2

I3

I4

I5

Z1

Z2

Z3 Z5

Z4V ,V 11 
V V 22 

 
Fig. 2.20: Node analysis in ac circuits with node potential and branch currents  

Solve the equation (2.46a) using Cramer’s rule and find the node potential ܧଵ and ܧଶ. Δ௒ is the 
determinant of the Y matrix. Δଵ  and Δଶ are the determinant of the matrix, where those matrices 
are formed by replacing the 1st  and 2rd column by [V*Y] or [I] matrix. The values of the node 
potentials are found by equation (2.47).  

ଵܧ = ୼భ
୼ೊ

; ଶܧ   = ୼మ
୼ೊ

                                                                                                                    (2.47) 

Example 2.6: Find the voltage across 10Ω resistor shown in Fig.2.6 using node analysis method. 
Consider terminals 1, 2 and 3 are the terminals of star connection. ܼଵ = 5Ω;  ܼଶ =
(3 + ݆4)Ω;  ܼଷ = (4 − ݆13)Ω 

Solutions: The circuit shown in Fig.2.6 is redrawn as Fig.2.11. Solve this problem after converting star 
into delta transformation which is presented in Fig.2.13. In that figure, the nodes are named and 
the loops are formed that is shown in Fig.2.15. In order to solve that the Fig.2.15 is modified as 
Fig.2.21 with node potential markings and current flow direction.     

V04520  10
Vx

E1 Z13

Z
12 Z 2

3

(6.92+j5.48)

(1-j23.97)

(1
9.

78
-j

13
.5

8)

E2

I2I1

I3

I4

G  
Fig. 2.21: Node analysis of Example 2.6  

Based on the Fig.2.21, the node potential E1 is measured at node point E1 to the reference potential G. As 
per the definition, E1 is equal to  20∠ − 45଴V.  
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Hence, ܫଵ = ாభ
௓భబ

= ଶ଴∠ିସହ
଺.ଽଶା௝ହ.ସ଼

= ଶ଴∠ିସହ
଼.଼ଶ∠ଷ଼.ଷ

= 2.26∠−83.3଴ܣ  

Applying the KCL at node 2, the following equation is obtained.  
ଶܫ = ଷܫ +  ସܫ
ଵܧ − ଶܧ
ܼଵଶ

=
ଶܧ − 0
ܼଶ଴

+
ଶܧ − 0

10  

ଵܧ
ܼଵଶ

= )ଶܧ
1
ܼଵଶ

+
1
ܼଶ଴

+
1

10) 

20∠ − 45
1− ݆23.97 = )ଶܧ

1
1 − ݆23.97 +

1
19.78 − ݆13.58 +

1
10) 

20∠ − 45
23.99∠ − 87.6 = ଶ(0.0416∠87.6ܧ + 0.0416∠34.4 + 0.1) 

0.833∠42.6 = ଶ(0.135ܧ + ݆0.0645) 
0.833∠42.6 =  ଶ(0.15∠25.5)ܧ

ଶܧ =
0.833∠42.6
0.15∠25.5 = 5.55∠17.1଴ܸ 

The node potential E2 is measured at node point E2 to the ground potential G. It is equivalent to the 
voltage across the impedance ܼ ଶ଴ and also the voltage across the resistance 10Ω. Since they are connected 
in parallel.  
Hence the voltage across the 10Ω resistance is  5.55∠17.1଴ܸ. 
Example 2.7: Find the node potential (E) and the current (I) flowing through the inductor using Node 

analysis for the circuit shown in Fig.2.22.  
Solutions: The circuit shown in Fig.2.7 has the two voltage sources and its value is represented in time 

domain which needs to be converted into polar form. The conversion is described in the next page. 
Based on the description, 50ݐ5݊݅ݏ = 50∠ − 90଴ ,ܸ; ݐ5ݏ݋50ܿ = 50∠0଴,ܸ     

+
_Vt  5sin50

0.5H

I

Vt  5cos50

10

+
_

0.1FE

 
Fig. 2.22: Node analysis of Example 2.7 

Inductive reactance ܺ௅ = (ܮ݂ߨ2)݆ = (ܮ߱)݆ = ݆(5 ∗ 0.5) = ݆2.5Ω 
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Capacitive reactance  ܺ஼ = ଵ
௝(ଶగ௙஼)

= ଵ
௝(ହ∗଴.ଵ)

= −݆2Ω 

The branch current direction is marked and the impedances are represented in ohms which is represented 
in Fig.2.23. The node potential is marked as E. The KCL is applied at that node point and the 
corresponding equation is presented in equation (2.48).   

+
_Vt  5sin50

0.5H
I

Vt  5cos50

10

+
_

0.1FE

 
Fig. 2.23: Node analysis of Example 2.7 with designated nodes and branch current directions 
ଵܫ = ଶܫ +  ଷ                                                                                                                               (2.48)ܫ
50∠ − 90଴ − ܧ

10 =
ܧ
݆2.5 +

ܧ − 50∠0଴

−݆2  

50∠ − 90଴

10 +
50∠0଴

−݆2 =
ܧ
10 +

ܧ
݆2.5 +

ܧ
−݆2 

5∠ − 90଴ + 25∠90଴ = 0.1)ܧ + 0.4∠ − 90଴ + 0.5∠90଴) 
−5݆ + ݆25 = 0.1)ܧ − ݆0.4 + ݆0.5) = 0.1)ܧ + ݆0.1) 

ܧ =
݆20

0.1 + ݆0.1 =
20∠90଴

0.141∠45଴ = 141.8∠45଴ ܸ 

ܫ =
141.8∠45଴

݆2.5 =
141.8∠45଴

2.5∠90଴ = 56.72∠ − 45଴ܣ 

E and I are the node potential and current flowing through inductor.  

2.5 SUPERPOSITION THEOREM 
The superposition theorem is applied to the circuits that consists one or more sources.  This theorem is 

applicable to both dc and ac circuits or in other words, applicable to linear circuits. For analysing 
those ac circuits, superposition theorem is very useful for finding the responses.   

Superposition theorem states that in a circuit of linear elements containing more than one sources with 
single frequency, the current flowing through an element of the circuit when all sources considered 
at a time is the sum of all the currents which would flow through that element of a circuit when 
individual sources considered separately with that frequency and all other sources are replaced by 
their internal impedances.   
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Steps for Superposition Theorem: 
1. Mark the node terminals and name them.  
2. Check the number of sources and its frequencies in the circuit.   
3. Find the impedances of each individual components of the circuit for the given frequency. Let 

us assume that the circuit consists of two different sources and some RLC components. The 
equivalent impedance of each LC components will be calculated for the given frequency.  

4. The equivalent circuit of the given circuit is formed,  
5. Now, each source is considered separately for finding the response of the circuit. During that 

time, any other voltage sources present in that circuit is short circuited and the current sources 
are open circuited. Similarly, all sources are to be considered separately and the corresponding 
responses are calculated.   

6. All calculated responses (O1, O2, O3, ….ON) of each individual circuits obtained by considering 
the independent sources are presented in time domain. ௜ܱ  is the responses of the circuit, where  
݅ = 1, 2, 3, … . ,ܰ. N is the number of sources in the circuit.  Let us assume ଵܱ(ݐ) =  is ݐ߱݊݅ݏܣ
due to the first source. Similarly,  ܱଶ(ݐ) = ݐ߱)݊݅ݏܤ + (ݐ)ଷܱ ,(ߠ = ݐ߱)݊݅ݏܥ − (ݐ)ேܱ.… ,(ߠ =
ݐ߱)݊݅ݏܦ + ߮). Hence the overall response is ܱ(ݐ) = ଵܱ(ݐ) + ܱଶ(ݐ) + ⋯+ ܱே(ݐ) =
ݐ߱݊݅ݏܣ + ݐ߱)݊݅ݏܤ + (ߠ +⋯ . ݐ߱)݊݅ݏܦ+ + ߮).  

Superposition theorem for the circuits having multiple sources with single 
frequency:   

The circuit shown in Fig.2.24 consists of two sources with a frequency of ߱ଵ. By applying the 
superposition theorem, find the current flowing through the inductor. First step is to find the 
impedances of inductor and capacitor for the given frequency ߱ଵ.  
ܺ௅ = ߱ଵܮ, ݅݊ Ω 
ܺ஼ = 1/(߱ଵܥ), ݅݊ Ω 

The source voltages are converted into the phasor form as discussed in Example 2.7, ଵܸ߱݊݅ݏଵݐ = ଵܸ∠−
90଴;  ଶܸܿ߱ݏ݋ଵݐ = ଶܸ∠0଴;  Hence the equivalent circuit in phasor form of sources is shown in 
Fig.2.25. Consider E as the node potential. Apply node analysis to find the current flowing through 
the inductor (Ref. Sec. 4.4).  Let us assume that the current flowing through the inductor is ܫ for 
the circuit shown in Fig.2.25.  

VtV  sin 11  L, in H

I

VtV    cos 12 

   R in C in FE

 
Fig. 2.24: Finding current in the circuit with two sources having single frequency using superposition 

theorem 
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VV 0
1 90 jX

L


I

   R -jXC E

VV 0
2 0

 
Fig. 2.25: Finding current in the circuit with two sources having single frequency in phasor form 

Second step is to consider only one source (V1) acting on the circuit, another voltage source is short 
circuited and the current flowing through the inductor is assumed to be ܫଵ.The diagram is shown 
in Fig.2.26.  Find the current ܫଵ by applying node analysis or by simplifying the impedances and 
apply current division technique or voltage division technique.   

VV 0
1 90 jX

L ,

I1

   R -jXC E

G  
Fig. 2.26: Finding current in the circuit with first sources acting alone  

Third step is to consider second source (V2) acting alone on the circuit, another voltage source is short 
circuited and the current flowing through the inductor is assumed to be ܫଶ.The concern diagram is 
shown in Fig.2.27.  Find the current ܫଶ by applying node analysis or by simplifying the impedances 
and apply current division technique or voltage division technique.   
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jX
L


I2

   R  -jXCE

VV 0
2 0

 
Fig. 2.27: Finding current in the circuit with second sources acting alone  

According to the superposition theorem, the current flowing through the inductor in circuit represented 
in Fig.2.25 is the sum of the current flowing through the inductor in circuit represented in Fig.2.26 
and the current flowing through the inductor in circuit is presented in Fig.2.27 and the equation 
(2.49).  
ܫ = ଵܫ +  ଶ                                                                                                                                (2.49)ܫ

Example 2.8: Find the current (I) flowing through the inductor using superposition theorem for the 
circuit shown in Fig.2.22.  

Solutions: The circuit shown in Fig.2.22 has the two voltage sources having same frequency of ߱ =  ݖܪ5
and its value is represented in time domain which needs to be converted into polar form. 50ݐ5݊݅ݏ =
50∠ − 90଴,ܸ; ݐ5ݏ݋50ܿ = 50∠0଴,ܸ. Also, the inductive impedance and capacitive impedance are 
to be calculated (Ref. Example 2.7).  The circuit of the incorporated phasor values and calculated 
impedances are shown in Fig. 2.28.  

V09050 

10

V0050
I2

E

j2.5

-j2

I1 I3

 
Fig. 2.28: Finding current in the circuit with two sources having same frequency 
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V09050 

10

I1

I3 I4

E

j2.5

-j2

 
Fig. 2.29: Finding current in the inductor when only 1st voltage source acting alone 

Step 1: Both sources are acting together, the current flowing through the inductor is calculated (Ref. 
Example 2.7) and the value is  ܫ = 56.72∠ − 45଴ ܣ , which is represented in time domain ݅(ݐ) =
56.72 cos(5ݐ − 45଴)ܣ.  

Step 2: First source is acting alone,  the current flowing through the inductor (݅ଵ(ݐ)) is calculated  and 
the equivalent circuit is shown in Fig. 2.29 with the branch current direction. According to the 
node analysis, the equation (2.50a) is formed.  
ଷܫ = ଵܫ +  ସ                                                                                                                             (2.50a)ܫ
50∠ − 90଴ − ܧ

10 =
ܧ
݆2.5 +

ܧ
−݆2 

50∠ − 90଴

10 =
ܧ
10 +

ܧ
݆2.5 +

ܧ
−݆2 

5∠ − 90଴ = 0.1)ܧ + 0.4∠ − 90଴ + 0.5∠90଴) 
−5݆ = 0.1)ܧ − ݆0.4 + ݆0.5) = 0.1)ܧ + ݆0.1) 

ܧ =
−5݆

0.1 + ݆0.1 =
5∠ − 90଴

0.141∠45଴ = 35.46∠ − 135଴  ܸ 

ଵܫ =
35.46∠ − 135଴

2.5∠90଴ = 14.18∠ − 225଴ ܣ 

Step 3:  Second source is acting alone, the current flowing through the inductor (݅ଶ(ݐ))  is calculated 
and the equivalent circuit is shown in Fig. 2.30 with the branch current marked.  Apply the node 
analysis and find the current. According to the node analysis, the equation (2.50b) is formed.  
ହܫ = ଶܫ +  ଺                                                                                                                             (2.50b)ܫ
50∠0଴ − ܧ

−݆2 =
ܧ
݆2.5 +

ܧ
10 

50∠0଴

−݆2 =
ܧ
10 +

ܧ
݆2.5 +

ܧ
−݆2 
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25∠90଴ = 0.1)ܧ + 0.4∠ − 90଴ + 0.5∠90଴) 
25݆ = 0.1)ܧ − ݆0.4 + ݆0.5) = 0.1)ܧ + ݆0.1) 

ܧ =
25݆

0.1 + ݆0.1 =
25∠90଴

0.141∠45଴ = 177.3∠45଴  ܸ 

ଶܫ =
177.3∠45଴

݆2.5 =
3177.3∠45଴

2.5∠90଴ = 70.92∠ − 45଴  ܣ 

10 -j2

j2.5

V0050
I2

E

I6 I5

 
Fig. 2.30: Finding current in the inductor when only 2nd voltage source acting alone with branch current 

direction and node potential marking 
Step 4:  Finding the sum of the current due to the two sources are acted alone, the calculation is done 

as follows.  
ଵܫ + ଶܫ = 14.18∠ − 225଴ + 70.92∠ − 45଴ 
ଵܫ + ଶܫ = −10.026 + ݆10.026 + 50.148 − ݆50.148  
ଵܫ + ଶܫ = 40.122 − ݆40.122 = 56.74∠ − 45଴ 

The total current of the individual sources could be written in time domain as ݅ଵ(ݐ) + ݅ଶ(ݐ) =
56.74 cos(5ݐ − 45଴)ܣ . It is equal to the current flowing through the inductor when both sources 

acting together that is given in step 1. Hence the superposition theorem is proved.  
Example 2.9: Find the current (I) flowing through the resistor using superposition theorem for the circuit 

shown in Fig.2.31.  

V10+
_

5

Vt )010cos(30 0

I

 
Fig. 2.31: Finding current in the resistor using superposition theorem for Example 2.10 
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Solutions: The circuit shown in Fig.2.31 has the two voltage sources, one is ac voltage source and another 
is dc source. The ac source is represented in phasor form 30 cos(10ݐ + 0଴) = 30∠0଴. 

5

V0030

I1

 
Fig. 2.32: Finding current in the resistor when 1st voltage source acting alone 

V10+
_

5

I2

 
Fig. 2.33: Finding current in the resistor when 2nd voltage source acting alone 

Step 1: Both ac and dc sources are acting together, the current flowing through the resistor is not 
possible to calculate as a single circuit, since multiple frequency sources present in the circuit. 
Hence the method of finding the response is discussed in the following steps.  

Step 2: First voltage source is acting alone, the current flowing through the resistor  (݅ଵ(ݐ)) is calculated  
and the equivalent circuit is shown in Fig. 2.32 with the branch current direction and equivalent 
impedances. According to the node analysis, the equation (2.51) is formed.  

ଵܫ = ௏భ
ହ

                 

ଵܫ =
30∠0଴

5 = 6∠0଴ ܣ 

Step 3:  Second voltage source is acting alone, the current flowing through the inductor (݅ଶ(ݐ))  is 
calculated and the equivalent circuit is shown in Fig. 2.33 with the branch current direction and 
equivalent impedances.  
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ଶܫ = ௏మ
ହ

                 

ଶܫ =
10
5 =  ܣ2

Step 4: Current flowing in the resistor when both sources acting together is equal to the sum of 
current flowing through the resistor (݅ଵ(ݐ))  due to the 1st voltage source and the current flowing 
through the resistor (݅ଶ(ݐ))  due to the 2nd st voltage source.   As per the equivalent circuit, ܫଵ is in 
the direction of ܫ and the ܫଶ is in the opposite direction of ܫ. Hence  
ܫ = ଵܫ −  ଶܫ
(ݐ)݅ = ݅ଵ(ݐ) − ݅ଶ(ݐ) = 6 cos(10ݐ + 0଴) −  ܣ 2

2.6 THEVENIN’S THEOREM 
The Thevenin’s theorem states that a linear two terminal circuit is replaced by an equivalent circuit that 

consists of the voltage source ( ௧ܸ௛) in series with the impedance (ܼ௧௛). Where ௧ܸ௛ is the open 
circuit voltage at the open-ended terminals and ܼ௧௛ is the equivalent impedance of the circuit from 
the open-ended terminals when all the voltage sources are short circuited and current sources are 
open circuited or replaced by their internal impedances. ܼ௧௛ is also named as Thevenin’s 
impedance.  

The statement is described in Fig.2.34.  The linear circuit is represented as the Thevenin’s circuit which 
is equal to the equivalent voltage source ( ௧ܸ௛) in series with the equivalent impedance (ܼ௧௛). The 
load impedance is now replaced as ܼ௅ that is shown in Fig.2.35. The current through the load 
impedance is calculated that is shown in equation (2.51). 

௅ܫ = ௏೟೓
௓೟೓ା௓ಽ

                                                                                                                                (2.51) 

Example 2.10: Find the current (I) flowing through the load impedance (ZL) using Thevenin’s theorem 
for the circuit shown in Fig.2.36.  

Solutions: The circuit shown in Fig.2.36 is represented with its impedance values as shown in Fig. 2.37. 
The angular frequency ߱ =50Hz. The impedances and source voltage in phasor form are 
calculated as follows.  
ܺ௅ = ,ܮ݆߱ ݅݊ Ω = j(50)(0.4) =j20Ω 

ܺ஼ = ଵ
௝ఠ஼

, ݅݊ Ω = 1/j(50)(0.667)=-j30Ω 

150 sin(50ݐ + 30଴) = 150∠(−90଴ + 30଴) = 150∠ − 60଴ 
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Linear circuit consists with
many voltage & current
sources and the circuit

components (R,L,C)

Load

P

V

Q

Load

P

V

Zth

Q

Vth

Thevenin's Equivalent Circuit
 

Fig. 2.34: The transformation of the linear two open-ended circuit into the Thevenin’s equivalent 
circuit  
 
 

P

V

Zth

Q

Vth

Thevenin's Equivalent Circuit

Z
L

IL

 
Fig. 2.35: Thevenin’s equivalent circuit with load impedance to find the load current   
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150 sin(50t+300)V

Z
L

IL

40 0.667F

0.4H

P

Q  
Fig. 2.36: Finding current in the load impedance using Thevenin’s theorem for Example 2.11 

Z
L

IL

40 -j30

j20

P

Q

V060150 

 
Fig. 2.37: Finding current in the load impedance using Thevenin’s theorem for Example 2.11 

Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit – the load 
impedance is removed. The voltage sources are short circuited and the current sources are open 
circuited. After implementing these points, the circuit for finding the impedance is drawn and 
shown in Fig.2.38. In the given circuit, the 40Ω and (-j30Ω) are in series. Hence (40-j30) Ω is 
obtained. That impedance value is in parallel with (j20Ω), hence ܼ௧௛ = (40 − ݆30) ∥ (݆20).   

40 -j30

j20

P

Q

Zth

 
Fig. 2.38: Finding Thevenin’s impedance for Example 2.11 
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ܼ௧௛ =
(40 − ݆30) × (݆20)

40 − ݆30 + ݆20 =
600 + ݆800

40 − ݆10 = 24.25∠67.16଴Ω = (9.412 + ݆22.35)Ω 

Step2: Finding the equivalent voltage or Thevenin’s voltage (ࢎ࢚ࢂ) of the circuit – the load impedances 
are open circuited. With that concept, the circuit is drawn and shown in Fig.2.39.  The Thevenin’s 
voltage is also known as open circuited voltage which means that the voltage across the open-
ended load terminals.   

40 -j30

j20

P

Q

V060150  Vth

 
Fig. 2.39: Finding Thevenin’s voltage for Example 2.11 

By applying voltage division concept, the voltage across the inductor is calculated. The voltage across 
the inductor is equal to the potential of the open-ended load terminals which is the Thevenins’s 
voltage.  

௧ܸ௛ =
150∠ − 60଴ × (݆20)

40 − ݆30 + ݆20 =
150∠ − 60଴ × 20∠90଴

40 − ݆10 =
3000∠30଴

41.231∠ − 14.03଴   

௧ܸ௛ = 72.76∠44.03଴V 
Step3: Finding the load current of the circuit – the circuit is replaced with the Thevenin’s equivalent 

circuit and the load impedance is connected in series with the Thevenin’s equivalent circuit and 
the circuit diagram is shown Fig.2.40.   

(9.412+j22.35)

V,03. 4476. 72 0

Zth

Z
L

P

Q

IL

 
Fig. 2.40: Thevenin’s equivalent circuit with load impedance for Example 2.11 

Let us assume ܼ௅ = 10Ω; the load current is calculated as follows.  
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௅ܫ = ௧ܸ௛

ܼ௧௛ + ܼ௅
=

72.76∠44.03଴

(9.412 + ݆22.35) + 10 =
72.76∠44.03଴

29.6∠49.02଴ = 2.45∠ − 4.99଴ܣ 

If ܼ௅ = (10 + ݆10)Ω, the load current is  

௅ܫ = ௧ܸ௛

ܼ௧௛ + ܼ௅
=

72.76∠44.03଴

(9.412 + ݆22.35) + (10 + ݆10) =
72.76∠44.03଴

19.412 + ݆32.35 =
72.76∠44.03଴

37.73∠59.03଴
= 1.93∠ − 15଴ܣ 

Example 2.11: Find the current (IL) flowing through the load impedance (ZL) using Thevenin’s theorem 
for the circuit shown in Fig.2.41.  

4 -j6

10

P

Q

V00165 Z
L

j4

 
Fig. 2.41: Find the load current of the circuit using the Thevenin’s theorem of Example 2.12  

Solutions: The circuit shown in Fig.2.49, find the Thevenin’s impedance and Thevenin’s voltage in the 
following steps.  

Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit – the load 
impedance is removed. The voltage sources are short circuited and the current sources are open 
circuited. After implementing these points, the circuit for finding the impedance is drawn and 
shown in Fig.2.42a. In the given circuit, the 10Ω and (j4Ω) are in parallel and the equivalent 
impedance (Zeq1) is obtained that shown in Fig.2.42b. The impedance (Zeq1) and -j6Ω are in 
parallel, the equivalent impedance (Zeq2) is calculated and mentioned in Fig.2.42c. Hence ܼ௧௛ =
(ܼୣ୯ଶ)  ∥ (4Ω), which is equal to   ܼ௧௛ = 1.956∠ − 36.23଴Ω.  

4 -j6

10

P

Q

j4

Zth

  

4 -j6
P

Q

Zeq1

 ,2.68714.3 0

Zth

 

(1
.3

79
-j

2.
56

)

Q

Zth

Z e
q2

P

4

 
(a)                                         (b)                                                        (c) 

Fig. 2.42: The Thevenin’s impedance of Example 2.12   
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Step2: Finding the equivalent voltage or Thevenin’s voltage (ࢎ࢚ࢂ) of the circuit – the load impedances 
are open circuited. With that concept, the circuit is drawn and shown in Fig.2.43a.  The Thevenin’s 
voltage is also known as open circuited voltage which means that the voltage across the open-
ended load terminals which is shown in Fig.2.43b.   

4 -j6

10V00165

j4

I2

I1

      

4 -j6

10V00165

j4

Vth

(I1-I2)

 
      (a)                                                                                 (b) 

Fig. 2.43: Finding the Thevenin’s voltage of Example 2.12   
By applying mesh analysis, two equations are formed as follows.  

+165∠0଴ − (4 − ଵܫ)(6݆ − (ଶܫ − ଵܫ10 = 0                            
−(4− ଶܫ)(6݆ − (ଵܫ − ଶܫ4݆ = 0                              

        After simplification and in matrix form,  

൤14 − ݆6 −(4 − ݆6)
(4 − ݆6) −(4 − ݆2)൨ ൤

ଵܫ
ଶܫ
൨ = ቂ165∠0଴

0 
ቃ             

Apply Kramer’s rule, to find the loop currents ܫଵ and ܫଶ.  
ଵܫ = (10.59 −  ܣ(4.5݆
ଶܫ = (11.24 −  ܣ(14.76݆

To find Vth, the circuit shown Fig.2.51b is used. The open-ended terminal voltage or the Thevenin’s 
voltage is equal to either by subtracting voltage across 4Ω from the voltage source or the addition 
of voltage across (-j6)Ω and (10Ω). The first choice is chosen to solve this problem. Hence the 
equivalent diagram is shown in Fig.2.44. 
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4

V00165

(I1-I2)

Vth

 
Fig. 2.44: The Thevenin’s voltage calculation of Example 2.12 

+165∠0଴ − ଵܫ)(4) − −(ଶܫ ௧ܸ௛ = 0   
௧ܸ௛ = 165∠0଴ − ଵܫ)(4) −  (ଶܫ

௧ܸ௛ = 172.55∠ − 13.75଴ V 
 Step3: Finding the load current of the circuit – the circuit is replaced with the Thevenin’s equivalent 

circuit and the load impedance is connected in series with the Thevenin’s equivalent circuit and 
the circuit diagram is shown Fig.2.45.   

V075. 1355. 172 

Zth

Z
L

P

Q

IL

 ,23. 36956. 1 0

 
Fig. 2.45: Find the load current of the circuit using the Thevenin’s theorem of Example 2.12  

Let us assume ܼ௅ = 10Ω; the load current is calculated as follows.  

௅ܫ = ௧ܸ௛

ܼ௧௛ + ܼ௅
=

172.55∠−13.75଴

(1.577 − ݆1.156) + 10 =
172.55∠−13.75଴

11.63∠ − 5.7଴ = 14.83∠−8.05଴ܣ 

If ܼ௅ = (10 + ݆10)Ω, the load current is  

௅ܫ = ௧ܸ௛

ܼ௧௛ + ܼ௅
=

172.55∠−13.75଴

(1.577 − ݆1.156) + (10 + ݆10) =
172.55∠−13.75଴

11.77 − ݆8.844 =
172.55∠−13.75଴

14.56∠−37.36଴
= 11.85∠23.61଴   ܣ 

2.7 NORTON’S THEOREM 
The Norton’s theorem states that a linear two terminal circuit is replaced by an equivalent circuit that 

consists of the current source (ܫே) in parallel with the impedance (ܼே)Where ܫே is the short circuit 
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current of the open-ended load terminals when it is short circuited and ܼே is the equivalent 
impedance of the circuit from the open-ended load terminals when all the voltage sources are short 
circuited and current sources are open circuited or other sources are replaced with their internal 
resistances. The ܼே is the Norton’s impedance or short-circuited impedance.  

The statement is described as in Fig.2.46.  The linear circuit is represented as the Norton’s equivalent 
circuit which is equal to the equivalent current source (ܫே) in parallel with the equivalent 
impedance (ܼே). The load impedance is now replaced as ܼ௅ that is shown in Fig.2.47. The current 
through the load impedance is calculated that is shown in equation (2.52). 

Linear circuit consists with
many voltage & current
sources and the circuit

components (R,L,C)

Load

P

V

Q

Load

P

V

Q

IN

Norton's Equivalent Circuit

Z n

 
Fig. 2.46: The transformation of the linear two open-ended circuit into the Norton’s equivalent circuit  

 

௅ܫ = ேܫ
௓ಿ

௓ಿା௓ಽ
                                                                                                                            (2.52) 
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Z
L

IL

P

V

Q

IN

Norton's Equivalent Circuit

Z n

 
Fig. 2.47: Norton’s equivalent circuit with load impedance to find the load current   

IN

40

j20

P

Q

V060150 

-j30

 
Fig. 2.48: Finding Norton’s equivalent circuit for Example 2.13 

Example 2.12: Find the current (I) flowing through the load impedance (ZL) using Norton’s theorem for 
the circuit shown in Fig.2.36.  

Solutions: The circuit shown in Fig.2.36 is represented with its impedance values as shown in Fig. 2.48. 
The angular frequency ߱ =50Hz. The impedances and source voltage in phasor form are 
calculated as follows.  
ܺ௅ = ,ܮ݆߱ ݅݊ Ω = j(50)(0.4) =j20Ω 

ܺ஼ = ଵ
௝ఠ஼

, ݅݊ Ω = 1/j(50)(0.667)=-j30ΩV 

150 sin(50ݐ + 30଴) = 150∠(−90଴ + 30଴) = 150∠ − 60଴ , V 
Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit – is explained 
(Ref. Example 2.11).   

ܼ௧௛ =
(40 − ݆30) × (݆20)

40 − ݆30 + ݆20 =
600 + ݆800

40 − ݆10 = 24.25∠67.16଴Ω = (9.412 + ݆22.35)Ω 

Step2: Finding the Norton’s current or short circuit current (ࡺࡵ) of the circuit – the load terminals 
are short circuited after removing the load impedances. Then the current flowing in the short-
circuited load terminals is known as the short circuit current.  With that concept, the circuit is 
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drawn and shown in Fig.2.56.  The Norton’s current is also known as short circuited current which 
means that the current flowing through the short-circuited load terminals.   

According to the diagram, it is understood that the inductive impedance is negligible since it is in parallel 
to the short-circuited terminals. Hence the current flowing through the short-circuited terminals is 
calculated as follows.  

ேܫ =
150∠ − 60଴

40 − ݆30 =
150∠ − 60଴

50∠ − 36.86଴ = 3∠ − 23.14଴, A  

Step3: Finding the load current of the circuit – the circuit is replaced with the Norton’s equivalent 
circuit and the load impedance is connected in parallel with the Thevenin’s equivalent circuit and 
the circuit diagram is shown Fig.2.49.   

Z
L

IL

P

Q

Z t
h

or
Z N

A014.233 

(9
.4

12
+j

22
.3

5)


 
Fig. 2.49: Norton’s equivalent circuit with load impedance for Example 2.13 

Let us assume ܼ௅ = 10Ω; the load current is calculated by applying current division techniques as 
follows.  

௅ܫ = ேܫ ×
ܼே

ܼே + ܼ௅
= 3∠ − 23.14଴ ×

(9.412 + ݆22.35)
(9.412 + ݆22.35) + 10 = 3∠ − 23.14଴ ×

24.25∠67.163଴

29.6∠49.02଴
= 2.457∠−4.99଴ 

If ܼ௅ = (10 + ݆10)Ω, the load current is  

௅ܫ = ேܫ ×
ܼே

ܼே + ܼ௅
= 3∠ − 23.14଴ ×

(9.412 + ݆22.35)
(9.412 + ݆22.35) + (10 + ݆10)

= 3∠ − 23.14଴ ×
24.25∠67.163଴

37.73∠59.03଴ = 1.928∠−15଴ܣ 

 
Example 2.13: Find the current (IL) flowing through the load impedance (ZL) using Norton’s theorem 

for the circuit shown in Fig.2.41.  
Solutions: The circuit shown in Fig.2.42, find the Norton’s impedance and Norton current in the 

following steps.  
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Step1: Finding the equivalent impedance or Norton’s impedance (ࡺࢆ) of the circuit – the calculation 
part is explained (Ref. Example 2.11).  The Norton’s impedance is ܼே = 1.956∠ − 36.23଴Ω =
(1.577 − j1.156)Ω.  

Step2: Finding the short-circuited current or Norton’s current (ࡺࡵ) of the circuit – the load 
impedances is removed and it is short circuited. With that concept, the circuit is drawn and shown 
in Fig.2.50a.  The impedances ܼோ = (݆4Ω), ܼ௉ = (−݆6Ω) and ܼொ = (10Ω)  are connected in star 
connection. The equivalent delta connected impedances are calculated as follows and the 
incorporated delta connected impedances is shown in Fig.2.50b. By looking Fig.2.50b, the 
impedance connected between P and Q is invalid (since it is connected in parallel with the short-
circuited terminals) and the impedance ܼ ோ௉ and 4Ω are in parallel. The parallel resultant impedance 
(ܼோ௉

∥ ) is marked in Fig.2.50c.  

෍ܼோܼ௉ = ܼோܼ௉ + ܼ௉ܼொ + ܼோܼொ = ((݆4)(−݆6) + (10)(݆4) + (10)(−݆6) = 24 − ݆20 

ܼோ௉ = ∑௓ೃ௓ು
௓ೂ೟

= ଶସି௝ଶ଴
ଵ଴

= 3.124∠ − 39.8଴Ω=(2.4-j2)Ω 

ܼ௉ொ =
∑ܼோܼ௉
ܼோ

=
24 − ݆20

݆4 =
31.24∠ − 39.8଴

4∠90଴ = 7.81∠ − 129.8଴Ω 

ܼோொ =
∑ܼோܼ௉
ܼ௉

=
24 − ݆20
−݆6 =

31.24∠ − 39.8଴

6∠ − 90଴ = 5.2∠50.2଴Ω = (3.33 + ݆4)Ω 

 

ܼோ௉
∥ = ܼோ௉ ∥ (4Ω) =

(2.4 − ݆2) × 4
(2.4 − ݆2) + 4 =

9.6 − ݆8
6.4 − ݆2 =

12.5∠ − 39.8଴

6.7∠ − 17.35଴ = 1.865∠ − 22.45଴Ω

= (1.723 − ݆0.712)Ω 

4 -j6

10

P

Q

V00165

j4

IN

NR 4
P

Q

V00165 IN

R

 03278.3

 ,5829.6 0





,

12
2

43.9
0

    
                                   (a)                                                       (b)                                                    (c) 

Fig. 2.50 Finding the Norton’s current of Example 2.14   
The Norton’s current is calculated as follows.  

ேܫ =
165∠0଴

1.865∠ − 22.45଴ = 88.471∠22.45଴ܣ 

P

Q

V,0165 0 IN

R

 048.1602.2

 ,5829.6 0
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Step3: Finding the load current of the circuit – the circuit is replaced with the Norton’s equivalent 
circuit and the load impedance is connected in parallel with the Thevenin’s equivalent circuit and 
the circuit diagram is shown Fig.2.51.   

Z
L

IL

P

Q

Z N

A016.48 81.68

(1
.5

77
-j

1.
15

6)


 
Fig. 2.51: Find the load current of the circuit using the Norton’s theorem of Example 2.14  

Let us assume ܼ௅ = 10Ω; the load current is calculated by applying current division techniques as 
follows.  

௅ܫ = ேܫ ×
ܼே

ܼே + ܼ௅
= 88.471∠22.45଴ ×

(1.577 − ݆1.156)
(1.577 − ݆1.156) + 10

= 88.471∠22.45଴ ×
1.956∠ − 36.24଴

11.63∠ − 5.7଴ = 14.8∠−8.096଴ܣ 

If ܼ௅ = (10 + ݆10)Ω, the load current is  

௅ܫ = ேܫ ×
ܼே

ܼே + ܼ௅
= 88.471∠22.45଴ ×

(1.577 − ݆1.156)
(1.577 − ݆1.156) + (10 + ݆10)

= 88.471∠22.45଴ ×
1.956∠ − 36.24଴

14.56∠−37.36଴ = 11.88∠23.57଴ܣ 

2.8 MAXIMUM POWER TRANSFER THEOREM 
The maximum power transfer theorem is applicable to both ac and dc circuits. The maximum power is 

transferred from circuits to the load when the load resistance is equal to the Thevenin’s resistance 
of the circuit in a dc circuit. The power components in an ac circuit are the real power, the reactive 
power and apparent power. There is another term called “average power”. Average power is 
defined as the integral of the instantaneous power over a time period. The maximum power 
transferred from ac circuits to the load is the average power only. Hence this theorem is also 
denoted as maximum average power transfer theorem for ac circuits. 

 The linear ac circuit is connected to the load impedance which is shown in Fig.2.52. The first step is to 
find the Thevenin’s equivalent model of the linear ac circuit that has to be connected to the load 
impedance. The maximum power is transferred to the load impedance only when the load 
impedance is the conjugate of the Thevenin’s impedance. The concept of the maximum power 
transfer theorem is shown in Fig. 2.53.  In order to prove the theorem, the Thevenin’s equivalent 
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circuit is connected to the load impedance as shown in Fig.2.43 (Ref. Sec.2.6). The current flowing 
through the load impedance is expressed in equation (2.51) (Ref. Sec.2.6).  

Where, ܼ௧௛ = ܴ௧௛ + ݆ ௧ܺ௛; ܼ௅ = ܴ௅ + ݆ܺ௅ . Hence the load current could be represented as in equation 
(2.53).  

௅ܫ = ௏೟೓
ோ೟೓ା௝௑೟೓ାோಽା௝௑ಽ

= ௏೟೓
(ோ೟೓ାோಽ)ା௝(௑೟೓ା௑ಽ)

                                                                               (2.53) 

 
The average power consumed by the load is calculated using the equation (2.54).  

௅ܲ = ଵ
ଶ

 ௅|ଶܴ௅                                                                                                                           (2.54)ܫ|

௅ܲ =
1
2

௧ܸ௛
ଶ

(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ ܴ௅ 

 

Linear circuit consists with
many voltage & current
sources and the circuit

components (R,L,C)

ZL
Load

impedance

P

V

Q

ZL=Zth
*

Load
impedance

P
Zth

Q

Vth

Maximum Power
Transferred to Load

Thevenin's Equivalent Circuit

Concept of Maximum Power Transfer Theorem  
Fig. 2.52: The concept of the maximum power transfer theorem for ac circuits  
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Fig. 2.53: Thevenin’s equivalent circuit with load impedance to find the maximum power transferred to 

the load circuit   
For finding the maximum power consumed by the load resistance, the first order derivative of load power 

w.r.t the load impedance is set to zero and the second order derivative should be less than zero. 
Hence the first order derivative w.r.t load resistance and w.r.t. load reactance is expressed in 
equations (2.55) and (2.57) respectively.   

௅ܲ =
1
2

௧ܸ௛
ଶ

(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ ܴ௅ = ௧ܸ௛
ଶ ܴ௅
2 [(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ]ିଵ 

డ௉ಽ
డோಽ

= ௏೟೓
మ ோಽ
ଶ

(−1)[(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ]ିଶ൫2(ܴ௧௛ + ܴ௅)൯+ ௏೟೓
మ

ଶ
[(ܴ௧௛ + ܴ௅)ଶ +

( ௧ܺ௛ + ܺ௅)ଶ]ିଵ = 0                                                                                                                 (2.55) 
డ௉ಽ
డோಽ

= ଵ
ଶ

ି௏೟೓
మ

[(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ]మ
ܴ௅൫2(ܴ௧௛ + ܴ௅)൯+ ଵ

ଶ
௏೟೓
మ

(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ
= 0                      

 
డ௉ಽ
డோಽ

= ଵ
ଶ

ି௏೟೓
మ

[(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ]మ
ܴ௅൫2(ܴ௧௛ + ܴ௅)൯+ ଵ

ଶ
௏೟೓
మ [(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ]

[(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ]మ
= 0                  

     

− ௧ܸ௛
ଶ ܴ௅൫2(ܴ௧௛ + ܴ௅)൯+ ௧ܸ௛

ଶ [(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ] = 0                                             (2.56) 
డ௉ಽ
డ௑ಽ

= ௏೟೓
మ ோಽ
ଶ

(−1)[(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ]ିଶ൫2( ௧ܺ௛ + ܺ௅)൯ = 0                                    (2.57) 

డ௉ಽ
డ௑ಽ

= ଵ
ଶ

ି௏೟೓
మ

[(ோ೟೓ାோಽ)మା(௑೟೓ା௑ಽ)మ]మ
ܴ௅൫2( ௧ܺ௛ + ܺ௅)൯ = 0                                    

௧ܺ௛ + ܺ௅ = 0 
ܺ௅ = − ௧ܺ௛                                                                                                                                (2.58)    

By substituting (2.58) in (2.56),  

− ௧ܸ௛
ଶ ܴ௅൫2(ܴ௧௛ + ܴ௅)൯ + ௧ܸ௛

ଶ [(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ − ௧ܺ௛)ଶ] = 0 

− ௧ܸ௛
ଶ ܴ௅൫2(ܴ௧௛ + ܴ௅)൯ + ௧ܸ௛

ଶ (ܴ௧௛ + ܴ௅)ଶ = 0 
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௧ܸ௛
ଶ ൫(ܴ௧௛ + ܴ௅)൯(−2ܴ௅ + (ܴ௧௛ + ܴ௅)) = 0 

(ܴ௧௛ − ܴ௅) = 0 
ܴ௅ = ܴ௧௛                                                                                                                                   (2.59) 

By substituting (2.58) and (2.59) in ܼ௅ ,  
ܼ௅ = ܴ௅ + ݆ܺ௅ = ܴ௧௛ + ݆(− ௧ܺ௛) = ܴ௧௛ − ݆ ௧ܺ௛ = ܼ௧௛∗  
ܼ௅ = ܼ௧௛∗  

The maximum power is transferred to the load impedance only when the load impedance is the conjugate 
of the Thevenin’s impedance. In order to calculate the maximum power, the condition for the 
maximum power is substituted in equation (2.54).  

௅ܲ೘ೌೣ =
1
2

௧ܸ௛
ଶ

(ܴ௧௛ + ܴ௧௛)ଶ + ( ௧ܺ௛ − ௧ܺ௛)ଶ ܴ௧௛ 

 

௅ܲ೘ೌೣ =
1
2

௧ܸ௛
ଶ

(ܴ௧௛ + ܴ௧௛)ଶ ܴ௧௛ =
1
2

௧ܸ௛
ଶ

(2ܴ௧௛)ଶ ܴ௧௛ = ௧ܸ௛
ଶ

8ܴ௧௛
 

௅ܲ೘ೌೣ = |௏೟೓|మ

଼ோ೟೓

∗
                                                                                                                          (2.60) 

From (2.56), 

− ௧ܸ௛
ଶ ܴ௅൫2(ܴ௧௛ + ܴ௅)൯ + ௧ܸ௛

ଶ [(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ] = 0 

−ܴ௅൫2(ܴ௧௛ + ܴ௅)൯+ [(ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ] = 0 

−2ܴ௅ܴ௧௛ − 2ܴ௅ଶ + (ܴ௧௛ + ܴ௅)ଶ + ( ௧ܺ௛ + ܺ௅)ଶ = 0 
−2ܴ௅ܴ௧௛ − 2ܴ௅ଶ + ܴ௧௛ଶ + ܴ௅ଶ + 2ܴ௅ܴ௧௛ + ( ௧ܺ௛ + ܺ௅)ଶ = 0 
ܴ௧௛ଶ − ܴ௅ଶ + ( ௧ܺ௛ + ܺ௅)ଶ = 0 

*The equation (2.60) produces the maximum power consumed by the load. In this equation, the 
obtained ௧ܸ௛ represents the maximum value of the voltage. In this book, all phasor is 
represented as maximum voltage only.   

If the readers want to convert this as the rms value,  ௠ܸ௔௫ = ௏ೝ೘ೞ

√ଶ
. Hence the equation (2.63) based on 

the rms value could be represented as follows. 

௧ܸ௛೘ೌೣ = ௧ܸ௛ೝ೘ೞ

√2
 

௅ܲ೘ೌೣ =
ห ௧ܸ௛೘ೌೣห

ଶ

8ܴ௧௛
= ൝

ห ௧ܸ௛೘ೌೣห
ଶ

2 ൡ ൜
1

4ܴ௧௛
ൠ =

ห ௧ܸ௛ೝ೘ೞห
ଶ

4ܴ௧௛
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ܴ௅ଶ = ܴ௧௛ଶ + ( ௧ܺ௛ + ܺ௅)ଶ 

ܴ௅ = ටܴ௧௛ଶ + ( ௧ܺ௛ + ܺ௅)ଶ 

When the load is purely resistive load, then, ܺ௅ = 0; Hence,  

ܴ௅ = ටܴ௧௛ଶ + ( ௧ܺ௛)ଶ 

ܴ௅ = |ܼ௧௛| 
It is understood that the maximum power is transferred to the load when the load resistance is equal to 

the magnitude of the Thevenin’s impedance for the resistive loads.    
Example 2.14: Find the load impedance of the circuit shown in Fig.2.36 that absorbs the maximum 

power from the circuit.  Also calculate the maximum average power consumed by the load.  
Solutions: The circuit shown in Fig 2.36 is represented with its impedance values as shown in Fig. 2.37. 

The angular frequency ߱ =50Hz. The impedances and source voltage in phasor form are 
calculated as follows.  
ܺ௅ = ,ܮ݆߱ ݅݊ Ω = j(50)(0.4) =j20Ω 

ܺ஼ = ଵ
௝ఠ஼

, ݅݊ Ω = 1/j(50)(0.667)=-j30Ω 

150 sin(50ݐ + 30଴) = 150∠(−90଴ + 30଴) = 150∠ − 60଴ ,ܸ 
Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit  

ܼ௧௛ = 24.25∠67.16଴Ω = (9.412 + ݆22.35)Ω 
(Ref. Sec 4.6 – Example 2.10) 

Step2: Finding the Thevenin’s voltage of the circuit 

௧ܸ௛ = 72.76∠44.03଴V 
(Ref. Sec 4.6 – Example 2.10) 

Step3: Obtaining the Thevenin’s equivalent circuit with Thevenin’s voltage and Thevenin’s 
impedance 

(9.412+j22.35)

V003. 4476. 72 

Zth

Z
L

P

Q

IL

 
Fig. 2.54: Thevenin’s equivalent circuit with load impedance of Example 2.10 (Repetition of Fig. 2.40) 
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(Ref. Sec 4.6 – Example 2.10) 
Step4: Calculate the load impedance 

According to the maximum power transfer theorem, the load impedance is the conjugate of the 
Thevenin’s impedance.  
ܼ௅ = ܼ௧௛∗ = 9.412 − ݆22.35 

Step5: Calculate the maximum power to the load impedance 
According to the maximum power transfer theorem,  

௠ܲ௔௫ =
| ௧ܸ௛|ଶ

8ܴ௧௛
=

72.76ଶ

8 × 9.412 = 70.31ܹ  

Example 2.15: Find the load impedance of the circuit shown in Fig.2.41 that absorbs the maximum 
power from the circuit.  Also calculate the maximum average power consumed by the load.  

Solutions: The circuit shown in Fig.2.41, find the Thevenin’s impedance and Thevenin’s voltage in the 
following steps.  

Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit  
ܼ௧௛ = 1.956∠ − 36.23଴Ω = 1.577 − ݆1.156Ω 
 (Ref. Sec 4.6 – Example 2.11) 

Step2: Finding the Thevenin’s voltage of the circuit 

௧ܸ௛ = 172.55∠−13.75଴ܸ 
(Ref. Sec 4.6 – Example 2.11) 

Step3: Obtaining the Thevenin’s equivalent circuit with Thevenin’s voltage and Thevenin’s 
impedance 

V075. 1355. 172 

Zth

Z
L

P

Q

IL

 ,23. 36956. 1 0

 
Fig. 2.55: Thevenin’s equivalent circuit with load impedance for Example 2.11 (Repetition of Fig. 

2.53) 
(Ref. Sec 4.6 – Example 2.11) 

Step4: Calculate the load impedance 
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According to the maximum power transfer theorem, the load impedance is the conjugate of the 
Thevenin’s impedance.  
ܼ௅ = ܼ௧௛∗ = (1.577 + ݆1.157)Ω 

Step5: Calculate the maximum power to the load impedance 
According to the maximum power transfer theorem,  

௠ܲ௔௫ =
| ௧ܸ௛|ଶ

8ܴ௧௛
=

172.55ଶ

8 × 1.577 = 2359.9ܹ = 2.4ܹ݇  

Example 2.16: Find the load resistance of the circuit shown in Fig. 2.56 using maximum power transfer 
theorem. Also calculate the maximum power absorbed by the load.  

0.5H
I

Vt )10 10cos(20 0

10 0.1F

At  10cos5

RL

Vt  10sin10

 
Fig. 2.56: Find the load resistance and maximum power absorbed by the load of Example 2.18 (Similar 

to Example 2.15) 
Solutions: The circuit shown in Fig.2.56, find the Thevenin’s impedance and Thevenin’s voltage. 

ݐ10݊݅ݏ10 = 10∠ − 90଴ ,ܸ; 20 cos(10ݐ + 10଴) = 20∠10଴,ܸ;  5 cos(10ݐ) = 5∠0଴,ܣ;   
The inductive impedances and capacitive impedances are to be calculated as follows.  

ܺ௅ = ,ܮ  ݆߱ ݅݊ Ω =j5Ω 
ܺ஼ = ,(ܥ߱)/1 ݅݊ Ω=-j1Ω 

Step1: Finding the equivalent impedance or Thevenin’s impedance (ࢎ࢚ࢆ) of the circuit  
ܼ௧௛ = (2 + j3)Ω = 3.6∠56.31଴Ω. 
ܼ௧௛ = |ܼ௧௛|∠ߠ௧௛ = 3.6∠56.31଴Ω. 
(Ref. Sec 4.7 – Example 2.15) 

Step2: Finding the equivalent voltage or Thevenin’s voltage (ࢎ࢚ࢂ) of the circuit  

௧ܸ௛ = −5.71 + ݆9.49 = 11.07∠121.03଴ܸ 
(Ref. Sec 4.7 – Example 2.15) 

Step3: Finding the Thevenin’s Equivalent circuit  
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V003. 12107.11 

Zth
P

Q

RL

 ,31.566  .3 0

 
Fig. 2.57: Thevenin’s’ equivalent circuit of Example 2.18  

Step4: Finding the load resistance  
When the load is resistive, the load resistance is calculated as follows according to the condition of 

maximum power transfer theorem.  
ܴ௅ = |ܼ௧௛| = 3.6Ω 

Step5: Finding the maximum power absorbed by the load resistance  
According to the maximum power transfer theorem,  

௠ܲ௔௫ =
| ௧ܸ௛|ଶ

8ܴ௧௛
=

11.07ଶ

8 × 3.6 = 4.255ܹ  

2.9 RECIPROCITY THEOREM 
The reciprocity theorem states that the current flowing through any branch (first branch) of the circuit 

due to a voltage source or a current source is equal to the current flowing through the branch 
(source branch) when a voltage source or a current source positioned at the first branch.  

This statement is explained in the following section with the example circuit shown in Fig.2.58. The 
current flowing through the branch of resistance ܴଶ is calculated by either mesh or node analysis. 

L
, H

R1, C, F

R2,VtA    cos
I

 
Fig. 2.58: Find current I using reciprocity theorem   
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First step is to convert the source into phasor form 0∠ܣ଴,ܸ and the impedances are found in Ω. Hence it 
is found as ݆ܺ௅  Ω,−݆ܺ஼Ω. By applying these values, the circuit is shown in Fig.2.74.  

I1

jX
L ,

R1,  -jXC, 

R2,
VtA    cos

It1

I'

 
Fig. 2.59: Find current I1 for verifying the reciprocity theorem 

Total impedance of the circuit in Fig. 2.58 is found in equation (2.61). ܴଶ and (-jܺ஼) are in series, it is 
(ܴଶ − ݆ܺ஼). This impedance is in parallel with (݆ܺ௅) and then in series with ܴଵ.  

ܼ௘௤ଵ = ܴଵ +
݆ܺ௅ܴଶ + ܺ஼ܺ௅

(ܴଶ + ݆(ܺ௅ − ܺ஼)) 

ܼ௘௤ଵ =
ܴଵ(ܴଶ + ݆(ܺ௅ − ܺ஼)) + ݆ܺ௅ܴଶ + ܺ஼ܺ௅

(ܴଶ + ݆(ܺ௅ − ܺ஼))  

ܼ௘௤ଵ = ோభோమା௑಴௑ಽା௝ோభ(௑ಽି௑಴)ା௝௑ಽோమ
(ோమା௝(௑ಽି௑಴))

                                                                                          (2.61) 

The total current in the  

௧ଵܫ =
0଴∠ܣ

ܼ௘௤ଵ
=

0଴∠ܣ ∗ ൫ܴଶ + ݆(ܺ௅ −ܺ஼)൯
ܴଵܴଶ + ܺ஼ܺ௅ + ݆ܴଵ(ܺ௅ −ܺ஼) + ݆ܺ௅ܴଶ

 

ଵܫ =
0଴∠ܣ

ܼ௘௤ଵ
= ௧ଵܫ ∗

(ܴଶ − ݆ܺ஼)
(ܴଶ + ݆(ܺ௅ −ܺ஼) 

ଵܫ =
0଴∠ܣ ∗ ൫ܴଶ + ݆(ܺ௅ −ܺ஼)൯

ܴଵܴଶ + ܺ஼ܺ௅ + ݆ܴଵ(ܺ௅ − ܺ஼) + ݆ܺ௅ܴଶ
∗

(ܴଶ − ݆ܺ஼)
(ܴଶ + ݆(ܺ௅ − ܺ஼) 

ଵܫ  = ஺∠଴బ∗(௝௑ಽ)
ோభோమା௑಴௑ಽା௝ோభ(௑ಽି௑಴)ା௝௑ಽோమ

                                                                                             (2.62) 

Second step is the voltage source is placed to location where the current ܫଵ is found and the existing 
source branch is short circuited and the current flowing through that short-circuited branch is 
calculated and corresponding circuit is shown in Fig.2.60. 
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I2

R1, 

R2,

VtA   cosI"

It2

jX
L ,

-jXC, 

 
Fig. 2.60: Find current I2 in the source branch for verifying the reciprocity theorem 

Total impedance of the circuit in Fig. 2.75 is found in equation (2.63). ܴଵ and (jܺ௅) are in parallel, it is 
in series with (ܴଶ − ݆ܺ஼).  
ܼ௘௤ଶ = (ܴଶ − ݆ܺ஼) + (ܴଵ ∥ (݆ܺ௅)) 

ܼ௘௤ଶ = ோభோమା௑಴௑ಽା௝ோభ(௑ಽି௑಴))ା௝௑ಽோమ
(ோభା௝௑ಽ)

                                                                                             (2.63) 

The total current in the  

௧ଶܫ =
0଴∠ܣ

ܼ௘௤ଶ
=

0଴∠ܣ ∗ (ܴଵ − ݆ ܺ஼)
ܴଵܴଶ + ܺ஼ܺ௅ + ݆ܴଵ(ܺ௅ −ܺ஼) + ݆ܺ௅ܴଶ

 

ଶܫ =
0଴∠ܣ

ܼ௘௤ଶ
= ௧ଶܫ ∗

(݆ܺ௅)
(ܴଵ + ݆ܺ௅) 

ଶܫ =
0଴∠ܣ ∗ (ܴଵ − ݆ ܺ஼)

ܴଵܴଶ + ܺ஼ܺ௅ + ݆ܴଵ(ܺ௅ − ܺ஼) + ݆ܺ௅ܴଶ
∗

(݆ܺ௅)
(ܴଵ + ݆ܺ௅) 

ଶܫ = ஺∠଴బ∗(௝௑ಽ)
ோభோమା௑಴௑ಽା௝ோభ(௑ಽି௑಴)ା௝௑ಽோమ

                                                                                              (2.64) 

Hence the current obtained from the circuit shown in Fig. 2.74 and Fig.2.75 is shown in equation (2.62) 
and (2.64) respectively. It is understood that both currents are equal. The reciprocity theorem is 
proved. 

Example 2.17: Prove the reciprocity theorem and find the current in the circuit shown in Fig. 2.61.  
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0.5H

5 0.02F

Vt  50cos10

0.1H

I

 
Fig. 2.61: Find the current I and prove the reciprocity theorem of Example 2.19  

Solutions: The circuit shown in Fig.2.76, 10ܿݐ50ݏ݋ = 10∠0଴,ܸ 
The inductive impedances and capacitive impedances are to be calculated as follows. By incorporating 

these values and the circuit is shown in Fig.2.62.  
ܺ௅ଵ = ,ଵܮ  ݆߱ ݅݊ Ω =j25Ω 
ܺ௅ଶ = ,ଶܮ  ݆߱ ݅݊ Ω =j5Ω 
ܺ஼ = ,(ܥ݆߱)/1 ݅݊ Ω=-j1Ω 

j25


5 -j1

V0010

j5

I1

Itot1

 
Fig. 2.62: Find the current I1  

Step1: Finding the current of the circuit shown in Fig.2.62. 
The total impedance of the circuit in Fig.2.62 is calculated as follows.  

ܼ௧௢௧ଵ = 5 + (j25 ∥ (j5 − j1))Ω = j3.448Ω =  3.448∠90଴Ω. 
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௧௢௧ଵܫ =
10∠0଴

3.448∠90଴ =  1.647∠−34.59଴ܣ 

ଵܫ = ௧௢௧ଵܫ ∗
݆25
݆29 = 1.647∠−34.59଴ ∗ ൬

25
29൰ =  1.419∠−34.59଴ܣ 

Step2: Finding the current of the circuit shown in Fig.2.63. The source is placed to the first branch 
(where the current (ࡵ૚) flowing in the Fig2.62) and the current is found at the source branch 
shown in Fig.2.63.  

The total impedance of the circuit in Fig.2.63 is calculated as follows.  
ܼ௧௢௧ଶ = (݆5 − ݆1) + (j25 ∥ 5))Ω = (4.8 + j4.96)Ω =  6.902∠45.93଴Ω. 

௧௢௧ଶܫ =
10∠0଴

6.902∠45.93଴ =  1.45∠−45.93଴ܣ 

ଶܫ = ௧௢௧ଶܫ ∗
݆25

(5 + ݆25) =
1.45∠−45.93଴ × 25∠90଴

25.49∠78.69଴ =  1.422∠−34.62଴ܣ 

j25


5 -j1

V0010

j5I2

Itot2

 
Fig. 2.63: Find the current I2  

Step3: Prove of the reciprocity theorem   
The current found in Fig.2.62 and 2.63 is remain the same. Hence the theorem is proved.  

2.10 DUALITY IN ELECTRIC CIRCUITS  
Duality concepts present in electric circuit for the certain parameters and theorems which helps to solve 

problems faster. Hence it is a time saving and effective tool for solving an electric circuit. Some 
of the dual pairs in an electric circuit is listed as below. During the circuit analysis, two different 
circuits have similar equations expect the certain duality elements are interchanged. This 
characteristic of interchangeability is known as duality principle. In Table 2.1, the parameter power 
is not having the duality parameter. Since power is a non-linear parameter. It is understood that 
duality concept is applicable only to the linear elements.  

The process of formulating the duality circuit is explained as follows.  
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 Find the number of loops in the circuit. Mark the nodes inside that closed loop and number it. 
These nodes are named as non-reference nodes.   

 Also mark the ground node outside the circuit.  
 Draw a line between nodes that has to pass through an element.  
 For the transformation of voltage and current sources, the polarity of voltage sources and the 

direction of current sources are found by following method.  
o If the mesh current in the voltage source is in clockwise direction, then the duality has 

the current source with the current direction from ground node to non-reference nodes. 
  

Table 2.1 Dual Pairs in an electric circuit 
Resistance Conductance 

Inductance Capacitance 

Voltage Current 

Voltage Source Current Source 

Mesh Node 
Series circuit Parallel circuit 

Open circuit Short circuit 

KVL KCL 

Thevenin Norton 

Voltage division technique Current division technique 
Example 2.18: Apply the duality concept and obtain the dual circuit of the circuit shown in Fig.2.64  

100.5F

2H

+
_

5

V 20

 
Fig. 2.64: The circuit taken for explaining the concept of duality  

Solutions: The circuit shown in Fig.2.64, the dual circuit is obtained with the following steps.  
Step1: Mark the node and the concern circuit is in Fig.2.65.  
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100.5F

2H

+
_

5

V 20 1 2

0  
Fig. 2.64: The circuit with marked nodes for explaining the concept of duality  

Step2: Draw a line between nodes that has to pass through an element and the circuit is shown in Fig.2.65. 
Totally 5 connecting lines are passing through an element in the circuit.  

Step3: Voltage source into current source, inductance into capacitance, capacitance into inductance, 
resistance R into resistance (no change in the image, but value is 1/R, Ω - Series become parallel). 
Hence the duality circuit is obtained and the circuit drawn is shown in Fig.2.66.   

100.5F

2H

+
_

5

V 20 1 2

0
I

II

III
IV

V

 
Fig. 2.65: The connected lines among the nodes for explaining the concept of duality  
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(1/10)0.5H

2F

(1/5)A 20

 
Fig. 2.66: The dual circuit of the circuit shown in Fig.2.64 (with the concept of duality) 

 

UNIT SUMMARY  
1. The source transformation is helpful to simplify the circuit analysis by transforming voltage 

source into current source and vice versa.  
2. Both the star to delta transformation and the delta to star transformation are discussed and the 

examples are proved with transformations.   
3. The mesh/node analysis is formed based on the Kirchoff’s voltage/current law respectively. The 

formed voltage/current equations are solved by the Cramer’s rule to find the loop currents/node 
potentials respectively. The detailed steps for both analyses are discussed.    

4. The superposition theorem is discussed for the circuit that consists of the sources having single 
frequency. The simple problems are solved to understand the concepts.  

5. The Thevenin’s and Norton’s theorem are applicable to both ac and dc circuits. In this chapter, 
the theorem is explained for ac circuits. The Thevenin’s equivalent circuit is the Thevenin’s 
voltage source in series with the Thevenin’s impedance. The Thevenin’s voltage is the open 
circuit voltage observed at the load terminals and the Thevenin’s impedance is the equivalent 
impedance of the original circuit which is looked from the open-ended load terminals when the 
voltage sources are short circuited and the current sources are open circuited.  

6. The Norton’s equivalent circuit is the Norton’s current source in parallel with the Norton’s 
impedance. The Norton’s current is the short circuit current that flows through the short circuited 
at the load terminals. Norton’s impedance is the impedance of the original circuit which is looked 
from the open-ended load terminals when the voltage sources are short circuited and the current 
sources are open circuited.  

7. The maximum power is transferred from the circuit to the load when the load impedance is the 
conjugate of the Thevenin’s impedance. The maximum power consumed by the load is equal to 
the square of the Thevenin’s voltage divide by the 8 times of the Thevenin’s resistance.  

8. For the resistive load, the load resistance is equal to the magnitude of the Thevenin’s impedance.  
9. The reciprocity theorem is applicable only when the circuit consists of only one source.  
10. The reciprocity theorem states that the current flowing through any branch (first branch) of the 

circuit due to a voltage source or a current source is equal to the current flowing through the 
branch (source branch) when a voltage source or a current source is positioned at the first branch.  

11. Duality concept will help to solve the problem very quickly.  
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EXERCISES 
  
Multiple Choice Questions  
1. The equivalent circuit of the given circuit is shown in Fig. 2.67    

 )43( j

V)105( 0

 
Fig. 2.67: Source transformation of question 1 

a. Current source of A013.431   is in parallel with (3+j4) Ω  
b. Current source of A013.431  is in parallel with (3+j4) Ω 
c. Current source of A013.431   is in parallel with  )13.535(  

d. Current source of A013.431  is in parallel with  )13.535(  
2. The equivalent circuit of the given circuit is shown in Fig. 2.68   

A0904
 )455(

 
Fig. 2.68: Source transformation of question 2 

a. Voltage source of V013520  is in series with (3.5+j4) Ω 
b. Voltage source of V013520  is in series with (3.5+j4) Ω 
c. Voltage source of V013520   is in series with  0455   
d. Voltage source of V013520  is in series with  0455  

3. Three impedances ZRY = (20+j30) Ω, ZYB = (10+j10) Ω, ZBR = (15+j10) Ω are delta-connected 
impedances which is shown in Fig.2.69. Find ZR, ZY and ZB.  
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R

Y B

R=
20


X L
=3

0

R=10

R=15

XL=10

X
L =10

 
Fig. 2.69: Source transformation of question 3 

a. ܼோ = 9.67∠41.99 Ω; ܼ௒ = 7.57∠53.29 Ω;  ܼ஻ = 3.71∠41.99 Ω 

b. ܼோ = 19.67∠90 Ω; ܼ௒ = 17.57∠3.29 Ω;  ܼ஻ = 13.71∠4.199 Ω 

c. ܼோ = 9.67∠ − 41.99 Ω; ܼ௒ = 7.57∠ − 53.29 Ω;  ܼ஻ = 3.71∠ − 41.99 Ω 

d. None of the above  

4. Find the current flowing through the circuit shown in Fig.2.70.  

20 20

V0010 V005I

 
Fig. 2.70: Source transformation of question 4 

a. 125݉ܣ 

b. 25݉ܣ 

c. 125∠5଴݉ܣ 

d. None of the above  

5. Find the voltage and current in the circuit shown in Fig. 2.71.  
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5

5V01020

5

I

V

 
Fig. 2.71: Circuit for question 5 

a. ܸ = ଶ଴
ଷ
∠−30଴ܸ; ܫ = ସ

ଷ
∠− 30଴A 

b. ܸ = ଶ଴
ଷ
∠10଴ܸ; ܫ = ସ

ଷ
∠10଴A 

c. ܸ = ଶ଴
ଷ
∠0଴ܸ; ܫ = ସ

ଷ
∠0଴A 

d. None of the above  

 

6. Find the current in the circuit shown in Fig. 2.72.  

5

5V0020

5V

V09020

I

 
Fig. 2.72: Circuit for question 6 

a.ܫ = ସ
ଷ
∠− 45଴A 

b. ܫ = 9.4∠45଴A 

c. ܫ = 4.9∠ − 45଴A 

d. None of the above  

7. Find the current in the circuit shown in Fig. 2.73.  
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5

5V0020

5

I

A090105

 
Fig. 2.73: Circuit for question 7 

a. (1.6 + ݆2) A 

b.(1.6 − ݆2) A 

c. (2 − ݆1.6) A 

d. (2 + ݆1.6) A  

8. Find the load current in the circuit shown in Fig. 2.74 using Thevenin’s theorem. 

+
_

30V
2A

10

20

30 RL

 
Fig. 2.74: Circuit for question 8, 9 

a. (0.166) A 

b. (−0.166) A 

c. (−1.166) A 

d. (1.166) A 
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9. Find the Thevenin’s equivalent circuit of the circuit shown in Fig. 2.74.  

 

a. 

+
_

Vth=(-20V)

15 Rth
RL

 b. 

+
_

Vth=(-20V)

30 Rth
RL

 c. 

+
_

Vth=(-10V)

30 Rth

 

d. 

+
_

Vth=(10V)

15 Rth
RL

 

10. Which circuit shown below is applicable to the reciprocity theorem?   

a. 

-j1

j5

I

V,1020 0A,105 0
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b. 

5 -j1

j5

I

V,1020 0

 

 c. 

5 -j1

V,010 0

j5

I

V,1020 0V,1030 0

 

d.  

j25


5 -j1

V,010 0

j5

V,020 0
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11. Obtain the duality circuit of the circuit shown in Fig,2.75. 

+
_

5

10H
V 20

5

+
_

V 40

 
Fig. 2.75: Circuit for question 11 

 

 a. 

A20
(1/5)

A40(1/5)

10F

 b. 

A20
(5)

A40(5)

10F

 

             c. 

A20
(5)

A40(5)

10H

d. None of the above 

 
Answers of Multiple-Choice Questions  
1. a                     2. d                    3. a                  4. a                    5. b 
6. b                     7. a                   8. b                    9. c                   10. b           11. a                  

Short Answer Questions: 
1. What is the need of source transformation in the electric circuits?  
2. Find out the equivalent star connected impedances of the delta connected impedances 

presented in Fig.2.76. 
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R

Y

 03020

B

ZRY

ZYB

ZBR

 06040

 09010

 
Fig. 2.76: Circuit for problem 2 

3. Find out the equivalent delta connected impedances of the star connected impedances 
presented in Fig.2.77.  

ZY

R

Y

 03020

B

ZR

 06040 09010
ZB

 

Fig. 2.77: Circuit for problem 3 

4. Differentiate the balanced load and unbalanced load. 
5. The balanced star connected load formed with three impedance Z=(3+j4)Ω is connected 

to the supply. Find the equivalent delta connected load of the star connected load.   
6. Find the current flowing the circuit shown in Fig.2.78 using mesh analysis.  
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10 20

V0105 V01010I

 
Fig. 2.78: Circuit for problem 6 

7. Find the potential across the resistance 5Ω of the circuit shown in Fig.2.79 using node 
analysis.  

10

20V0010

5

 
Fig. 2.79: Circuit for problem 7 

8. State: Superposition theorem  
9. Define the Thevenin’s voltage, Thevenin’s impedance.  
10. Describe the Norton’s current, Norton’s Equivalent circuit.  
11. What is the condition for transferring maximum power from the circuit to load? 
12. What is the value of the load impedance when the load is resistive type during the 

maximum power transfer condition? 
13. State the reciprocity theorem and explain with the simple circuits. 
14. Prove the reciprocity theorem to the circuit shown in Fig.2.80. 
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5 1

I

V01020

10

 

Fig. 2.80: Circuit for problem 14 

15. What is principle of duality in electric circuits? 
16. List out the dual pairs in an electric circuit.  
17. Write the steps to formulate the duality circuit.  

Long Answer Questions: 
1. Describe the method of converting the star connected impedances into the delta connected 

impedances.  
2. Discuss the method of converting the delta connected impedances into the star connected 

impedances.  
3. Explain the steps to be performed in the source transformation method with suitable 

examples. 
4. For the circuit shown in Fig.2.81 with the angular velocity of “�”, apply the mesh analysis 

procedure and find the loop currents.  

VV ,0
11 

R1

VV ,0
22 

R2L1

L2C1

 
Fig.2.81: Circuit for problem 4 

5. For the circuit shown in Fig.2.81 with the angular velocity of “�”, apply the node analysis 
procedure and find the node potentials.  
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6. Derive the condition for the maximum power transfer from the circuit to the load. Also 
calculate the maximum power consumed by the load.  

7.  Prove the reciprocity theorem with suitable example. 
8.  Explain the concept of duality with example circuit.  

 

Numerical Problems  
1. Find the current flowing through the inductor of the circuit shown in Fig. 2.82 if the circuit 

operates at 50Hz. Solve using source transformation method.  

A09010 5
mH4

5

F10

i

 
Fig. 2.82: Source transformation method of problem 1 

2. Find the voltage across the resistance as the circuit shown in Fig. 2.83 using source 
transformation method.  

V04510

5 4

 10
5

 15j

5j

Vx

A09010

 
Fig. 2.83: Source transformation method of problem 2 

3. Find the current I flowing through impedance Z4 shown in Fig.2.84 using (a) Mesh 
analysis (b) Node analysis methods. Verify the results.  
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V0010

Z3

Z
2 Z 4

(6+j3) (1
0-

j1
5)


I

Z1

V0455 

(5+j2) (3+j4)

 
Fig. 2.84: AC network for node and mesh analysis of problem 3 

4. Find the voltage across the impedance as the circuit shown in Fig. 2.85 using (a) source 
transformation method (b) Node analysis (c) Mesh analysis 

A0205

Z2

Z
1 Z 3

(6+j3) (1
0-

j1
5)


A0152

(3+j4)

Vx

 
Fig. 2.85 AC network for problem 4 

5. Find the current flowing through the inductance of the circuit shown in Fig. 2.86 using 
(a) Node analysis (b) Mesh analysis. (Hint: Convert the sinusoidal into the phasor form, 
Calculate the inductive impedance and the capacitive impedance). 
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Vt 2sin25

0.5H

I

Vt 2cos5

10 10F

 
Fig. 2.86: AC network for node and mesh analysis of problem 5 

6. Find the current flowing through the resistor of the circuit shown in Fig. 2.87 using 
superposition theorem 

. 

V20+
_

5

Vt ),010sin(20 0

I

 

Fig.2.87: Circuit for problem 6 
7. Find the voltage across the inductor as the circuit shown in Fig. 2.88 using superposition 

theorem. (Hint: Convert the sinusoidal into the phasor form, Calculate the inductive 
impedance and the capacitive impedance). 

Vt ),1010cos(20 0

5

1H

0.5F

At ),2010sin(20 0
V

 
Fig.2.88: Find the voltage across the inductor using superposition theorem of Problem 7 
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8. Find the load current of the circuit shown in Fig. 2.88 using Thevenin’s theorem.  
9. Find the load current of the circuit shown in Fig. 2.88 using Norton’s theorem.  
10. Find the load current of the circuit shown in Fig. 2.89 using Thevenin’s theorem and 

Norton’s theorem.  

Vt ),10 50cos( 20 0

5

1H

0.5F

At ),20  50sin( 20 0
RL=10

 
Fig.2.89: AC Circuit for problem 10 

11. Find the load resistance of the circuit shown in Fig. 2.90 using maximum power transfer 
theorem.   

Vt )10 50cos( 20 0

5

1H

0.5F

At )20  50sin( 20 0
RL

 
Fig.2.90: AC circuit for problem 11 

12. Find the load resistance of the circuit shown in Fig.2.91 using maximum power transfer 
theorem. Also calculate the maximum power absorbed by the circuit.  

+
_

30V
2A

10

20

RL

 
Fig.2.91: AC circuit for problem 12 
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13. Find the load impedance of the circuit shown in Fig.2.92 using maximum power transfer 
theorem. Also calculate the maximum power absorbed by the circuit. (Hint: Two 
frequency sources present in the circuit. Obtain two Thevenin’s equivalent circuit and 
two load impedances and two maximum power will be obtained). 

V)30cos(10t 20 0

50.5F

At )2010sin(20 0 ZL

 
Fig.2.92: Find the load impedance using maximum power transfer theorem of Problem 13 

14. Find the current flowing any element of the circuit shown in Fig. 2.93 using reciprocity 
theorem.  

50.5F

Vt ),20 10 sin(20 0
2H

5

 
Fig. 2.93: AC circuit for Problem 14 

18. Find the duality circuit for the circuit shown in Fig.2.93.  
 

PRACTICAL  
1. Use PSpice to determine the current flowing through the inductor for the circuit shown 

in Fig. 2.84.   
2. Use PSpice to determine the current flowing through the resistor for the circuit shown 

in Fig. 2.85.   
3. Apply PSpice to find the current flowing through the capacitor for the circuit shown in 

Fig. 2.88.   
4. Use PSpice to determine the voltage across the resistance for the circuit shown in Fig. 

2.89. Verify the results.  
5. Use PSpice to determine the voltage across the resistance for the circuit shown in Fig. 

2.90. Verify the results.  
6. Apply PSpice for the reciprocity theorem circuits and verify the results.  
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KNOW MORE  
1. Example 2.11: Find the Thevenin’s equivalent circuit for rhe circuit shown in Fig. 2.41  

[Note1: The inductance and capacitance values are calculated from the reactance 
values. ܺ௅ = ݆4Ω;ܮ = ௑ಽ

ఠ
= ௑ಽ

ଶగ௙
= ସ

ଶగ(ହ଴)
= ;ܪ0.0127  ܺ஼ = −݆6Ω;ܥ = ଵ

௑಴ఠ
= ଵ

௑಴ଶగ௙
=

ଵ
(଺)ଶగ(ହ଴)

=  [ܨ0.053݉
 

 
 

Fig. 2.94: LTSpice circuit model for the example 2.12  
 

 
Fig. 2.95: LTSpice AC analysis of the example 2.12 

 

When the load resistance is 10Ω, the load current (current through R3 resistance) is 
14.83∠−8.02଴ܣ that is shown in Fig.2.95. The value is equal to the theorical value 
obtained in example 2.11.  

 



144 | Electric Circuits and Networks 

 

 

 
Fig. 2.96: LTSpice circuit for Thevenin’s voltage calculation of the example 2.12 

 
Thevenin’s voltage is measured at node V3 by removing the load resistance and the 

corresponding LTspice circuit is shown in Fig.2.96. The ac analysis of this circuit is shown 
in Fig.2.97. The highlighted voltage is the Thevenin’s voltage which is equal to the value 
obtained in example 2.11.  

 
Fig. 2.97: AC analysis of the LTSpice circuit presented in Figure 2.96 of the example 

2.12 
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UNIT SPECIFICS 

Through this unit we have discussed the following aspects: 

 Phasors and complex representation of three phase supply  
 Phase sequence and polarity 
 Types of three phase connections: star, delta 
 Line and phase quantities  
 Loads: balanced and unbalanced load 
 Power: active, reactive and apparent  

RATIONALE 

The single-phase systems are discussed in the previous chapters. For increasing the power 
generation and transmission, there is a need for the new system model. Two phase system model 
was developed and the angle between those windings is 900.  Whereas, the angle is 1200 in the three-
phase windings of the three-phase systems. Three-phase power supply is generated using a three-
phase generator. Even the higher order supply systems are available which could be chosen based 
on the applications. But the three-phase systems are the basic for the higher order systems and it is 
more efficient, requires less material for the given power capacity and is low cost than the single-
phase systems. Hence it is necessary to study the three-phase systems.  

 

 

 

 

 

 

 

3 

        Three Phase Circuits  
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PRE-REQUISITES 

Vector calculus 
Single-phase systems 

UNIT OUTCOMES 

List of outcomes of this unit is as follows: 
U3-O1:  Understand the three-phase system representation and terminology 
U3-O2:  Describe the types of connection: star and delta and their concepts 
U3-O3:  Describe the balanced and unbalanced loads  
U3-O4: Realize the power calculation in three-phase systems 
U3-O5:  Apply vector calculus to solve complex problems 
 

Unit-3 
Outcomes 

EXPECTEDMAPPINGWITHCOURSEOUTCOMES 
(1-WeakCorrelation;2-Mediumcorrelation;3-StrongCorrelation) 

CO-1 CO-2 CO-3 CO-4 CO-5 
U3-O1 - - 2 - - 
U3-O2 1 1 2 2 - 
U3-O3 2 1 3 1 - 
U3-O4 - - 3 1 - 
U3-O5 1 1 3 - - 
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3.1 FUNDAMENTALS OF THREE PHASE SYSTEMS 
Three-phase electrical power is generated by alternators in large power 

plants. This three-phase power is utilized for powering the 
network through the transmission and distribution systems.   
Three-phase power supply is obtained by the formation of the 
three coils 1200 apart from each other and rotated in a uniform 
magnetic field.  These coils are arranged in star or delta fashion 
(Refer. Sec. 3.2.1 and 3.2.2). In three-phase systems, 
voltage/current phasors are 1200 apart from each other. Voltage 
in each phase coil is represented as a phasor. For three-phase 
coils’ phase is shown by a letter with arrow on it such as 
ோܸሬሬሬሬ⃗ , ௒ܸሬሬሬሬ⃗  & ஻ܸሬሬሬሬ⃗ , and its magnitude is denoted by 
ோܸ, ௒ܸ, ஻ܸ respectively (Fig. 3.1).  

VR

VY

VB

N

 
Fig. 3.1: Representation            

of a vector 

3.1.1 Generation of the three-phase supply  
In the single phase system, both line voltage and phase voltage have been introduced in Chapter 1. The 

single-phase alternator is used to generate a single phase power supply which has only one rotor 
windings. The number of rotor windings are increased and independent voltage waveforms are 
produced according to the number of windings. When three windings (with dedicated colours red 
(R), yellow (Y) and blue(B)) are present, three voltage waveforms are obtained.  Each phase of the 
three-phase supply is represented as phasor ோܸሬሬሬሬ⃗ , ௒ܸሬሬሬሬ⃗  and ஻ܸሬሬሬሬ⃗ . These phasors are rotating with angular 
frequency ߱ in anti-clockwise direction with 1200 angular displacement, based on the waveform 
generated and is shown in Fig. 3.2. The three-phase waveforms are obtained and represented in 
Fig.3.3. These phase voltages are presented by equations (3.1) to (3.3) as follows.  
(ݐ)ோݒ = ௠ܸ sin߱(3.1)                                                                                                                      ݐ 
(ݐ)௒ݒ = ௠ܸ sin(߱ݐ − 120଴)                                                                                                      (3.2) 
(ݐ)஻ݒ = ௠ܸ sin(߱ݐ − 240଴)                                                                                                      (3.3) 

For the balanced systems, the addition of all three voltages produces zero. The balanced systems are 
discussed in the later part of this chapter.  

YR

BN S

ω 

 
Fig.3.2: Three windings (red, yellow and blue) are rotating between magnetic bars (N and S) with 

angular velocity of ω. 
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Fig.3.3: Three-phase waveforms 

3.1.2 Phase Sequence   
The phase sequence is the order in which each of the three phases reached either zero crossing or the 

maximum value of the quantity.  The standard phase sequence is RYB, it means that R reaches the 
maximum value and then Y, finally B that is obtained only when phasors rotate in anticlockwise 
direction. It is also denoted as a positive phase sequence.  When phasors rotate in clockwise 
direction, the obtained phase sequence is RBY that is known as negative phase sequence. The 
phase sequence could be reversed by interchanging any two among the three phases.  

Example 3.1: Determine the phase sequence of the given three-phase voltages ݒோே(ݐ) = 310sin (߱ݐ +
30଴), ݒ௒ே(ݐ) = 310sin (߱ݐ − 90଴) and ݒ஻ே(ݐ) = 310sin (߱ݐ − 210଴).  

Solutions: The voltages are represented in phasor form as follows. The phasor diagram is shown in 
Fig.3.4. 

ோܸே = 310∠30଴;   ௒ܸே = 310∠ − 90଴;  ஻ܸே = 310∠ − 210଴ 

VRN

VYN

VBN

300

1200

1200

 
Fig.3.4: Phasor diagram of the three-phase voltages 

From this, it is understood that the phase sequence is RYB. 

3.2 TYPES OF THREE-PHASE CONNECTIONS 
Three phase supply systems have two types of connections namely star connections (Y) and delta 

connections(߂). Sources of the supplies are mostly connected in star while the transformers and 
the motor or any other loads may be connected either in star or delta.  
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3.2.1 Star Connection   
A star connected load is shown in Fig.3.5, each phase-load has two ends. One end of the load is connected 

to one of the three-line conductors and the other end of the load is joined together with two loads 
a point named as neutral point. The phase voltage ( ோܸே , ௒ܸே, ஻ܸே) measured between any one of 
line conductors (R, Y, B) to the neural point (N) and is shown in Fig.3.3 and hereafter these phase 
voltages are denoted as ோܸ, ௒ܸ, ஻ܸ.  The line voltage ( ோܸ௒, ௒ܸ஻, ஻ܸோ) measured between any of the 
two-line conductors (R-Y, Y-B, B-R), which is shown in Fig.3.5. From the pictorial representation 
of the star systems, it is understood that phase voltage and line voltage carry different values. The 
instantaneous voltages are explained in the next paragraphs.   

For a balanced system, the loads are equal ܼோ = ܼ௒ = ܼ஻ and the current in the neutral wire is zero. Since 
the neutral current is zero, the neutral conductor is not needed and it is often evaded. The phase 
voltages/currents and line voltages are equal in magnitude which is presented in equation (3.4) - 
(3.6). The phasor addition of the line currents is zero which is presented as equation in (3.7).   
|Iୖ| = |Iଢ଼| = |I୆|                                                                                                                        (3.4) 
|Vୖ| = |Vଢ଼| = |V୆|                                                                                                                      (3.5) 
|Vୖଢ଼| = |Vଢ଼୆| = |V୆ୖ|                                                                                                                (3.6) 
ோܫ + ௒ܫ + ஻ܫ = 0                                                                                                                         (3.7) 

N

R

Y B

VRN

VYN

VBN

VBR
VRY

VYB

Load

R

Y

B

ZR

ZY

ZB

 
Fig.3.5: Star connected load with the information of the phase voltages and line voltages 

The instantaneous value or time domain representation of the phase voltage is shown in equation (3.8) - 
(3.10). The phasor diagram of the phase voltages is presented Fig.3.6 and also the phasor diagram 
for obtaining the line voltages is shown in Fig.3.7.  The phase voltage is represented in phasor 
form as shown in equation (3.11). The line voltage ( ோܸ௒) is the instantaneous line voltage 
 of the three-phase star connected loads are calculated by the vector ((ݐ)஻ோݒ,(ݐ)௒஻ݒ,(ݐ)ோ௒ݒ)
subtraction of the phase voltage ݒோ(ݐ),ݒ௒(ݐ)ܽ݊݀ ݒ஻(ݐ)which is stated in equations (3.12) to 
(3.14). The line voltage is expressed in phasor form as shown in equation (3.15) using the equations 
(3.12a) to (3.14a). For the balanced system, the line voltages are also 1200 apart from each other.  
(ݐ)ோݒ = ௠ܸ(3.8)                                                                                                                       ݐ߱݊݅ݏ 
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(ݐ)௒ݒ = ௠ܸsin (߱ݐ − 120଴)                                                                                                      (3.9) 
(ݐ)஻ݒ = ௠ܸ sin(߱ݐ − 240଴)                                                                                                               (3.10) 
Vୖ = | ௠ܸ|∠0଴;   Vଢ଼ = | ௠ܸ|∠− 120଴;      V୆ = | ௠ܸ|∠− 240଴                                                (3.11) 

VR

VY

VB

1200

1200 1200



 
Fig.3.6: Phasor diagram of the phase voltage in Y connected 3Φ systems 

VR

VY

VB -VY VRY

-VB

VYB

VBR

-VR

300

1200

1200

 
Fig.3.7: Phasor diagram of the line voltage in Y connected 3Φ systems 

(ݐ)ோ௒ݒ = (ݐ)ோݒ − (ݐ)௒ݒ  = ௠ܸݐ߱݊݅ݏ −  ௠ܸsin (߱ݐ − 120଴)                                                 (3.12) 
(ݐ)ோ௒ݒ = ௠ܸ ݐ߱݊݅ݏ  − ௠ܸ  [ݐ߱݊݅ݏ ∗ 120ݏ݋ܿ − ݐ߱ݏ݋ܿ ∗   [120݊݅ݏ

            =  ௠ܸ ݐ߱݊݅ݏ  + ௠ܸ ݐ߱݊݅ݏ  ∗ ଵ
ଶ

+ ௠ܸܿݐ߱ݏ݋ ∗
√ଷ
ଶ

 

                      = ଷ
ଶ ௠ܸ ݐ߱݊݅ݏ + ௠ܸܿݐ߱ݏ݋ ∗

√ଷ
ଶ

 

            =√3 ௠ܸ[ √ଷ
ଶ
ݐ߱݊݅ݏ + ଵ

ଶ
 [ݐ߱ݏ݋ܿ

            =√3 ௠ܸ[cos 30 ݐ߱݊݅ݏ + sin 30  [ݐ߱ݏ݋ܿ
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            =√3 ௠ܸ[sin (߱ݐ + 30଴)]                                                                                             (3.12a) 
(ݐ)௒஻ݒ = (ݐ)௒ݒ − (ݐ)஻ݒ  = ௠ܸsin (߱ݐ − 120଴)−  ௠ܸsin (߱ݐ − 240଴)                                (3.13) 

(ݐ)௒஻ݒ = √3 ௠ܸ[sin(߱ݐ − 90଴)](3.13a) 
(ݐ)஻ோݒ = (ݐ)஻ݒ − (ݐ)ோݒ  = ௠ܸ sin(߱ݐ − 240) −  ௠ܸsin߱(3.14)                                                      ݐ 

(ݐ)஻ோݒ = √3 ௠ܸ[sin(߱ݐ − 210଴)]                                                                                         (3.14a) 

Vୖଢ଼ = √3| ௠ܸ|∠30଴;   Vଢ଼୆ = √3| ௠ܸ|∠− 90଴;      V୆ = √3| ௠ܸ|∠− 210଴                              (3.15) 
By Comparing the phase voltage and line voltage of the star connected systems with equations (3.11) and 

(3.15), the magnitude of the line voltages and phase voltages could be written as in equation (3.16) 
and (3.17) respectively. It is understood that the magnitude of the line voltage is √3 times of the 
magnitude of the phase voltage.  Hence it could be simply represented by the equation (3.18).  
|Vୖଢ଼| = |Vଢ଼୆| = |V୆ୖ| = √3| ௠ܸ| = |V୐|                                                                                 (3.16) 
|Vୖ| = |Vଢ଼| = |V୆| = | ௠ܸ| = |V୔|                                                                                            (3.17) 

|V୐| = √3| ௠ܸ| = √3| ௉ܸ|                                                                                                          (3.18) 
The current flows in any of the line conductors (R, Y, B) is known as line current (ܫ௅ଵ,  ௅ଷ), which isܫ,௅ଶܫ

denoted as (ܫ௅), for balanced systems. The current flowing in the phase circuit is known as phase 
current which is represented as ܫோே , ௒ேܫ ,  .for a balanced system (௉ܫ) ஻ேand these are represented asܫ
In the star connection, theline current is equal to the phase current which is presented in equation 
(3.19). The instantaneous value or time domain representation of the phase current is shown in 
equation (3.20)- (3.22). 
௅ܫ =  ௉                                                                                                                                       (3.19)ܫ

N

R

Y B

Load

R

Y

B

IR=IL1

IY=IL2

IB=IL3

IRN=IP

IBN=IP

IYN=IP

 
Fig.3.8 Star connected load with the information of the phase currents and line currents 

(ݐ)ோܫ =  (3.20)                                                                                                                      ݐ߱݊݅ݏ௠ܫ
(ݐ)௒ܫ = ݐ߱) ௠sinܫ − 120଴)                                                                                                     (3.21) 
(ݐ)஻ܫ = ௠ܫ sin(߱ݐ − 240଴)                                                                                                     (3.22) 
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Example 3.2: A balanced three-phase star connected load is supplied from 310V, 50Hz source. Find the 
line voltage of the load, the line current and phase current when the load per phase is resistance of 
10Ω and inductance of 20mH. Find the real power, reactive power, apparent power and power 
factor of the load.  

Solutions: The supply voltage is 310V, which is the line voltage. Let us assume the phase sequence is 
RYB. Hence the line voltage of the star connected load is mentioned below and its phasor form is 
represented in Fig.3.9.  

ோܸ௒ = 310∠0଴ܸ;   ௒ܸ஻ = 310∠ − 120଴ܸ;  ஻ܸோ = 310∠ − 240଴ ܸ   
The phase voltage of the load is ோܸே ,   ௒ܸே, ஻ܸே. Phase voltage =Line voltage/√3 

ோܸே =
310
√3

= 178.9ܸ;    

The magnitude of all three phases is equal and it is 178.9V. The R phase voltage is lagging behind the 
line voltage ோܸ௒ by 300for the Y connected load. Hence the phase voltages are found as follows 
and the relation between the phase voltage and line voltage phasor are shown in Fig.3.10. 

ோܸே = 178.9∠ − 30଴ܸ;  ௒ܸே = 178.9∠ − 150଴ܸ;  ஻ܸே = 178.9∠ − 270଴  ܸ  
The load per phase is resistance of 10Ω and inductance of 20mH.  
 20mH= ݁ݏℎܽ݌/10Ω; L=݁ݏℎܽ݌/ܴ

Inductive reactance ௑ಽ
௣௛௔௦௘

=2πfL=2π (50) (20*10-3) =(2π) Ω 

Impedance/phase (Z/Φ) = (10 +  Ω= 11.81∠32.14Ω(ߨ2݆

Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோܫ = ோܸே

Z/Φ ; ௒ܫ    = ௒ܸே

Z/Φ ; ஻ܫ  = ஻ܸே

Z/Φ 

ோܫ = ோܸே

Z/Φ =
178.9∠ − 30
 (10 + (ߨ2݆  

=
178.9∠ − 30
11.81∠32.14 

= 15.14∠ − 62.14଴A 
Since the load is balanced, the phase current in other phases is easily written as 

௒ܫ = 15.14∠ − 182.14଴A 
஻ܫ = 15.14∠ − 302.14଴A 

Whereas in Y connected loads, the line current is equal to the phase current. The phasor diagram of the 
phase voltage and phase current are represented in Fig.3.11. The angle (θ) between these 
parameters is 32.140 (lagging). Hence the power factor of the load is [cos(θ)], which is equal to 
0.8467(lagging).  
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VBR
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12001200

 
Fig.3.9: Phasor diagram of the three-phase line voltages 

VYB

VBR
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1200

300 VRY

VRN

VYN
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1200

 
Fig.3.10: Relation between three-phase line voltages and phase voltages 

IBN

62.140
300

IRN

VRN

VYN

VBN

IYN

182.140
VRY

32.140

 
Fig. 3.11: Relation between the phase voltages and phase currents 
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Power:  

Active power of the load ଷܲఝ = √3 ௅ܸܫ௅ܿ3√ = ߮ݏ݋ ∗ 310 ∗ 15.14 ∗ cos (32.14) =6883.41W 

Reactive power of the load ܳଷఝ = √3 ௅ܸܫ௅3√ = ߮݊݅ݏ ∗ 310 ∗ 15.14 ∗ sin (32.14)=4324.65VAR 

Apparent power of the load ܵଷఝ = ට ଷܲఝ
ଶ + ܳଷఝଶ =8129.2VA.  

Example 3.3: A balanced three-phase star connected load of (10+j8) Ω/phase is supplied from a balanced 
three-phase supply of 400∠ − 20଴V, 50Hz. Find the line current, the real power, reactive power, 
apparent power and power factor the load.  

Solutions: The supply voltage is 400∠ − 20଴V, which is the line voltage. Let us assume the phase 
sequence is RYB. Hence the line voltage of the star connected load is mentioned below and its 
phasor form is represented in Fig.3.12.  

ோܸ௒ = 400∠ − 20଴V;  ௒ܸ஻ = 400∠ − 140଴V; ஻ܸோ = 400∠ − 260଴V 
The phase voltage of the load is ோܸே ,   ௒ܸே, ஻ܸே. Phase voltage =Line voltage/√3 

ோܸே =
400
√3

= 231ܸ;    

The magnitude of all three phase voltages is equal and it is 231V. The R phase voltage is lagging behind 
the line voltage ோܸ௒by 300 according to the star (Y) connected load. Hence the phase voltages are 
found as follows and the relation between the phase voltage and line voltage phasor form are shown 
in Fig.3.13. 

ோܸே = 231∠ − 50଴ܸ;  ௒ܸே = 231∠ − 170଴ܸ;  ஻ܸே = 231∠ − 290଴ ܸ  
The load per phase (ܼ/߮)=(10+j8) Ω 

 Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோܫ = ோܸே

Z/Φ ; ௒ܫ    = ௒ܸே

Z/Φ ; ஻ܫ  = ஻ܸே

Z/Φ 

ோܫ = ோܸே

Z/Φ =
231∠ − 50
 (10 + ݆8)  

=
231∠ − 50

12.81∠38.65 

= 18.03∠ − 88.65଴A 
Since the load is balanced, the phase current in other phases is easily written as 

௒ܫ = 18.03∠ − 208.65଴A 
஻ܫ = 18.03∠ − 328.65଴A 

Whereas in Y connected loads, the line current is equal to the phase current. The phasor diagram of the 
phase voltage and phase current is represented in Fig.3.13. The angle (θ) between these parameters 
is 38.650 (lagging). Hence the power factor of the load is [cos(θ)] lagging, which is equal to 0.781.  
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Fig. 3.12: Phasor diagram of the three-phase line voltages 
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Fig. 3.13: Relation between the phasor diagram of the three-phase line voltages, phase voltages and 

phase currents 

Power:  

Active power of the load ଷܲఝ = √3 ௅ܸܫ௅ܿ3√ = ߮ݏ݋ ∗ 400 ∗ 18.03 ∗ cos (38.65) =9755.59W 

Reactive power of the load ܳଷఝ = √3 ௅ܸܫ௅3√ = ߮݊݅ݏ ∗ 400 ∗ 18.03 ∗ sin (38.65)=7801.74VAR 

Apparent power of the load ܵଷఝ = ට ଷܲఝ
ଶ + ܳଷఝଶ =12491.54VA.  
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Example 3.4: A balanced Y connected three-phase load is supplied from a 3 phase 3 wire 400V, 50Hz 
system which takes a line current of 10A at 66.860lagging with respect to the line voltage. Calculate 
(a) load components and its parameters (b) power factor of the load and (c) the active power 
consumed by the load. Draw the phasor diagram.  

Solutions: The supply voltage is 400∠0଴V, which is the line voltage. Let us assume the phase sequence 
is RYB.  

ோܸ௒ = 400∠0଴V;  ௒ܸ஻ = 400∠ − 120଴V; ஻ܸோ = 400∠ − 240଴V 
The phase voltage of the load is ோܸே ,   ௒ܸே, ஻ܸே. Phase voltage =Line voltage/√3 

ோܸே =
400
√3

= 231ܸ;    

The magnitude of all three phases is equal and it is 231V. The R phase voltage is lagged by 300 with the 
line voltage ோܸ௒ according to the Y connected load. Hence the phase voltages are found as follows 
and the relation between the phase voltage and line voltage phasor form are shown in Fig.3.14. 

ோܸே = 231∠ − 30଴ܸ;  ௒ܸே = 231∠ − 150଴ܸ;  ஻ܸே = 231∠ − 270଴ ܸ  
Line current (ܫ௅) =10∠ − 66.86଴ܣ (- symbol indicates the lagging) 
For Y connected load, Line current = Phase current 

 Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோܫ = ோܸே

Z/Φ ; ௒ܫ    = ௒ܸே

Z/Φ ; ஻ܫ  = ஻ܸே

Z/Φ 

Z/Φ = ோܸே

ோܫ
=

231
10  

= 23.1Ω 
From the phasor diagram presented in Fig.3.14, the current lags the line voltage by 66.860 and lags the 

phase voltage by 36.860.  Hence the power factor of the load is lagging one and the load will be 
the inductive load. Hence the impedance angle is  36.860.   
Z/Φ = 23.1∠36.86଴Ω 
= (18.48 + ݆13.85)Ω = ܴ + ݆ܺ௅ 

Hence the resistance per phase is 18.48Ω and inductive reactance is 13.85Ω; Therefore, the inductance 
per phase is calculated as follows.  
ܺ௅ =  ܮ݂ߨ2
ܮ =  ܪ44.08݉
Inductance per phase=44.08݉ܪ 

The power factor of the load is cos (36.86) =0.8 (lagging). 
Active power consumed by the load ଷܲఝ = √3 ௅ܸܫ௅ cos߮ = √3 ∗ 400 ∗ 10 ∗ 0.8 = 5542.56ܹ 
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Fig.3.14: Phasor diagram of Example 3.4 

3.2.2 Delta Connection 
A three-phase delta connected system is shown in Fig.3.15, each single-phase load has two ends. One 

end of the load is connected to another load’s one end. Similarly, all three loads are connected 
which forms the closed loop and looks like a delta symbol. Hence it is named as delta connection. 
In delta connection, the neutral of the one phase is joined with another phase of the three phase 
system which is indicated clearly in Fig.3.15. In delta connection, there is no physical neutral point.  
Hence, the line voltage ( ோܸ௒, ௒ܸ஻ , ஻ܸோ) measured between any of the two-line conductors (R-Y, Y-
B, B-R), which is shown in Fig.3.16 that is equal to the phase voltage. From the pictorial 
representation, it is understood that the line voltage is equal to the phase voltage of the delta 
connected systems and presented in equations (3.23).  

௅ܸ = ௉ܸ                                                                                                                                     (3.23) 
The current flows in any of the line conductors (R, Y, B) is known as line current(ܫோ௟௜௡௘ , ௒௟௜௡௘ܫ  .(஻௟௜௡௘ܫ,

The current flows through the phase coil are known as phase current and represented as 
ோ௣ܫ) ,  ஻௣) which are presented in Fig. 3.17. In order to obtain the relation between the lineܫ,௒௣ܫ
currents and phase currents, apply the KCL at the nodes of the delta connected loads. The KCL is 
applied at node R, the incoming currents is equal to the outgoing currents which is stated in 
equation (3.24). Similarly, KCL is applied to other nodes Y and B, the corresponding equations 
(3.25) and (3.26) are obtained respectively. The line currents are obtained by the phasor of the two 
phase currents which is shown in equation (3.24a) to (3.26a) and the corresponding phasor diagram 
is presented in Fig. 3.18.  
Iୖ୪୧୬ୣ + I୆୮ = Iୖ୮                                                                                                                      (3.24) 

Iଢ଼୪୧୬ୣ + Iୖ୮ = Iଢ଼୮                                                                                                                     (3.25) 

I୆୪୧୬ୣ + Iଢ଼୮ = I୆୮                                                                                                                      (3.26) 
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Iୖ୪୧୬ୣ = Iୖ୮ − I୆୮                                                                                                                    (3.24a) 

Iଢ଼୪୧୬ୣ = Iଢ଼୮ −  Iୖ୮                                                                                                                   (3.21a) 

I୆୪୧୬ୣ = I୆୮ − Iଢ଼୮                                                                                                                   (3.22a) 

Y

B

R N
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N, R

N, Y N, B
 

Fig. 3.15: A connection transition of the three, single phase loads which is transformed into the three-
phase delta connected systems 
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Fig. 3.16: Delta connected load with the information of the phase voltages and line voltages 

The instantaneous value or time domain representation of the phase current is shown in equation (3.27)- 
(3.29). The phasor diagram and phasor form of these currents are represented in Fig. 3.18, and in 
equation (3.30) and also the phasor diagram for obtaining the line current is shown in Fig.3.19. 
The magnitude of the phase current is |ܫ௉| which is equal to ܫ௠and explained in equation (3.20a).  
݅ோ௣(ݐ) =  (3.27)                                                                                                                    ݐ߱݊݅ݏ௠ܫ

݅௒௣(ݐ) = ݐ߱) ௠sinܫ − 120଴)                                                                                                   (3.28) 

݅஻௣(ݐ) = ௠ܫ sin(߱ݐ − 240଴)                                                                                                   (3.29) 

Iୖ୮ = ௠∠0;  Iଢ଼୮ܫ = −∠௠ܫ 120଴; ;  I୆୮ = −∠௠ܫ 240଴                                                          (3.30) 

หܫோ௣ห =   หIଢ଼୮ห = หI୆୮ห = |௉ܫ| =  ௠                                                                                        (3.30a)ܫ
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Fig. 3.17: Delta connected load with the information of the phase currents and line currents 
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Fig. 3.18: Phasor diagram of the phase current in Δ connected 3Φ systems 

IRp

IYp

IBp -IYp

IRline

-IBp

IBline

-IRp

300

1200

IYline

 
Fig. 3.19: Phasor diagram of the line current inΔ connected 3Φ systems 
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The instantaneous line current of the three-phase delta connected loads (݅ோ௟௜௡௘(ݐ), ݅௒௟௜௡௘(ݐ), ݅஻௟௜௡௘(ݐ)) are 
calculated by the phasor subtraction of the phase current ݅ோ௣(ݐ), ݅௒௣(ݐ)ܽ݊݀ ݅஻௣(ݐ)using the 
equations (3.27) to (3.29) which are represented in equations (3.31) to (3.33). For the balanced 
system, the line currents are also 1200 apart. The phasor form of the line current is presented in 
equation (3.34) to (3.36). The magnitude of the line current is √3 times of the maximum value of 
the phase current (ܫ௠). By comparing the equations (3.34-3.36) and (3.30a), it is understood that 
the magnitude of the line current is √3 times of the phase current and presented in equation (3.37). 
݅ோ௟௜௡௘(ݐ) = ݅ோ௣(ݐ) −  ݅஻௣(ݐ) = ݐ߱݊݅ݏ௠ܫ − ݐ߱) ௠sinܫ  − 240)                                               (3.31) 
݅ோ௟௜௡௘(ݐ) = ݐ߱݊݅ݏ௠ܫ − 240ݏ݋ܿ ݐ௠sin߱ܫ  + ௠ܫ cos߱ݐ   240݊݅ݏ 

ݐ߱݊݅ݏ௠ܫ  = − ݐ௠sin߱ܫ  ∗ ቀ− ଵ
ଶ
ቁ + ௠ܫ cos߱ݐ ∗ (− √ଷ

ଶ
) 

          =  ଷ
ଶ
ݐ௠sin߱ܫ −  √ଷ

ଶ
௠ܫ cos߱ݐ  

௠[ √ଷܫ3√=
ଶ
ݐ߱݊݅ݏ − ଵ

ଶ
[ݐ߱ݏ݋ܿ = 30଴ݏ݋ܿ ݐ߱݊݅ݏ]௠ܫ3√ −  [30଴݊݅ݏ ݐ߱ݏ݋ܿ

ݐ߱) ௠[sinܫ3√= − 30଴)] 
݅௒௟௜௡௘(ݐ) = ݅௒௣(ݐ) − ݅ோ௣(ݐ) = ݐ߱) ௠sinܫ − 120଴) −  (3.32)                                          (ݐ߱) ௠sinܫ 

݅௒௟௜௡௘(ݐ) = ݐ߱) ௠[sinܫ3√ − 150଴)] 
݅஻௟௜௡௘(ݐ) = ݅஻௣(ݐ) − ݅௒௣(ݐ) = ݐ߱) ௠sinܫ − 240) − ݐ߱) ௠sinܫ  − 120)                                (3.33) 

݅஻௟௜௡௘(ݐ) = ݐ߱) ௠[sinܫ3√ − 270଴)] 
ோ௟௜௡௘ܫ = −∠|௠ܫ|3√ 30଴                                                                                                           (3.34) 

௒௟௜௡௘ܫ = −∠|௠ܫ|3√ 150଴                                                                                                         (3.35) 

஻௟௜௡௘ܫ = −∠|௠ܫ|3√ 270଴                                                                                                        (3.36) 
|௟௜௡௘ܫ| =  ௉|                                                                                                                         (3.37)ܫ|3√

Example 3.5: A three-phase 3 wire 415V, 50Hz system supplies a delta connected load which consists 
of resistance 20Ω and inductance 10mH in series. Determine the phase current, line current and 
also draw the phasor diagram.  

Solutions: The supply voltage is 415∠0଴V and the system is described by Fig. 3.20. Let us assume the 
phase sequence is RYB. Hence the line voltage of the delta connected load is mentioned below 
and its phasor diagram is shown in Fig.3.21. 

ோܸ௒ = 415∠0଴V;  ௒ܸ஻ = 415∠−120଴V; ஻ܸோ = 415∠−240଴V 
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Fig. 3.20: Delta connected load (Example 3.5) 
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Fig. 3.21: The phasor diagram of the three-phase line voltages of Example 3.5 

 

The inductive load per phase (௅
ఝ

)=10mH;  

The inductive reactance per phase (ܺ௅/߮) = ߨΩ=(2(ܮ݂ߨ2) ∗ 50 ∗ 10 ∗ 10ିଷ) = 3.14Ω 
The load per phase (ܼ/߮)=(20+j3.14) Ω 
In delta connected load, the line voltage is equal to the phase voltage. Hence,   

Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோುܫ = ோܸ௒

Z/Φ ; ௒ುܫ      = ௒ܸ஻

Z/Φ ; ஻ುܫ    = ஻ܸோ

Z/Φ 

ோುܫ = ோܸ௒

Z/Φ =
415∠0

(20 + j3.14) 

=
415∠0

20.24∠8.92 

= 20.5∠ − 8.92଴ܣ 
Since the load is balanced, the phase current in other phases is easily written as 

௒ುܫ = 20.5∠ − 128.92଴A 
஻ುܫ = 20.5∠ − 248.92଴A 
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Whereas in Δ connected loads, the line current magnitude is equal to √3 times of the phase current. The 
line current is 300 lagging with the phase current which is represented in Fig.3.22. The angle (Φ) 
between the line voltage and line current is 8.920. Hence the power factor of the load is (cos(Φ)), 
which is equal to 0.987 (lagging).  

 
Fig. 3.22: The phasor diagram of the three-phase line voltages, phase current and line current of the 

delta connected load of Example 3.5 

Example 3.6: A balanced three-phase load of 8kW at a power factor of 0.8 is supplied from 3 phase 3 
wire 415V, 50Hz system. Find the phase current, line current when the load is (a) Y connected (b) 
Δ connected.   

Solutions:  
Real power (P3Φ)=√3 ௅ܸܫ௅ cos߮=√3(415)ܫ௅(0.8) 
(P3Φ)=8000=√3(415)ܫ௅(0.8) 

௅ܫ =
8000

√3(415)(0.8)
=  ܣ13.91

(a) Y connected load: 
Line current = Phase current 
௅ܫ =  ܣ13.91
(b) Δ connected load: 
Line current = √3 * Phase current 
௅ܫ = √3 ∗  ௉௛=13.91Aܫ

௉௛ܫ =
௅ܫ
√3

=  ܣ8.03

3.3 BALANCED AND UNBALANCED LOAD 
In general, unbalanced system occurs due to unbalanced voltage sources or unbalanced loads. In this 

section, the assumption is made that the unbalanced system occurs due to the unbalanced loads only. 
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The balanced load indicates that the load on each phase of the three-phase load has an equal value. The 
three-phase balanced load could be connected in the form of Y or Δ, the calculation of the voltage and 
current are similar to the Y connected or Δ connected systems discussed in the earlier sections.  

The unbalanced load indicates that the unequal value of the load is connected in each phase of the three-
phase loads. When the unbalanced load is powered by the three-phase balanced supply, the behaviour 
is different for Y and Δ connected loads.  

3.3.1 Star connected unbalanced load 
The star or Y connected unbalanced load (shown in Fig.3.23) is connected to the three phase balanced 

supply systems (not shown in Fig.3.23). The loads RR, RY and RB have unequal values; hence it is 
named as unbalanced load. The line currents are calculated according to Ohm’s law and presented in 
equation (3.38). These values are not equal, since the load values are different. Hence, in order to find 
the neutral current, apply KCL at the neutral junction and the corresponding equation is in equation 
(3.39) and find the neutral current in equation (3.40). The neutral current is not zero as in balanced three 
phase systems. The neutral wire should have the low impedance value in order to carry the neutral 
current and this value should be equal to or less than the line current of the system. The neutral of the 
load should be connected to the neutral of the supply, in order to maintain the same potential. Three-
phase connected load shown in Fig.3.23 is a three-phase four wire model. Whereas the three-phase 
three wire model has the unbalanced load, the neutral point is known as the floating neural point which 
is rarely found in practice. The analysis of such a system is different from the three-phase 4 wire load 
model.     

Iୖ = ୚౎ొ
ୖ౎

;  Iଢ଼ = ୚ౕొ
ୖౕ

;  I୆ = ୚ాొ
ୖా

                                                                                                 (3.38) 

Iୖ  + Iଢ଼  +  I୆  + I୒ = 0                                                                                                           (3.39) 
I୒ =  −(Iୖ  +  Iଢ଼  + I୆)                                                                                                            (3.40) 
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Fig. 3.23: Star or Y connected unbalanced three-phase load 

3.3.2 Delta Connected Unbalanced Load 
The unbalanced Δ connected load does not present the new problems like the unbalanced Y connected 

loads which is presented in Fig. 3.24. The loads are not equal (ܼோ௒ ≠ ܼ௒஻ ≠ ܼோோ). The current flowing 
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in the load depends on the load which are different for each phase. The voltages across each phase or 
load remains the same but having the phase angle difference of 1200 like the balanced system. Hence 
the load current of each phase (phase current) is calculated according to the equation (3.41). The line 
current of the unbalanced Δ connected load is found using equations (3.42) to (3.44).   
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Fig. 3.24: Delta or Δ connected unbalanced three-phase load 

ோುܫ = ௏ೃೊ
௓ೃೊ

; ௒ುܫ = ௏ೊಳ
௓ೊಳ

; ஻ುܫ  = ௏ಳೃ
௓ಳೃ

                                                                                               (3.41) 

ோ೗೔೙೐ܫ = ோುܫ − ஻ುܫ                                                                                                                       (3.42) 

௒೗೔೙೐ܫ = ௒ುܫ − ோುܫ                                                                                                                       (3.43) 

஻೗೔೙೐ܫ = ஻ುܫ − ௒೛ܫ                                                                                                                       (3.44) 

3.4 POWER IN THREE-PHASE SYSTEMS (BALANACED SYSTEM)  
A power is consumed by three-phase load is the sum of the power consumed by each phase. For the 

balanced system, the three-phase real power ( ଷܲఝ) is equal to three times of the single-phase real 
power ( ଵܲఝ).  

ଷܲఝ = 3 × ଵܲఝ                                                                                                                          (3.45) 

= 3  ×  ௣ܸ௛  × ௣௛ܫ   × co s(ߠ) 
Where ௣ܸ௛ ,  is the angle between the ߠ .௣௛ are the single-phase voltage and phase current respectivelyܫ 

single-phase voltage and phase current. 

For star connected systems,  ௅ܸ = √3 ௣ܸ௛;  ܫ௅ =  ௣௛ according to equation (3.15) and (3.19).  Hence, theܫ
three-phase power could be calculated as,  

ଷܲఝ = 3  ×  ௣ܸ௛  × ௣௛ܫ   × co s(ߠ) 

= 3 × ௅ܸ

√3
௅ܫ ×   ×   (ߠ) ݏ݋ܿ 
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ଷܲఝ = √3 ௅ܸܫ௅  (3.46)                                                                                                              (ߠ) ݏ݋ܿ 

For delta connected systems,  ௅ܸ = ௣ܸ௛;  ܫ௅ =  ௣௛ according to equation (3.23) and (3.37). Hence, theܫ3√
three-phase power could be calculated as,  

ଷܲఝ = 3  ×  ௣ܸ௛ × ௣௛ܫ   × co s(ߠ) 

= 3 × ܺ ௅ܸ  ×  
௅ܫ
√3

 ×   (ߠ) ݏ݋ܿ 

ଷܲఝ = √3 ௅ܸܫ௅  (3.47)                                                                                                                 (ߠ) ݏ݋ܿ 
 Hence, the reactive power for the three-phase systems could be written as shown in equation (3.48) for 

both star and delta connection.  

ܳଷఝ = √3 ௅ܸܫ௅  (3.48)                                                                                                                (ߠ) ݊݅ݏ 

The total apparent power of three-phase system (ܵଷఝ) is calculated using the equation (3.49) or (3.50).  

ܵଷఝ = √3 ௅ܸܫ௅                                                                                                                           (3.49) 

ܵଷఝ = ට ଷܲఝ
ଶ + ܳଷఝଶ                                                                                                                    (3.50) 

3.5 MEASUREMENT OF POWER IN THREE-PHASE SYSTEMS 
A wattmeter is the device which is used for measuring the average or real power in AC circuits. The 

measurement of single-phase power is discussed in Chapter 1. Three-phase power measurement is 
presented in this section. The active power (real power) measurement of three-phase system is 
performed with three methods namely,  
 Three wattmeter method 
 Two wattmeter method 
 One wattmeter method 

Both three wattmeter and two wattmeter methods are used for balanced as well as for unbalanced systems. 
One wattmeter method is used for the balanced systems only. 

3.5.1 Three Wattmeter Method 
In order to measure the three-phase real power, three wattmeters are used and those have been connected 

as per the circuit shown in Fig.3.25. The load shown in Fig.3.25 is the star connected load. But this 
circuit is applicable to the delta or Δ connected load also. When the load is balanced, the real power 
of each phase remains the same which could be easily measured with single wattmeter from any 
one of the phases. P1, P2and P3 are the power measured in phase R, phase Y and Phase B 
respectively. Hence the three-phase real power for the balanced load is the sum of powers in each 
phase, P3Φ = P1+P2+P3.  The measured power from each wattmeter is namely W1, W2and W3 from 
the three-wattmeter method for the three-phase balanced load. Hence the three-phase real power 
for the balanced load is the sum of wattmeter values W1+W2+ W3 which is equivalent to P3Φ. The 
three-phase power could be written as per the circuit in equation (3.51).  

ଷܲఝ = ோ݅ோ݁) ݂݋ part ݈ܽ݁ݎ + ݁௒݅௒ + ݁஻݅஻) =  √3 ௅ܸܫ௅  (3.51)                                                 (߮) ݏ݋ܿ 
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Fig. 3.25: Three wattmeter method for measuring three-phase power 

3.5.2 Two Wattmeter Method 
In this method, the current coils of the two wattmeters are connected to any two-phase lines among the 

three phase lines and the potential coil is connected between any two of the phases. As shown in 
Fig. 3.26, the current coil of the first and second wattmeter is connected to R and B phase 
respectively. The potential coil of the first and second wattmeter is connected between R and Y, B 
and Y phase respectively.  
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(b) Δ connected load 

Fig. 3.26: Two wattmeter method for measuring three-phase power 

The potential coil of the first and second wattmeter is connected between R and Y, B and Y phase 
respectively. 

The current coils of the two phases are connected in series with the phase and the potential coils are 
connected between two phases as presented in Fig. 3.26. 

Here, a star-connected load is considered that is explained for the two-wattmeter method. The same 
concept could be applied to Δ-connected loads. Since, a Δ-connected load could be replaced by an 
equivalent Y-connected load. The proof is true whether the load is balanced or unbalanced. The 
two-wattmeter method measures the average power consumed by the three-phase loads, due to the 
inertia of the moving system. The currents through and potential difference across each wattmeter 
measures the current flowing through the particular phase of the line current and the line voltage 
of the potential coil connected between phases respectively. Based on the above description, the 
wattmeter readings are indicated below.  

Instantaneous current in wattmeter (W1) = ݅ோ 
Instantaneous potential drop in wattmeter (W1) = ݁ோ௒ = ݁ோ − ݁௒ 
Instantaneous current in wattmeter (W2) = ݅஻ 
Instantaneous potential drop in wattmeter (W2) = ݁஻௒ = ݁஻ − ݁௒ 
Hence, instantaneous power measured by wattmeter (W1) = ݅ோ*(݁ோ − ݁௒) 
Similarly, instantaneous power measured by wattmeter (W2) = ݅஻*(݁஻ − ݁௒) 

W1+W2 = ݅ோ*(݁ோ − ݁௒)  + ݅஻*(݁஻ − ݁௒) 
           =  ݅ோ݁ோ − ݅ோ݁௒  + ݅஻݁஻ − ݅஻݁௒ 
           =  ݅ோ݁ோ +  ݅஻݁஻ − ݅ோ݁௒ − ݅஻݁௒ 
           =  ݅ோ݁ோ +  ݅஻݁஻ − ݁௒(݅ோ + ݅஻) 
For the balanced system, ݅ோ + ݅௒ + ݅஻ = 0;  
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           W1+W2 = ݅ோ݁ோ + ݅஻݁஻ − ݁௒(−݅௒) = ݅ோ݁ோ + ݅௒݁௒ +  ݅஻݁஻= 3 phase power 
Let us assume that the phase sequence is RYB and load impedance isܼோ =  The phase angle of .ߠ∠܀܈

that phase voltage iszero and hence, the current in that phase is lagging by an angle θ and the 
concerned phasor diagram is presented in Fig. 3.27 with reference to Fig.3.6. The wattmeter (W1) 
reads the real power (P1) stated in equation (3.52).  
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Fig. 3.27: Phasor diagram of the line voltage, phase voltage and current in the star connected 

load for two-wattmeter method 

ଵܲ = ܴ݈݁ܽ [ ோܸ௒ܫோ∗] =  ோܸ௒ܫோ cos(ߠ + 30) =  ௅ܸܫ௅ cos(ߠ + 30)                                             (3.52) 
Similarly, the second wattmeter (W2) reads the real power (P2) which could be represented in equation 

(3.53).  

ଶܲ = ܴ݈݁ܽ [ ஻ܸோܫ஻∗ ] =  ஻ܸோܫ஻ cos(30 − (ߠ = ஻ܸோܫ஻ cos(ߠ − 30) =  ௅ܸܫ௅ cos(ߠ − 30)         (3.53) 
By the addition of these two wattmeter readings, the equation (3.54) is obtained. After the simplification 

(using cos(A+B) and cos(A-B) trigonometry formulae), the obtained value is equal to the three-
phase average power of the system.    

ଵܲ + ଶܲ = ௅ܸܫ௅ cos(ߠ + 30଴) + ௅ܸܫ௅ cos(ߠ − 30଴) = √3 ௅ܸܫ௅ܿ(3.54)                                      ߠݏ݋ 
Using the measured values, perform P1-P2. Three-phase reactive power Q3Φ is obtained using equation 

(3.55). Whereas the total apparent power for the three-phase systems could be obtained using 
equation (3.56). The tangent angle and power factor is also calculated using (3.54) and (3.55) and 
those are stated in equations (3.57) and (3.58) respectively. The two-wattmeter method is capable 
to provide three-phase power and is also able to obtain the power factor.  

ଵܲ − ଶܲ = ௅ܸܫ௅ cos(ߠ + 30଴) − ௅ܸܫ௅ cos(ߠ − 30଴) =  − ௅ܸܫ௅ sin  ߠ
ܱܴ 

ଶܲ − ଵܲ = ௅ܸܫ௅ sinߠ 

ܳଷఝ = √3 ௅ܸܫ௅ sin ߠ = √3( ଶܲ − ଵܲ)                                                                                        (3.55) 

ܵଷఝ = ට ଷܲఝ
ଶ + ܳଷఝଶ                                                                                                                    (3.56) 

ߠ݊ܽݐ = ொయക
௉యക

= √ଷ(௉మି௉భ)
(௉భା௉మ)

                                                                                                            (3.57) 
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ߠݏ݋ܿ = cos [ି݊ܽݐଵ ቀ√ଷ(௉మି௉భ)
(௉భା௉మ)

ቁ]                                                                                               (3.58) 

Using (3.58), the types of loads connected system could be identified as follows.  
 When ଵܲ = ଶܲ, it is resistive load.  Since, the power factor becomes unity.  
 When ଶܲ > ଵܲ, it is inductive load. Since, the power factor becomes positive.  
 When ଶܲ < ଵܲ, it is capacitive load.  Since, the power factor becomes negative. 

3.5.3 One Wattmeter Method 
One wattmeter method is used only for the balanced load systems and the connection diagram is shown 

in Fig. 3.28. The current coil is connected to one of the phase lines. As per the connection diagram, 
current in R phase ݅ோ is measured. Whereas one end of the potential coil is connected to the R 
phase and the other end of the potential coil is connected to node 1. Node 1 is connected to either 
node 2 or node 3. When the node 1 is connected to node 2 and node 3, the corresponding measured 
potential is ݁ோ௒ and ݁ோ஻ respectively. Hence two wattmeter readings are obtained, which could be 
denoted as W1 and W2. The equation (3.59) is similar to the equations used in the two-wattmeter 
method; hence the measured power is the three-phase real power or active power. This is proved 
by a phasor diagram which is shown in Fig. 3.29.  The power measured by the wattmeter when 
connected to node 2 and node 3 is active power and denoted as P1 and P2which is represented in 
equation (3.60) and (3.61) respectively. 
W1+W2 = ݅ோ*(݁ோ௒)  + ݅ோ*(݁ோ஻) 
W1+W2 = ݅ோ*(݁ோ −  ݁௒)  + ݅ோ*(݁ோ − ݁஻)                                                                                  (3.59) 
= ݅ோ݁ோ −  ݅ோ݁௒ + ݅ோ݁ோ − ݅ோ݁஻) 
= 2݅ோ݁ோ −  ݅ோ(݁௒ + ݁஻) 

 [For balanced system,  ݁ோ + ݁௒ + ݁஻ = 0] 
= 2݅ோ݁ோ + ݅ோ݁ோ 
= 3݅ோ݁ோ = 3 ∗  ݎ݁ݓ݋݌ ݁ݏℎܽ݌ ݈݁݃݊݅ݏ

N

R

Y B

Load

R

Y

B

Source
(Either Y or     )

eRY

eY
eB

iR

W1

eBY

eR

1

  2 3

 
Fig. 3.28: One wattmeter method for measuring three-phase power 
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Fig. 3.29: Phasor diagram of the line voltage, phase voltage and current in the star connected load for 

one wattmeter method 

ଵܲ = ܴ݈݁ܽ [ ோܸ௒ܫோ∗] =  ோܸ௒ܫோ cos(ߠ + 30଴) =  ௅ܸܫ௅ cos(ߠ + 30଴)                                          (3.60) 

ଶܲ = ܴ݈݁ܽ [ ோܸ஻ܫோ∗] =  ோܸ஻ܫோ cos(30 − (ߠ = ோܸ஻ܫோ cos(ߠ − 30଴) =  ௅ܸܫ௅ cos(ߠ − 30଴)     (3.61) 
By the addition of these powers, the equation (3.62) is obtained. After the simplification (using cos(A+B) 

and cos(A-B) trigonometry formulae), the obtained value is equal to the three-phase average power of 
the system.    

ଵܲ + ଶܲ = ௅ܸܫ௅ cos(ߠ + 30଴) + ௅ܸܫ௅ cos(ߠ − 30଴) = √3 ௅ܸܫ௅ܿ(3.62)                                      ߠݏ݋ 
Example 3.7: A balanced Y connected three-phase load of 20∠30Ω per phase is supplied from a 3 phase 

3 wire 400V, 50Hz system. Calculate (a) the phase voltage (b) the line current. Draw the phasor 
diagram. Find the wattmeter readings if two wattmeters are used for the power measurement. Also 
calculate the reactive power and the power factor using the wattmeter readings.  

Solutions: The supply voltage is 400∠0଴V. Let us assume the phase sequence is RYB. Hence the line 
voltage of the delta connected load is mentioned below and its phasor form is represented in 
Fig.3.30. 

ோܸ௒ = 400∠0଴V;  ௒ܸ஻ = 400∠−120଴V; ஻ܸோ = 400∠−240଴V 
The load per phase (ܼ/߮)= 20∠30Ω 
In star connected load, the line voltage is equal to √3 times of the phase voltage by magnitude. Hence, 

Phase voltage =௟௜௡௘  ௏௢௟௧௔௚௘
√ଷ

=231V 

The angle between the line voltage and phase voltage is 300. For Example, the line voltage leads the 
phase voltage by 300. 

ோܸே = 231∠ − 30଴V;  ௒ܸே = 231∠−150଴V; ஻ܸே = 231∠−270଴V 

Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘
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ோುܫ = ோܸே

Z/Φ ; ௒ುܫ      = ௒ܸே

Z/Φ ; ஻ುܫ    = ஻ܸே

Z/Φ 

ோುܫ = ோܸே

Z/Φ =
231∠ − 30଴

20∠30଴  

= 11.55∠ − 60଴A 
Since the load is balanced, the phase current in other phases is easily written as 

௒ುܫ = 11.55∠ − 180଴A 
஻ುܫ = 20.5∠ − 300଴A 

IBp

600
300

IRp

VRN

VYN

VBN

IYp

1800
VRY

300

 
Fig. 3.30: Phasor diagram of Example 3.7 

The angle (Φ) between the phase voltage and phase current is 300 (lagging). Hence the power factor of 
the load is (cos(Φ)), which is equal to 0.866. W1 and W2 are the wattmeter readings and they 
represented as P1 and P2 respectively.  

Real power ܲ = √3 ௅ܸܫ௅ cos߮ = √3(400)(11.55) cos(30଴) = 6930ܹ 
Real power ܲ = ଵܲ + ଶܲ = 6930ܹ 

As we know, tan߮ = √ଷ(௉మି௉భ)
௉భା௉మ

 

ଶܲ − ଵܲ = ୲ୟ୬ ఝ∗(௉భା௉మ)
(√ଷ)

=2310W 

Hence the wattmeter readings are ଵܲ=2310W;   ଶܲ=4620W.  

Reactive power ܳ = √3 ௅ܸܫ௅ sin߮ = √3(400)(11.55) sin(30଴) = 4001.04VAR 

Power factor = ܿߠݏ݋ = cos [ି݊ܽݐଵ ቀ√ଷ(௉మି௉భ)
(௉భା௉మ)

ቁ] 

ߠݏ݋ܿ = cos [ି݊ܽݐଵ ቀ√ଷ×ଶଷଵ଴
଺ଽଷ଴

ቁ = cos(29.99଴) = 0.866(lagging) 
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Example 3.8: A balanced Δ connected three-phase load of 10∠60Ωper phase is supplied from a 3 phase 
3 wire 400V, 50Hz system. Calculate (a) the phase voltage (b) the line current. Draw the phasor 
diagram.  

      Find the wattmeter readings if the two wattmeter is used for the power measurement. Also calculate 
reactive power and the power factor using the wattmeter readings.  

Solutions: The supply voltage is 400∠0଴V. Let us assume the phase sequence is RYB. Hence the line 
voltage of the delta connected load is mentioned below and its phasor form is represented in 
Fig.3.31. 

ோܸ௒ = 400∠0଴V;  ௒ܸ஻ = 400∠−120଴V; ஻ܸோ = 400∠−240଴V 
The load per phase (ܼ/߮)= 10∠60଴Ω 
In delta connected load, the line current is equal to √3 times of the phase current by magnitude. The 

phase voltage is equal to the line voltage.  

ோܸே = 400∠0଴V;  ௒ܸே = 400∠−120଴V; ஻ܸே = 400∠−240଴V 

 Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோುܫ = ோܸே

Z/Φ ; ௒ುܫ      = ௒ܸே

Z/Φ ; ஻ುܫ    = ஻ܸே

Z/Φ 

ோು೓ೌೞ೐ܫ = ோܸே

Z/Φ =
400∠0଴

 10∠60଴ 

= 40∠ − 60଴A 
Since the load is balanced, the phase current in other phases is easily written as 

௒ು೓ೌೞ೐ܫ = 40∠ − 180଴A 
஻ು೓ೌೞ೐ܫ = 40∠ − 300଴A 

VRY, VRN

VBR

1200

IR,phase

IY,phase

IB,phase

600

IR,line

300

IB,line

IY,line

VYB, VYN

300
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Fig. 3.31: Phasor diagram of Example 3.8 
In delta connected load, the line current lags 300 with the phase current. Therefore, the line currents are 

mentioned as follows.  
ோ,௟௜௡௘ܫ = 40√3∠− 90଴A;  ܫ௒,௟௜௡௘ = 40√3∠−210଴ܣ; ோ,௟௜௡௘ܫ  = 40√3∠−330଴A 

The angle (Φ) between the phase voltage and phase current is 600. Hence the power factor of the load is 
(cos(Φ)), which is equal to 0.5 (lagging).  

Real power ܲ = √3 ௅ܸܫ௅ cos߮ = √3(400)൫40√3൯ cos(60) = 24000ܹ=24kW 
Real power ܲ = ଵܹ + ଶܹ = 24ܹ݇ 

As we know, tan߮ = √ଷ(ௐమିௐభ)
ௐభାௐమ

 

ଶܹ − ଵܹ = ୲ୟ୬ఝ∗(ௐభାௐమ)
(√ଷ)

=24000W 

Hence the wattmeter readings are ଵܹ=0W;   ଶܹ=24000W.  

Reactive power ܳ = √3 ௅ܸܫ௅ sin߮ = √3(400)൫40√3൯ sin(60) =  ݎܣ41569.21ܸ
Example 3.9: A phase voltage and current of the balanced Y connected three-phase load are 230V, 20A 

and the power factor is 0.8(lag). If the power of the load is measured by two wattmeters, find the 
wattmeter readings.  

Solutions: The phase voltage ( ௣ܸ௛) is 230V and the phase current(ܫ௣௛) is 20A. For the Y connected load, 
௅ܫ = ௉௛means that the line current is equal to the phase current. ௅ܸܫ = √3 ௉ܸ௛ , The line voltage is 
√3 times of the phase voltage.  

௅ܸ = √3 ௉ܸ௛=398.37V; Power factor (cos߮)=0.8; ߮ = 36.86଴ 

Real power ܲ = √3 ௅ܸܫ௅ cos߮ = √3(398.37)(20)(0.8) = 11039.95W 
Real power ܲ = ଵܹ + ଶܹ = 11039.95ܹ 

As we know, tan߮ = √ଷ(ௐమିௐభ)
ௐభାௐమ

 

ଶܹ − ଵܹ = ୲ୟ୬ఝ∗(ௐభାௐమ)
(√ଷ)

=4778.71W 

Hence the wattmeter readings are ଵܹ=3130.62W;   ଶܹ=7909.33W.  
Example 3.10: A phase voltage and current of the balanced Δ connected three-phase load is 230V, 20A 

and the power factor is 0.8(lag). If the power is measured by two wattmeters, find the wattmeter 
readings.  

Solutions: The phase voltage ( ௣ܸ௛)  is 230V and the phase current (ܫ௣௛) is 20A. For the Δ connected 
load,  ܫ௅ = ௉௛means that the line current is equal to √3 times of the phase current. ௅ܸܫ3√ =
௉ܸ௛ , The line voltage is equal to the phase voltage.  

௅ܸ = ௉ܸ௛; ௅ܫ  = ௉௛ܫ3√ = ߮ ;Power factor (cos߮)=0.8 ;ܣ3√20 = 36.86଴ 

Real power ܲ = √3 ௅ܸܫ௅ cos߮ = √3(230)൫20√3൯(0.8) = 11040W 
Real power ܲ = ଵܹ + ଶܹ = 11040ܹ 
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As we know, tan߮ = √ଷ(ௐమିௐభ)
ௐభାௐమ

 

ଶܹ − ଵܹ = ୲ୟ୬ఝ∗(ௐభାௐమ)
(√ଷ)

=4778.71W 

Hence the wattmeter readings are ଵܹ=3130.62W;   ଶܹ=7909.33W.  
Example 3.11: The power consumed by the load is measured by two wattmeter methods and its readings 

are 4.5kW and 10kW and the line voltage of the system is 410V. Find (a) the power factor and (b) 
the line current.  

Solutions: The supply voltage is 410∠0଴V and the wattmeter readings are ଵܹ=4.5kW;   ଶܹ=10kW. 

ଵܹ + ଶܹ = 14.5ܹ݇;     ଶܹ − ଵܹ = 5.5ܹ݇;  

tan߮ =
√3( ଶܹ − ଵܹ)

ଵܹ + ଶܹ
 

tan߮ =
√3(5.5݇)

14.5݇  

߮ = 33.26; Power factor, cos߮ = 0.836 

Real power ܲ = ଵܹ + ଶܹ = √3 ௅ܸܫ௅ cos߮ 

14.5݇ =  (0.836)(௅ܫ)(410)3√
I୐ = 24.42A 

Hence line current value is 24.42A. 
Example 3.12: A balanced star connected load, each phase having a resistance of 10 Ω and inductive 

reactance of 30 Ω is connected to 400V, 50Hz supply. The phase sequence is red, yellow and blue. 
Wattmeters connected to read total power have their current coils in the red and blue lines 
respectively. Calculate the reading on each wattmeter and draw a phasor diagram in explanation.  

 
Solutions: The supply voltage is 400∠0଴V, 50Hz and the phase sequence is RYB. Hence the line voltage 

of the star connected load is mentioned below and its phasor form is represented in Fig.3.32. 

ோܸ௒ = 400∠0଴V;  ௒ܸ஻ = 400∠−120଴V; ஻ܸோ = 400∠−240଴V 
ܼ௣௛ per phase = (10 + ݆30)Ω = 31.62∠71.56Ω 

In star connected load, the line voltage is equal to √3 times of the phase voltage by magnitude. The phase 
current is equal to the line current.  

ோܸே = 231∠ − 30଴V;  ௒ܸே = 231∠−150଴V; ஻ܸே = 231∠−270଴V 

 Phase current = ௉௛௔௦௘  ௏௢௟௧௔௚௘
ூ௠௣௘ௗ௔௡௖௘ ௣௘௥ ௣௛௔௦௘

 

ோುܫ = ோܸே

Z/Φ ; ௒ುܫ      = ௒ܸே

Z/Φ ; ஻ುܫ    = ஻ܸே

Z/Φ 

ோು೓ೌೞ೐ܫ = ோܸே

Z/Φ =
231∠ − 30

 31.62∠71.56 

= 7.31∠ − 101.56଴A 
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Since the load is balanced, the phase current in other phases is easily written as 
௒ು೓ೌೞ೐ܫ = 7.31∠ − 221.56଴A 
஻ು೓ೌೞ೐ܫ = 7.31∠ − 341.56଴A 

IB,line

101.560

300

IR,line

VRN

VYN

VBN

IY,line

VRY

1200

 
Fig. 3.32: Phasor diagram of Example 3.12 

ோ,௟௜௡௘ܫ = 7.31∠ − 101.56଴A;  ܫ௒,௟௜௡௘ = 7.31∠−221.56଴ܣ; ோ,௟௜௡௘ܫ  = 7.31∠−341.56଴A 
The angle (Φ) between the phase voltage and phase current is 71.560 (lagging). Hence the power factor 

of the load is (cos(Φ)), which is equal to 0.316.  

Real power ܲ = √3 ௅ܸܫ௅ cos߮ = √3(400)(7.31) cos(71.56) = 1601.96ܹ 
Real power ܲ = ଵܹ + ଶܹ = 1601.96ܹ 

As we know, tan߮ = √ଷ(ௐమିௐభ)
ௐభାௐమ

 

ଶܹ − ଵܹ = ୲ୟ୬ఝ∗(ௐభାௐమ)
(√ଷ)

=2773.86W 

Hence the wattmeter readings are ଵܹ= -585.95W;  ଶܹ=2187.91W.  

3.6 TYPES OF CONNECTIONS IN THREE-PHASE SYSTEMS 
The three-phase power supply is generated from the three coils which is mentioned at the beginning of 

this chapter. The generated power is utilized by the three-phase loads. The different connections 
could be achieved between three-phase source and load as follows.  
 star (Y) – star (Y) 
 star (Y) - delta(Δ) 
 delta (Δ)- star (Y) 
 delta (Δ)- delta (Δ) 

The pictorial representation of different connections are depicted in Fig.3.33 to Fig.3.36.  
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Fig. 3.33: Star-Star connection of the three-phase system 
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Fig. 3.34: Star-Delta connection of the three-phase system 
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Fig. 3.35: Delta-Star connection of the three-phase system 
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Fig. 3.36: Delta-Delta connection of the three-phase system 

 
UNIT SUMMARY 

1. The phase sequence is the order in which the phase voltages of a three-phase supply reach the 
maximum value or peak value with respect to time. There are two types of phase sequence 
namely positive and negative phase sequences. The negative phase sequence is obtained by 
interchanging any two phases.  

2. The line current is the current flowing from the generator to the load in each transmission line 
in a three-phase system. The line voltage is the voltage between each pair of lines, excluding the 
neutral line if it exists. The phase current is the current flowing through each phase in a three-
phase load. The phase voltage is the voltage across each phase.  

3. The three-phase system is connected either in Y or Δ. The total instantaneous power in a 
balanced three-phase system is constant and equal to the average power. 

4. The total real power is measured in three-phase systems using either the three-wattmeter method 
or the two-wattmeter method.  

5. The real power absorbed by a balanced three-phase Y connected or Δ connected load is equal to 
the sum of the watt meters’ reading in the two-wattmeter method.  

6. An unbalanced three-phase system can be analysed using nodal or mesh analysis.  
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EXERCISES 
 
Multiple Choice Questions 
1.A balanced Y connected load phase sequence is RYB and its R phase to neutral voltage is 5∠10଴ܸ. 

Find the line voltage between the phase Y to phase B.  

a. √3 ∗ 5∠ − 110଴V 

b.√3 ∗ 5∠ − 80଴V 
c.5∠ − 110଴V 
d.5∠ − 80଴V 
2. A balanced delta connected load of resistance 10Ω, inductance 20mH, capacitance 10µH per phase is 

connected to a phase supply of 400V, 50Hz. Find the phase current of the load.  
a. 1.28∠− 88.16଴A 
b.1.28 ∠ − 188.16଴A 
c. 1.28∠88.16଴A 
d.1.28∠ − 10଴A 
3. The three-phase delta connected load is supplied by the balanced three-phase supply. With the same 

load, the load is reconnected into Y and supplied by the same source.   
a. Phase currents will be 1/3 of the previous value  
b. Line currents will be 1/3 of the previous value  

c. Power consumed will be 1/√3 of the previous value 

d. Power consumed will be √3 times of the previous value 
e. Power consumed will be same as the previous value 
4. In a balanced three phase AC circuit, the sum of all three generated voltages is _______ ? 
a. Zero 
b. Infinite 
c. 1 
d. None of the above 
5. For a star connection network, consuming power of 1.8kW and power factor 0.5, the inductance and 

resistance of each coil at a supply voltage of 230 Volts, 60 Hz is ——- 
a.  0.01H, 8 Ohms 
b.0.05H, 10 Ohms 
c.0.03H, 7.4 Ohms 
d.1H, 7 Ohms 
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6. A three-phase star connected balanced load of (4+j3) Ω per phase is connected across three-phase 
supply of 400V, 50Hz supply. Find the current drawn from the supply.  
a. 20.23A 
b. 46.19A 
c.50.54A 
d. 50.52A 
7. In a three-phase, 3 wire system, the sum of the line currents is equal to………. 
a. 3 times of phase current 

b.√3 times of phase current 
c. Zero 
d. None of the above 
8. What is the minimum number of wattmeters required for measuring power of a balanced three-phase 

load? 
a. 1 
b. 2 
c. 3 
d. None 
9. In the two-wattmeter method with the load balanced, the readings of the wattmeters will be identical 

if the power factor is 
a. 0.5 
b.0.707 
c.0.866 
d. 1 
10. In a balanced star-connected system, line voltages are …….ahead of their respective phase voltages. 
a. 300 
b.600 
c.450 
d.1200 
11. Three identical capacitances, each of 45μF, are connected in star. The value of capacitance in each 

phase of the equivalent delta-connected load would be …………… 

a. 45√3μF 

b.15√3μF 
c.135μF 
d.15μF 
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12. A three-phase Δ connected generator is driving a balanced load such that each phase current is 12 A 
in magnitude. When ܫோ∠ߠ = 12∠30଴A, what are the polar expressions for the other phase currents? 

a. ܫ௒∠ߠ = 12∠150଴A, ܫ஻∠ߠ = 12∠ − 90଴A 
b.ܫ௒∠ߠ = 12∠120଴A, ܫ஻∠ߠ = 12∠30଴A 
c.ܫ௒∠ߠ = 12∠30଴A, ܫ஻∠ߠ = 12∠120଴A 
d.ܫ௒∠ߠ = 12∠ − 90଴A, ܫ஻∠ߠ = 12∠150଴A 
13. The line R to neutral voltage is 10∠15଴ܸ,  for a balanced three-phase starconnected load with phase 

sequence RYB. The voltage of line Y with respect to line B is given by 

a. √3 ∗ 10∠105଴ܸ 
b.10∠105଴ܸ 

c.√3 ∗ 10∠ − 75଴ܸ 

d.√3 ∗ 10∠−90଴ܸ 
14. The R phase current is 2∠ − 30଴ܣ,  for a balanced three-phase delta connected load with phase 

sequence RYB. The current of line B with respect to line R is given by 

a. √3 ∗ 2∠0଴A 
b.2∠0଴A 

c.√3 ∗ 2∠ − 120଴A 

d.√3 ∗ 2∠120଴A 
15. Two wattmeters are used for measuring power of the three-phase star connected load. The meter 

readings are 10W and 20W. Find the real power consumed by the load and identify the type of load.  
a. 30W, Inductive load 
b.10W, Capacitive load 
c. 30W, Inductive load 
d. None of the above  
16. Two wattmeters are used for measuring power of the three-phase delta connected load. The meter 

readings are 50W and 20W. Find the real power consumed by the load and power factor of the load.  
a. 30W, 0.8Lag 
b. 70W, 0.8Lead 
c. -30W, 0.8Lead 
d. None of the above 
17. A star connected three-phase load is supplied by the star connected three-phase four wire system. The 

line current of the load is 5∠10଴A, 5∠ − 10଴A and 4∠130଴A. Identify that whether load is a 
balanced or unbalanced. Calculate the current carrying in the neutral line. 

a. Balanced Load, Zero 
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b. Unbalanced Load, Zero 
c. Unbalanced Load, 7.88∠ − 22.82଴A 
d. Unbalanced Load, 7.88∠22.82଴A 
18. The three impedances Z1 = 20∠30⁰Ω, Z2 = 40∠60⁰Ω, Z3 = 10∠-90⁰Ω are delta-connected to a 400V, 

3 Φ system as shown in Fig.3. 37. Find the line current IY. 
R

Y

 03020

B

Z1

Z2

Z3
3 Phase supply

400V

 06040

 09010

I1

I2

I3

 
Fig. 3.37: Circuit for Problem 18 

a. 11.55∠ − 30଴A 

b.5.775∠ − 60଴A 
c.7.15∠ − 6.2଴A 
d. None of the above  
19. The three impedances Z1 = 20∠30⁰Ω, Z2 = 40∠60⁰Ω, Z3 = 10∠-90⁰Ω are delta-connected to a 400V, 

3 Φ system as shown in Fig.3.37. Find the current flowing through the impedance Z2. 
a. 11.55∠ − 30଴A 
b. 5.775∠ − 60଴A 
c. 7.15∠ − 6.2଴A 
d. None of the above  
20. A three-phase supply supplies a load consisting of three equal star connected resistors. If one of the 

resistors is removed, the load power is 
a. reduced by 25% 
b. reduced by 33.3% 
c. reduced by 50% 
d. reduced by 66.6% 
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Answers of Multiple-Choice Questions 
1. b2.c                    3.c                   4.a                    5. c 
6. b7.c                   8.a                    9.d                   10. a 
11. c12.d              13.c                  14.d                   15. a 
16. b17. d             18.c                  19.b                   20. c 

Short Answer Questions: 
1. What is the difference between star and delta connections? 
2. Define phase sequence. 
3. What is the positive phase sequence and negative phase sequence? 
4. What is the meaning of balanced load in three-phase systems? 
5. Differentiate the balanced load and unbalanced load. 
6. What are the different circuit connections possible in three-phase systems? 
7. State: the phase voltage and line voltage of three-phase systems. 
8. State: the phase current and line current of three-phase systems. 
9. How does the real power measured in three-phase systems?  

10. What are the methods available to measure the unbalanced load power in three-phase systems? 

Long Answer Questions: 
9.  Explain the star connected load systems. Derive the line current, power consumed by the load.  
10.  Explain the delta connected load systems. Derive the line current, power consumed by the load.  
11.  Discuss the power measurement methods in three-phase systems.  
12.  Write the procedure for obtaining the power measurement in three-phase systems with two-wattmeter 

method. 
13.  Explain the three-phase power measuring procedure using single-wattmeter method under the 

balanced load.  

Numerical Problems 
15. A balanced delta connected load has line current ܫோ = 5∠25଴A.Find the phase currents ܫோ௒  ௒஻ andܫ ,

஻ோܫ  in phasor form.  
16. A balanced star connected load has phase voltage ோܸ = 215∠ − 20଴V. Find the line voltages ோܸ௒, ܸ ௒஻ 

and ஻ܸோ in phasor form.  
17. A three-phase star connected load is supplied by three-phase star connected generator with a phase 

voltage of 240V, 50Hz. It draws a line current of 5A with a lagging power factor of 0.966. Draw the 
phasor diagram.  

18. A three-phase star connected load of (6 + ݆8)Ω per phase is supplied by three-wire star connected 
supply with a phase voltage of 240V, 50Hz. Find the line current of the load, power factor of the load. 
Also draw the phasor diagram.  

19. If ோܸே = 220∠60V in the given network of Fig.3.38, Find the phase current of the load.  
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R

Y
B

Load

R=
12


X L=
j9


R=12
R=12

X
L =j9

XL=j9

A three-phase
star connected
power supply

with
RYB phase
sequence

 
Fig.3.38: Delta connected load of Problem 5 

20. A three-phase delta connected load of (6 + ݆8)Ω per phase which is supplied by three-wire star 
connected supply with a phase voltage of 240V, 50Hz. Find the line current of the load and power 
factor of the load. Also draw the phasor diagram. 

21. A three-phase delta connected load is supplied by three-phase star connected generator with a phase 
voltage of 240V, 50Hz. It draws a line current of 5A with a lagging power factor of 0.966. Draw the 
phasor diagram.  

22. A three-phase delta connected load with a resistance of 10Ω per phase and an inductance of 10mH is 
supplied by balanced three-phase supply of 415V, 50Hz. Calculate the load phase and line voltage, 
phase current, power factor at the load end. Draw the phasor diagram.  

23. A three-phase motor rating 35kW, 0.85PF, with an efficiency of 90% is supplied by three-phase 
supply of 500V, 50Hz, Find the reading of the two-wattmeters connected to measure the motor’s input 
power. 

24. A load of impedances each (9 + ݆21)Ω is supplied through a line to which a voltage of 415V is 
applied. The impedance of each line is (2 + j4) Ω. Determine the power input and output when the 
load is (a) star connected (b) mesh connected. 

25. A three-phase balanced system with a line voltage of 202V supplies a delta connected load with ܼ௉ =
25∠60଴Ω.  

i. Find the line current. 
ii. Determine the total power supplied to the load using two wattmeters connected to the R and B 

lines.  
26. Two wattmeters are used for measuring the power input and the power factor of an over-excited 

synchronous motor which is powered by three-phase supply. If the readings of the meters are (– 2.0 
kW) and (+ 7.0 kW) respectively, calculate the input power and power factor of the motor.  

27. A balanced star connected inductive load across 415-V, 50-Hz three-phase supply takes a line current 
of 25A. The phase sequence is RYB. A single-phase wattmeter has its current coil connected in the 
R line and its voltage coil across the line YB. With these connections, the reading is 8 kW. Draw the 
vector diagram and find (i) the kW (ii) the kVAR (iii) the kVA and (iv) the power factor of the load.  

28. Two wattmeters are connected to measure the input to a 400 V; 3-phase, star connected motor 
outputting 24.4 kW at a power factor of 0.4 (lag) and 80% efficiency. Calculate the (i) resistance and 
reactance of motor per phase (ii) reading of each wattmeter.  

29. Two wattmeters connected to measure the input to a balanced three-phase circuit indicate 2500 W 
and 500 W respectively. Find the power factor of the circuit (a) when both readings are positive and 
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(b) when the later reading is obtained after reversing the connections to the current coil of one 
instrument.  

 
PRACTICAL 
1. Use LTspice to determine the line current of Fig. 3.39. Consider the load per phase is (a) 10Ω (b) 

(5+j10) Ω 
 

N

R

Y B

10

A

B

C

10
10

V00220

N

V0120220 V0120220

 
Fig. 3.39: Y-Y connected three-phase systems for Practical 1 

2. Use LTspice to determine the line current, phase current, phase voltage of Fig. 3.40. Consider the 
load per phase is (a) 10Ω (b) (5+j10) Ω 

 
R

Y

r

y

b

V00220

N

V0120220 V0120220
B

ZRY

ZYB

ZBR

 

Fig. 3.40: Y-� connected three-phase systems for Practical 2 

KNOW MORE 
1. Example 3.3: A balanced three-phase star connected load of (10+j8) Ω/phase is supplied from a 

balanced three-phase supply of 400∠− 20଴V, 50Hz. Find the line current, the real power, 
reactive power, apparent power and power factor the load.  
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[Note1: The load components are found to do it in LTSpice. ܴ௅ = 10Ω;ܺ௅ = 8Ω; ܮ = ௑ಽ
ఠ

=
௑ಽ
ଶగ௙

= ଼
ଶగ(ହ଴)

=  [ܪ0.0255
[Note2: The obtained current values are in magnitude (LTspice), convert into the rms values].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.41: Y-Y connected three-phase systems for Example 3.3 (LTSpice)  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig. 3.42: Y-Y connected three-phase systems for Example 3.3 solution (LTSpice)  

 
2. Example 3.5: A three-phase 3 wire 415V, 50Hz system supplies a delta connected load which 

consists of resistance 20Ω and inductance 10mH in series. Determine the phase current, line 
current and also draw the phasor diagram. 
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Fig. 3.43: Y-� connected three-phase systems for Example 3.5 (LTSpice)  

 

Fig. 3.44: Y-� connected three-phase systems for Example 3.5 solution (LTSpice) 
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3. A three-phase 3 wire system of maximum voltage of 120V/phase, 50Hz having self-impedance 
of (0.2+j0.3) Ω/phase supplies a star connected load consists of resistance 24Ω and inductance 
60.4mH in series that is connected through the transmission line having impedance of 
(0.6+j0.7)Ω/phase. Determine the power consumed by the load.  

 
Fig. 3.45: Three phase power measurement for Y-Y connected three-phase systems 

(LTSpice)  

 
Fig. 3.46: Three phase power measurement Formulas for Y-Y connected three-phase 

systems (LTSpice)  
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Fig. 3.47: Voltages and Currents for the Y-Y connected three-phase systems’ 

simulated output (LTSpice)  

 
Fig. 3.48: Active power, Reactive power and Apparent power for the Y-Y connected 

three-phase systems’ simulated output according to the formula used (LTSpice)  
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UNIT SPECIFICS 

Through this unit the following topics have been discussed: 

 Transient response of first order source free circuits.  
 Concept of first order electric circuits. 
 Response of first order circuits for step dc voltage or current input. 
 Concept of second order electric circuits. 
 Response of second order circuits for step dc voltage or current input. 
 Application of Laplace Transform to find the responses of first and second order electric 

circuits.  

RATIONALE 

This unit deals with transient responses of first order and second order electric circuits. These 
concepts help the students to find out the responses of practical circuits during transient conditions. 
It also provides a knowledge of time constant of electric circuits. Time constant is important to 
understand how fast the response of the circuits reaches to it’s steady state value. Transient analysis 
also provides an idea about the natural response and forced response of the electric circuits. 
Different combinations of resistance, capacitance and inductance are considered in this unit to 
understand this concept. The transient response also includes the behaviour of resistance, 
capacitance and inductance for different circuit configurations. The related problems are solved 
and included for insight knowledge of this unit. This unit is one of the foundations to understand and 
pursue the knowledge in the domain of electrical and electronics engineering. 

 

 

 

4 

          Transient Response of 
First and Second Order 
Electric Circuits 
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PRE-REQUISITES 

Calculus 
Laplace Transform 

UNIT OUTCOMES 

List of outcomes of this unit is as follows: 
U4-O1: Identify the first and second order electric circuits 
U4-O2:  Apply mathematical formula to calculate the response of a source free first order electric 

circuits 
U4-O3:  Apply mathematical formula to calculate the step response of first and second order 

electric circuits.  
U4-O4: Apply the concepts of Laplace Transform to solve the first and second order electric 

circuits. 
 

Unit-4 
Outcomes 

EXPECTED MAPPING WITH COURSE OUTCOMES 
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation) 

CO-1 CO-2 CO-3 CO-4 CO-5 
U4-O1 2 2 - 2 - 
U4-O2 1 1 - 3 - 
U4-O3 2 2 - 3 - 
U4-O4 - - - 3 - 

 

 

 

 

MA 
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4.1 Introduction 
The response of electric circuits alters for a short span of time before settling to a steady state value 

due to switching actions or any other change in source or circuit elements. This alteration exists 
for a short span of time if any other switching action or circuit alternation does not occur again. 
This short span of time is known as transient time and response of the circuit during that time 
period is known as transient response. This unit deals with transient response of different first 
order and second order electric circuits. 

4.2 First order differential equations 
First order differential equation is represented by,  

ܽ
ݕ݀
ݔ݀ + ݕܾ =  (4.1)                                                                                                                                     ݔܿ

Where y is the output, x is input and a, b, c are constant. When the external input is absent the response 
of the first order differential equation is known as natural response. In that case, the first order 
differential equation is represented as, 

ܽ
ݕ݀
ݔ݀ + ݕܾ = 0                                   

ݕ݀
ݔ݀ +

ܾ
ܽ ݕ = 0                                                                                                                                          (4.2) 

In case of electric circuits this condition occurs when an energy storage element (inductor or capacitor) 
is not connected to any external independent source rather it dissipates the stored energy to a 
resistor. For an example if the R-L circuit is not connected to any external independent source 
and the stored energy in inductor decays by dissipating it to the resistance and the response of 
the circuit is natural response. The stored energy in inductor results the flow of current through 
the circuit. These circuits are known as source free circuits. Source free circuits may include 
dependent source. The natural response corresponding to equation (4.2) is given by, 
௡ݕ = ఈ௧ି݁ܭ                                                                                                                                             (4.3) 

K is a constant and α is the root of the characteristic equation and, ߙ = ௕
௔
. If the value of K is evaluated 

by using the initial condition of the system then it becomes particular solution. The particular 
solution of equation (4.2) is given by, 
ݕ = ଴݁ିఈ௧ݕ ݐ ݎ݋݂   > 0                                                                                                                        (4.4) 

Here (0)ݕ = ݐ ଴ atݕ  = 0. If the input (x) is present and is a constant or independent variable then the 
solution of y is known as forced solution (yf). The complete solution of equation (4.1) is then 
given by, 

ݕ = ఈ௧ି݁ܭ  + ݁ఈ௧න
ܿ
ܽ ݁

ିఈ௧݀ݐ 

ݕ = ௡ݕ  + ௙ݕ                                                                                                                                            (4.5) 

Where the second term in equation (4.5) is forced response. 
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4.3 First order electric circuits 
The response of the series and parallel R-L and R-C circuits are governed by first order differential 

equations. Therefore, these circuits are together known as first order electric circuits. If the external 
independent source is not connected to these circuits, then they are known as source free electric 
circuits and the response of these circuits are known as natural response.  

 4.3.1 Source free series R-L circuit 
 
 
 
 
 
 
 
 

Fig. 4.1: Source free Series R-L circuit with i(0) = I0 
A circuit with a series combination of pure resistor (R) and pure charged inductor (L) is considered as 

shown in Fig. 4.1. This circuit is not connected to any independent external source. The charged 
inductor results a current flow through this source free circuit and decays the stored energy of it 
by dissipating the energy across the resistor. The response of this circuit is considered as current 
through the circuit. The initial current through the inductor due to the charged inductor at ݐ = 0 is 
given by, 
݅(0) =  ଴                                                                                                                                                      (4.6)ܫ

 Applying KVL in the circuit shown in Fig. 4.1, the relation between voltage across the inductor and 
resistor is given by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ = 0                                                                                                                                  (4.7) 

 Rearranging and integrating the equation (4.7), it is obtained as, 

න
(ݐ)݅݀
(ݐ)݅ =  −න

ܴ
ܮ (4.8)                                                                                                                          ݐ݀

௧

଴

௜(௧)

ூబ
 

The solution of equation (4.8) is obtained as, 

ln
(ݐ)݅
଴ܫ

= −
ݐܴ
ܮ                                                                                                                                             (4.9) 

Expressing the equation (4.9) in exponential form as, 
(ݐ)݅ =  ଴݁ି(ோ௧/௅)                                                                                                                                     (4.10)ܫ

The natural response of the series R-L circuit is given by equation (4.10) and it depicts that the current 
through a charged inductor in a source free series R-L circuit decays exponentially from the initial 



Electric Circuits and Networks | 195 

 

 

current value (I0). This current is also known as transient current and it’s value becomes zero as 
ݐ → ∞. The same response is illustrated by Fig. 4.2. 

 
 
 
 
 
 
 
 

Fig. 4.2: Current response of source free series R-L circuit with i(0) = I0 

If ݐ is considered as ௅
ோ
 in equation (4.10), then the value of i(t) becomes, 

(ݐ)݅ = ଴݁ିଵܫ =  ଴                                                                                                                        (4.11)ܫ0.368
The ratio of L and R is known as the time constant of the circuit, where time constant is defined as the 

time required for the circuit to reach a value of 36.8% of the initial value. Inverse of time constant 
is known as damping ratio. Smaller the value of time constant, faster the rate of decay in response. 
Generally, time constant is denoted by ‘τ’ and the time constant for a series R-L circuit is given by,  

߬ =
ܮ
ܴ                                                                                                                                                          (4.12) 

Voltage across the resistor is given by,  
(ݐ)ோݒ = ܴ(ݐ)݅ =  ଴ܴ݁ି(ோ௧/௅)                                                                                                               (4.13)ܫ

Using equation (4.7), voltage across the inductor is found out as, 

(ݐ)௅ݒ = ܮ
(ݐ)݅݀
ݐ݀ = ܴ(ݐ)݅− =  ଴ܴ݁ି(ோ௧/௅)                                                                                     (4.14)ܫ−

 Power dissipated in the resistor is given by, 

(ݐ)݌ = (ݐ)ோ݅(ݐ)ோݒ  = ଴ଶܴ݁ି(ଶோ௧/௅)ܫ  =  ଴ଶܴ݁ି(ଶ௧/ఛ)                                                                   (4.15)ܫ 
The energy absorbed by the resistor is given by, 

(ݐ)ݓ = නܫ଴ଶܴ݁ି(ଶ௧/ఛ)݀ݐ
௧

଴

=
1
଴ܫܮ2

ଶ ൬1− ݁ିቀ
మ೟
ഓ ቁ൰                                                                            (4.16) 

Equation (4.16) clearly shows that as ݐ → ∞, the energy absorbed by the resistor becomes the initial 
energy available in the charged inductor and it is given by, 

lim
௧→ஶ

(ݐ)ݓ =
1
2 ଴ܫܮ

ଶ                                                                                                                                  (4.17) 

Example 4.1 Find the current flowing through the circuit mentioned in Fig.4.1 if R = 10 ohm, L =0.5 H 
and initial current is 10 A. Also find the time constant of the circuit. 
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Solution: 
R = 10 ohm 
L = 0.5 H 
I0 = 10 A 
The current through the circuit for a source free R-L circuit is given by, 

(ݐ)݅ =  ଴݁ି(ோ௧/௅)ܫ
(ݐ)݅ = 10݁ି(ଵ଴௧/଴.ହ) =  10݁ିଶ଴௧   A 

Time constant is given by, 

߬ =
ܮ
ܴ =  

0.5
10 = 0.05 sec 

Example 4.2 Find the power dissipated and energy absorbed by the resistor for a source free R-L circuit 
with R = 2 ohm, L = 5 H and initial current is 2 A.  

Solution: 
R = 2 ohm 
L = 5 H 
I0 = 2 A 
Power dissipated in R is calculated as, 

(ݐ)݌ = ଴ଶܴ݁ି(ଶோ௧/௅)ܫ  =  (2)ଶ × 2݁ି(ଶ×ଶ௧/ହ) = 8݁ି଴.଼௧  W 
The energy absorbed by R is calculated as, 

(ݐ)ݓ =
1
଴ܫܮ2

ଶ ൬1 − ݁ିቀ
మೃ೟
ಽ ቁ൰ =  

1
2 5 × (2)ଶ × ൬1 − ݁ିቀ

మ×మ೟
ఱ ቁ൰ = 10(1 − ݁ି଴.଼௧) J 

4.3.2 Source free series R-C circuit 
 
 
 
 
 

Fig. 4.3: Source free series R-C circuit with v(0) = VC0 
A circuit with a series combination of pure resistor (R) and pure charged capacitor (C) is considered as 

shown in Fig. 4.3. This circuit is not connected to any independent external source. The charged 
capacitor causes the flow of current through this source free circuit and decays the stored energy 
of it by dissipating the energy across the resistor. Voltage across the capacitor is considered to be 
the response of the circuit. Capacitor is fully charged initially and the voltage across the capacitor 
(at ݐ = 0) is expressed as, 
(0)ݒ = ஼ܸ଴                                                                                                                                               (4.18) 
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 Applying KCL in the circuit shown in Fig. 4.3, the relation between current through the capacitor and 
resistor is given by, 
݅஼(ݐ) + ݅ோ(ݐ) = 0                     

ܥ
(ݐ)ݒ݀
ݐ݀ +

(ݐ)ݒ
ܴ = 0                                                                                                                                (4.19) 

 Rearranging and integrating the equation (4.19), the voltage across the capacitor is obtained as, 

න
(ݐ)ݒ݀
(ݐ)ݒ =  −න

1
ܥܴ (4.20)                                                                                                                   ݐ݀

௧

଴

௩(௧)

௏಴బ
 

The solution of equation (4.20) is obtained as, 

ln
(ݐ)ݒ
஼ܸ଴

= −
ݐ
ܥܴ                                                                                                                                        (4.21) 

Expressing the equation (4.21) in exponential form as, 
(ݐ)ݒ = ஼ܸ଴݁ି(௧/ோ஼)                                                                                                                                 (4.22) 

 
 
 
 
 
 
 

 
Fig. 4.4: Current response of source free series R-C circuit with v(0) =VC0 

 
The natural response of the series R-C circuit is given by equation (4.22) and it depicts that the voltage 

across the charged capacitor in a source free series R-C circuit decays exponentially from the initial 
voltage value (VC0). This voltage is also known as transient voltage and it’s value becomes zero as 
ݐ → ∞.The response is illustrated by Fig. 4.4. 

If ݐ is considered as ܴܥ in equation (4.22), then the value of v(t) becomes, 
(ݐ)ݒ = ஼ܸ଴݁ିଵ = 0.368 ஼ܸ଴                                                                                                                  (4.23) 

RC is known as the time constant of the series R-C circuit. Smaller the value of time constant, faster the 
rate of decay in voltage across the capacitor. The time constant for a series R-C circuit is expressed 
as,  
߬ =  (4.24)                                                                                                                                                       ܥܴ

Current through the resistor is given by,  

݅ோ(ݐ) =
(ݐ)ݒ
ܴ = ஼ܸ଴

ܴ ݁ି(௧/ோ஼)                                                                                                                 (4.25) 
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Using equation (4.19), current through the capacitor is found out as, 

݅௖(ݐ) = ܥ
(ݐ)ݒ݀
ݐ݀ = −݅ோ(ݐ) = − ஼ܸ଴

ܴ ݁ି(௧/ோ஼)                                                                                    (4.26) 

 Power dissipated in the resistor is given by, 

(ݐ)݌ = (ݐ)ோ݅(ݐ)ݒ  =  ஼ܸ଴
ଶ

ܴ ݁ି(ଶ௧/ோ஼) =  ஼ܸ଴
ଶ

ܴ ݁ି(ଶ௧/ఛ)                                                                    (4.27) 

The energy absorbed by the resistor is given by, 

(ݐ)ݓ = න ஼ܸ଴
ଶ

ܴ ݁ି(ଶ௧/ோ஼)݀ݐ
௧

଴

=
1
ܥ2 ஼ܸ଴

ଶ൫1− ݁ି(ଶ௧/ఛ)൯                                                                    (4.28) 

Equation (4.28) clearly shows that as ݐ → ∞, the energy absorbed by the resistor becomes the initial 
energy available in the charged capacitor and it is given by, 

(∞)ݓ =
1
ܥ2 ଴ܸ

ଶ                                                                                                                                       (4.29) 

Example 4.3 Find the current flowing through the capacitor for the circuit given below considering the 
initial voltage across the capacitor as 10 V. Also find the time constant of the circuit.  

 
 
 
 
 
 
 
 
Solution: 
C = 0.5 F 
VC0 = 10 V 
Equivalent resistance of the circuit is calculated as, 

ܴ௘௤ = (10 + 5)||15||(7 + 8)  =
15
3  = 5 ohm 

Time constant of the circuit is calculated as,  
߬ = ܴ௘௤ܥ = 5 × 0.5 = 2.5 sec 

Current through the capacitor is given by,  

(ݐ)݅ = ஼ܸ଴

ܴ௘௤
݁ିቀ

೟
ഓቁ =

10
5 ݁ିቀ

೟
మ.ఱቁ = 2݁ି଴.ସ௧  A 
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Example 4.4 Find the current flowing through the 5 Ω resistor of the circuit mentioned in Example 4.3 
Also calculate the voltage across that resistor and power dissipated in that same resistor. Consider 
the same initial condition as mentioned in Example 4.3. 

Solution: 
As all the three parallel branches of resistors have equal resistance, then the current flowing through each 

branch or current through 5 Ω resistor is calculated as,  

݅ହΩ(ݐ) =
(ݐ)݅

3 =
2
3 ݁

ି଴.ସ௧ = 0.67݁ି଴.ସ௧A 

Voltage across that resistor is calculated as, 
(ݐ)ହΩݒ = ݅ହΩ(ݐ) × 5 = 2.22݁ି଴.ସ௧  V 

Power dissipated in 5 Ω resistor is calculated as, 
(ݐ)݌ = [ ݅ହΩ(ݐ)]ଶܴ =  [0.67݁ି଴.ସ௧]ଶ × 5 =  3.33݁ି଴.଼௧  W 

4.3.3 Step response of series R-L circuit 
When the voltage or current source of a circuit is applied suddenly and if the source can be modelled as 

step function then the response of the circuit is known as step response. 
 
 
 
 
 
 
 

Fig. 4.5: Series R-L circuit with step input voltage and initial condition i(0) = I0 
A circuit with a series combination of pure resistor (R) and pure charged inductor (L) with an initial 

current of I0 is excited by an independent dc voltage source as shown in Fig. 4.5. Initially the 
voltage source was disconnected from the circuit and then the dc voltage is suddenly applied to the 
circuit at ݐ = 0 by closing the switch (SW). The response of this circuit is considered as current 
through the circuit. The initial current through the circuit due to the charged inductor at ݐ = 0 is 
given by, 
݅(0) =  ଴                                                                                                                                                   (4.30)ܫ

 Applying KVL in the circuit shown in Fig. 4.5, the relation between voltage across the inductor and 
resistor is given by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ =  (4.31)                                                                                                                       (ݐ)ݑܸ

u(t) represents the unit step function. Rearranging the equation (4.31), it is obtained as, 
(ݐ)݅݀
ݐ݀ +

ܴ
ܮ (ݐ)݅ =

(ݐ)ݑܸ
ܮ                                                                                                                         (4.32) 
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The solution of equation (4.32) is obtained by comparing it with the solution of equation of (4.1) as 
mentioned in equation (4.5), 

(ݐ)݅ = (ோ௧/௅)ି݁ܭ  +  ݁ି(ோ௧/௅) න
ܸ
ܮ ݁

(ோ௧/௅)݀(4.33)                                                                                     ݐ 

The forced response part of equation (4.33) is given by, 

௙(ݐ)݅ = ݁ି(ோ௧/௅) න
ܸ
ܮ ݁

(ோ௧/௅)݀ݐ =
ܸ
ܴ                                                                                                    (4.34) 

 Inductor does not allow sudden change in current through it as per the theory of electromagnetic 
induction. Hence, the current through the inductor just before the switching is same as the current 
through it just after switching as mentioned below, 
݅(0ି) = ݅(0ା) =  ଴                                                                                                                                (4.35)ܫ

With this initial condition the equation (4.33) becomes, 

଴ܫ = ܭ  +  
ܸ
ܴ                               

ܭ

= ଴ܫ −  
ܸ
ܴ                                                                                                                                                   (4.36) 

Substituting the value of K and ݅(ݐ)௙ in equation (4.33), the complete solution becomes, 

(ݐ)݅ = ൬ܫ଴ −  
ܸ
ܴ൰ ݁

ି(ோ௧/௅) +   
ܸ
ܴ                                                                                                            (4.37) 

The step response of the circuit can be expressed as, 

(ݐ)݅ = ൝
,଴ܫ ݐ < 0

଴݁ି(௧/ఛ)ܫ +
ܸ
ܴ ൫1 − ݁ି(௧/ఛ) ൯, ݐ > 0

                                                                           (4.37ܽ) 

Equation (4.37) depicts the step response of a series R-L circuit. The ratio of L and R is the time constant 
of this circuit. From this equation, it is clear that the current decays exponentially from an initial 
value of I0 and settles at ௏

ோ
 at ݐ → ∞ if the circuit is excited by a step voltage function. The response 

is demonstrated in Fig. 4.6  
 
 
 
 
 
 
 

Fig. 4.6: Current response of series R-L circuit with step input voltage and initial condition i(0) = I0 
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If ݐ → ∞ then the final response of the circuit, i.e., ݅(∞) will be the ratio of applied voltage and resistance. 
This is called the steady state response of the circuit. The equation (4.37) can be expressed as, 
(ݐ)݅ = [݅(0) − ݅(∞)]݁ି(௧/ఛ) + ݅(∞)                                                                                                   (4.38) 

It is clear from the equation (4.38) that initial current value (݅(0), final current value ݅(∞) and the time 
constant of the circuit(߬) are required to find out the step response of a series R-L circuit. 

Voltage across the resistor is given by,  

(ݐ)ோݒ = ܴ(ݐ)݅ = ଴ܴܫ) − ܸ)݁ିቀ
ೃ೟
ಽ ቁ + ܸ                                                                                             (4.39) 

It is clear from the equation (4.39) that the voltage across the resistor decays exponentially and it settles 
at V at steady state. Similarly the Using equation (4.7), voltage across the inductor is found out as, 

(ݐ)௅ݒ = ܮ
(ݐ)݅݀
ݐ݀ = (ܸ −  ଴ܴ)݁ି(ோ௧/௅)                                                                                                (4.40)ܫ

Instead of an initially charged inductor, if an uncharged inductor is used in the same circuit then the initial 
current value is given by, 
݅(0) = 0                                                                                                                                                    (4.41) 

In that case, the step response of the circuit becomes, 

(ݐ)݅ = ൝
0, ݐ < 0

ܸ
ܴ ൫1 − ݁ି(௧/ఛ) ൯, ݐ > 0                                                                                                   (4.42) 

Voltage across the inductor and voltage across the resistor with zero initial current through the inductor 
is calculated as, 

(ݐ)௅ݒ = ܮ
(ݐ)݅݀
ݐ݀ = ܸ݁ି(௧/ఛ)                                                                                                                  (4.43) 

(ݐ)ோݒ = ܴ(ݐ)݅ = ܸ൫1 − ݁ି(௧/ఛ) ൯                                                                                                       (4.44) 
Equations (4.42) and (4.44) depict that the current through the inductor rises exponentially and voltage 

across it decays exponentially when a series R-L circuit with zero initial current through the 
inductor is excited by a step voltage function. The same is shown in Fig. 4.7. 

 

  

 

 

 

                                                     (a)                                                     (b) 
Fig. 4.7: Current through inductor and voltage across inductor of series R-L circuit with step input 

voltage and zero initial condition 
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Example 4.5 For the circuit given below, SW1 is closed at t =0 and SW2 is closed at t = 2 sec. Find the 
current flowing through the circuit for t > 0. Also find the time constants of the circuit for different 
time intervals.  

 
 
 
 
 
 
 
 
Solution: 
For the time interval 0 ≤ ݐ ≤ 2, only SW1 is closed. During that time interval the equivalent resistance 

of the circuit is obtained as, 
ܴ௘௤ଵ = 2 + 2 = 4 Ω 

Time constant of the circuit during this time interval is calculated as,  

߬ =
ܮ

ܴ௘௤ଵ
=

5
4 = 1.25 sec 

The current through a series R-L circuit for step input voltage is given by, 
(ݐ)݅ = [݅(0) − ݅(∞)]݁ି(௧/ఛ) + ݅(∞) 

Here, 
݅(0) = 0 

݅(∞) =  
ܸ
ܴ௘௤ଵ

=  
20
4 = 5 A 

(ݐ)݅ = [0 − 5]݁ି(௧/ଵ.ଶହ) + 5 = 5(1 − ݁ି଴.଼௧) A 
For ݐ ≥ 2, SW2 is closed. Equivalent resistance for this time interval is calculated by using the concept 

of Thevenin’s equivalent resistance at the inductor terminal as, 
ܴ௘௤ଶ = 2||2 + 2 = 3 Ω 

Time constant of the circuit for this time interval is calculated as,  

߬ଵ =
ܮ

ܴ௘௤ଶ
=

5
3 = 1.67 sec 

If the voltage of the node joining SW2 and two 2 Ω resistors is considered as V1, then to find out ݅(∞), 
applying KCL at this node as, 
20 − ଵܸ

2 +
5 − ଵܸ

2 = ଵܸ

2  
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ଵܸ =
25
3 = 8.33 A 

݅ଵ(∞) =  
8.33

2 =  4.167 A 

Current flowing through the circuit during this interval, 
݅ଵ(ݐ) = [݅ଵ(2) − ݅ଵ(∞)]݁ି(௧/ఛ) + ݅ଵ(∞) 
݅ଵ(2) =  5(1 − ݁ି଴.଼×ଶ) = 5 × (1 − 0.2) = 3.99 A 

Hence the current is calculated as, 
݅ଵ(ݐ) = [3.99 − 4.167]݁ି(௧/ଵ.଺଻) + 4.167 

݅ଵ(ݐ) = 4.167 − 0.176݁ି଴.଺௧  A 
Example 4.6 A coil has a resistance of 5 Ω and inductance of 2 H is connected to a dc voltage source of 
100 V through a switch. The switch is closed at t = 0. Calculate the current flowing through the circuit 
and voltage across the resistor of the coil for t >0. Also find the time constant of the circuit and steady 
state current through the circuit. 
Solution: 
Current through the circuit at t = 0 is given by, 

݅(0) = 0 
R = 5Ω 
L = 2H 
V = 100V 
Time constant of the circuit is calculated as, 

߬ =
ܮ
ܴ =

2
5 = 0.4 sec 

Current through the circuit is calculated as, 

(ݐ)݅ =
ܸ
ܴ ൫1− ݁ି(௧/ఛ) ൯ =

100
5 ൫1 − ݁ି(௧/଴.ସ) ൯ = 20(1 − ݁ିଶ.ହ௧) A 

Voltage across the resistor for t > 0, 

(ݐ)ோݒ = ܸ൫1− ݁ି(௧/ఛ) ൯ = 100(1 − ݁ିଶ.ହ௧) V 
Steady state current is obtained as, 

݅௦௧௘௔ௗ௬_௦௧௔௧௘ =
100

5 = 20 A 

4.3.4 Step response of series R-C circuit 

A circuit with a series combination of pure resistor (R) and pure charged capacitor (C) with an initial 
voltage of VC0 is excited by an independent dc voltage source as shown in Fig. 4.8. Initially the 
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voltage source was not connected and then the dc voltage is suddenly connected at ݐ = 0 by closing 
the switch (SW). 

 
 
 
 
 
 
 
 

Fig. 4.8: Series R-C circuit with step input voltage with initial condition v(0) = VC0 
The response of this circuit is considered as current through the circuit. The initial voltage across the 

capacitor due to the charged capacitor at ݐ = 0 is given by, 
(0)ݒ = ஼ܸ଴                                                                                                                                               (4.45) 

 As the voltage across the capacitor does not change suddenly, the voltage across the capacitor just before 
closing the switch is same as the voltage across it just after closing the switch. It is expressed as, 
(0ି)ݒ = (0ା)ݒ = ஼ܸ଴                                                                                                                         (4.46) 

Applying KCL in the circuit shown in Fig. 4.8, the relation between current through the capacitor and 
resistor is given by, 
݅஼(ݐ) + ݅ோ(ݐ) = 0                     

ܥ
(ݐ)ݒ݀
ݐ݀ +

(ݐ)ݒ − (ݐ)ݑܸ
ܴ = 0 

For t > 0, the above equation becomes, 

ܥ
(ݐ)ݒ݀
ݐ݀ +

(ݐ)ݒ − ܸ
ܴ = 0                                                                                                                       (4.47) 

Rearranging and integrating the equation (4.45), it is obtained as, 

න
(ݐ)ݒ݀

(ݐ)ݒ − ܸ =  −න
1
ܥܴ (4.48)                                                                                                             ݐ݀

௧

଴

௩(௧)

௏಴బ
 

The solution of equation (4.20) is obtained as, 

ln
(ݐ)ݒ − ܸ
஼ܸ଴ − ܸ = −

ݐ
ܥܴ                                                                                                                                (4.49) 

Expressing the equation (4.49) in exponential form and rearranging it as below, 
(ݐ)ݒ = ܸ + ( ஼ܸ଴ − ܸ)݁ି(௧/ோ஼)                                                                                                            (4.50) 

Equation (4.50) depicts the step response of a series R-C circuit and v(t) represents the voltage across the 
capacitor. ଵ

ோ஼
 is the time constant of this circuit.  
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The step response of the voltage across the capacitor can also represented as, 

(ݐ)ݒ = ൜ ஼ܸ଴, ݐ < 0
ܸ + ( ஼ܸ଴ − ܸ)݁ି(௧/ఛ), ݐ > 0                                                                                        (4.51) 

From the equation (4.51), it is clear that the voltage across the capacitor increases exponentially from an 
initial value of VC0 and settles at ܸ as ݐ → ∞ if this circuit is excited by a step voltage function 
with an initial condition of VC0 voltage across the capacitor. The response is demonstrated with the 
help of Fig. 4.9  

 
 
 
 
 
 
 

 
 

Fig. 4.9: Voltage response of series R-C circuit with step input voltage and initial condition v(0) = VC0 
The equation (4.50) can also be expressed as, 

(ݐ)ݒ = (0)ݒ] − (௧/ఛ)ି݁[(∞)ݒ +  (4.52)                                                                                              (∞)ݒ
It is clear from the equation (4.52) that the initial value of voltage across capacitor, v(0), final value of 

voltage across capacitor, ݒ(∞) and the time constant of the circuit(߬) are required to find out the 
step response of a series R-C circuit with an initially charged capacitor. 

Current through the resistor is given by,  

݅ோ(ݐ) =
(ݐ)ݒ − ܸ

ܴ =
( ஼ܸ଴ − ܸ)

ܴ ݁ି(௧/ோ஼)                                                                                            (4.53) 

Using equation (4.19), current through the capacitor is found out as, 

݅௖(ݐ) = ܥ
(ݐ)ݒ݀
ݐ݀ = −

( ஼ܸ଴ − ܸ)
ܴ ݁ି(௧/ோ஼)                                                                                           (4.54) 

Both the equations (4.53) and (4.54) confirms that the current through this circuit is exponentially 
decaying from an initial value of (௏಴బି௏)

ோ
 and settles at zero as as ݐ → ∞. 

Instead of an initially charged capacitor, if an uncharged capacitor is used in the same circuit then the 
initial voltage value across the capacitor is given by, 
(0)ݒ = 0                                                                                                                                                   (4.55) 

In that case, the step response of the circuit becomes, 

(ݐ)ݒ = ൜
0, ݐ < 0

ܸ൫1− ݁ି(௧/ఛ) ൯, ݐ > 0                                                                                                   (4.56) 
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Current through the circuit with zero initial voltage across the capacitor is calculated as, 

(ݐ)݅ =
ܸ
ܴ ݁

ି(௧/ோ஼)                                                                                                                                    (4.57) 

Equations (4.56) and (4.57) depicts that the voltage across capacitor rises exponentially from zero and 
settles at V and current through it decays exponentially from ௏

ோ
 and settles at zero as ݐ → ∞, when 

a series R-C circuit with zero initial voltage across capacitor is excited by a step voltage function. 
The same is shown in Fig. 4.10. 

 

 

 

 

 

                                                       

                                         (a)                                                     (b) 
Fig. 4.10: Voltage across capacitor and current through capacitor of series R-C circuit with step input 

voltage and zero initial condition 
Example 4.7 A step input voltage source of 10 V is applied to a series R-C circuit of resistance of 10 Ω 
and capacitance of 0.1 F at t = 0. Calculate the steady state charge of the capacitor. Find the time taken 
to charge the capacitor up to 75% of its steady state value. 
Solution: 
R = 10Ω 
C = 0.1F 
V = 10V 
Time constant of the circuit is obtained as, 

߬ = ܥܴ = 10 × 0.1 = 1 sec 
Voltage across the capacitor for t > 0 is obtained as, 

(ݐ)ݒ =  ܸ൫1 − ݁ି(௧/ఛ) ൯ = 10(1 − ݁ି௧) V 
Steady state voltage across the capacitor is calculated as, 

௦ܸ௧௘௔ௗ௬_௦௧௔௧௘ = 10 V 
Steady state charge in the capacitor is obtained as, 

ܳ௦௧௘௔ௗ௬_௦௧௔௧௘ = ܥ × ௦ܸ௧௘௔ௗ௬_௦௧௔௧௘ = 0.1 × 10 = 1 C 
Time taken by the circuit to charge the capacitor up to 75% of its steady state value is calculated as, 
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0.75 × ܳ௦௧௘௔ௗ௬_௦௧௔௧௘ =  ܳ௦௧௘௔ௗ௬_௦௧௔௧௘൫1 − ݁ି(௧/ఛ) ൯ 

0.75 =  ൫1− ݁ି(௧/ଵ) ൯ = (1 − ݁ି௧) 
݁ି௧ =  0.25 
ݐ = 1.386 sec 

Example 4.8 A step input voltage source of 500 V is applied to a series R-C circuit with resistance of 50 
Ω and capacitance of 0.1 F at t = 0. The initial charge of the capacitor for t < 0 was 100 C. Calculate the 
current through the circuit for t > 0. 
Solution: 
R = 50Ω 
C = 0.01F 
V = 500V 
Q0 = 100C 
Time constant of the circuit is obtained as, 

߬ = ܥܴ = 50 × 0.01 = 0.5 sec 
Initial voltage across the capacitor for t < 0 is calculated as, 

஼ܸ଴ =
ܳ଴
ܥ =

100
0.1 = 1000 V 

Current through the circuit is calculated as, 

(ݐ)݅ =
( ஼ܸ଴ − ܸ)

ܴ ݁ିቀ
೟
ೃ಴ቁ =

1000 − 500
50 ݁ି௧/଴.ହ = 10݁ିଶ௧  A 

4.3.5 Step response of parallel R-L circuit 
 
 
 
 
 
 
 
 

Fig. 4.11: Parallel R-L circuit with step input current  
A circuit with a parallel combination of pure resistor (R) and pure inductor (L) connected across an 

independent dc current source as shown in Fig. 4.11 is considered for analysis. Initially the switch 
(SW) was closed and no current was flowing through the parallel combination of R and L. The 
switch is open at ݐ = 0 and current starts flowing through R and L. The response of this circuit is 
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considered as current through the circuit i.e. parallel combination of R and L. The initial current 
through the parallel combination of R and L is zero as the inductor was not charged initially.  

 Applying KCL in the circuit shown in Fig. 4.11, the relation between current through inductor, resistor 
and the source current is given by, 
݅ோ(ݐ) + ݅௅(ݐ) =  (4.58)                                                                                                                            (ݐ)ݑܫ

As the R and L are connected in parallel, the voltage across them are same and it is shown as, 

݅ோ(ݐ)ܴ = ܮ
݀݅௅(ݐ)
ݐ݀                                 

ܴ(ݐ)ݑܫ = ݅௅(ݐ)ܴ + ܮ 
݀݅௅(ݐ)
ݐ݀                                                                                                                (4.59) 

Rearranging the equation (4.59), it is obtained for t > 0 as, 

 
݀݅௅(ݐ)
ݐ݀ + ݅௅(ݐ)

ܴ
ܮ =

ܴܫ
ܮ                                                                                                                           (4.60) 

The solution of equation (4.60) is obtained as, 

݅௅(ݐ) = (ோ௧/௅)ି݁ܭ  + ݁ି(ோ௧/௅) න
ܴܫ
ܮ ݁(ோ௧/௅)݀(4.61)                                                                                 ݐ 

The forced response part of equation (4.61) is given by, 

݅௅(ݐ)௙ = ݁ି(ோ௧/௅) න
ܴܫ
ܮ ݁(ோ௧/௅)݀ݐ =  (4.62)                                                                                                 ܫ

 Inductor does not allow sudden change in current through it as per the theory of electromagnetic 
induction. Hence, the current through the inductor just before the switching is same as the current 
through it just after switching as mentioned below, 
݅௅(0ି) = ݅௅(0ା) = 0                                                                                                                              (4.63) 

With this initial condition the equation (4.61) becomes, 
0 = ܭ  +                                ܫ
ܭ =  (4.64)                                                                                                                                                     ܫ −

Substituting the value of K and ݅௅(ݐ)௙  in equation (4.61), the complete step response for inductor current 
becomes, 

݅௅(ݐ) = −൫1ܫ ݁ି(ோ௧/௅)൯                                                                                                                         (4.65) 
Step response for current through the resistor is calculated as, 

݅ோ(ݐ)  = ܫ  − ݅௅(ݐ) =  (4.66)                                                                                                            (ோ௧/௅)ି݁ܫ
Equations (4.65) and (4.66) depict that the current through the inductor rises exponentially and it will 

reach to a steady state value of I as ݐ → ∞. Similarly the current through the resistor decays 
exponentially from an initial value of I and it will become zero as ݐ → ∞. The same is illustrated 
in Fig.4.12.  
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Fig. 4.12: Current through inductor and resistor of parallel R-L circuit with step input current and 
zero initial condition 

If the switch (SW) is open for a long time, then the entire source current flows through the inductor and 
no current flows through the resistor.  

Example 4.9 A step input current source of 10 A is applied across a parallel combination of R and L with 
R = 10 Ω and L = 4 H at t = 0. Find the time constant of the circuit, current through the inductor 
for t > 0 and for t = 5 times of time constant of the circuit. Find the steady state energy stored in 
the inductor. 

Solution: 
R = 10Ω 
L = 4H 
I = 10A 
Time constant of the circuit is obtained as, 

߬ =
ܮ
ܴ =

4
10 = 0.4 sec 

Current through the inductor for t > 0 is calculated as, 

݅௅(ݐ) = ܫ ൬1 − ݁ିቀ
ೃ೟
ಽ ቁ൰ = 10 × ቀ1− ݁ି

భబ೟
ర ቁ = 10(1 − ݁ିଶ.ହ௧) A 

Current through the inductor for t = 5τ is calculated as, 
݅௅(ݐ) = 10(1 − ݁ିଶ.ହ×ହ×଴.ସ) = 10 × 0.993 A = 9.93 A 

Steady state current through the inductor is given by, 
௅_௦௧௘௔ௗ௬_௦௧௔௧௘ܫ = 10 A 

Energy stored in inductor at steady state is calculated as, 

ܧ =  
1
௅_௦௧௘௔ௗ௬_௦௧௔௧௘൯ܫ൫ܮ2

ଶ =
1
2 × 4 × (10)ଶ = 200 J 
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4.3.6 Step response of parallel R-C circuit 
 
 
 
 
 
 
 

 
Fig. 4.13: Parallel R-C circuit with step input current  

A circuit with a parallel combination of pure resistor (R) and pure capacitor (C) connected across an 
independent dc current source as shown in Fig. 4.13 is considered for analysis. Initially the switch 
(SW) was closed and no current was flowing through the parallel combination of R and C. The 
switch is open at ݐ = 0 and current starts flowing through R and C. The response of this circuit is 
considered as current through the circuit i.e. parallel combination of R and C. The initial voltage 
across the C is zero as the capacitor was not charged initially.  

Applying KCL in the circuit shown in Fig. 4.13, the relation between current through capacitor, resistor 
and the source current is given by, 
݅஼(ݐ) + ݅ோ(ݐ) =  (4.67)                                                                                                                            (ݐ)ݑܫ

As the R and C are connected in parallel, the voltage across them are same and it is shown as, 

݅ோ(ݐ)ܴ =
∫ ݅஼(ݐ)݀ݐ

ܥ                                                                                                                                 (4.68) 

Then equation (4.67) can be presented as, 

ܥ
݀݅ோ(ݐ)ܴ
ݐ݀ + ݅ோ(ݐ) =  (ݐ)ݑܫ

݀݅ோ(ݐ)
ݐ݀ +

1
ܥܴ ݅ோ

(ݐ) =
 ܫ
ܥܴ ݐ ݎ݋݂   > 0                                                                                                  (4.69) 

The solution of equation (4.69) is obtained as, 

݅ோ(ݐ) = (௧/ோ஼)ି݁ܭ  + ݁ି(௧/ோ஼) න
ܫ
ܥܴ ݁

(௧/ோ஼)݀(4.70)                                                                               ݐ 

The forced response part of equation (4.70) is given by, 

݅ோ(ݐ)௙ = ݁ି(௧/ோ஼) න
ܫ
ܥܴ ݁

(௧/ோ஼)݀ݐ =  (4.71)                                                                                               ܫ

 Initially when the switch was closed then no current was flowing through the parallel combination of R 
and C as current flows through the minimum resistance path. 
݅ோ(0) = 0                                                                                                                                                  (4.72) 

With this initial condition the equation (4.70) becomes, 
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0 = ܭ  +                                ܫ
ܭ =  (4.73)                                                                                                                                                     ܫ −

Substituting the value of K and ݅ோ(ݐ)௙ in equation (4.70), the complete step response for the current 
through resistor becomes, 

݅ோ(ݐ) = ൫1ܫ − ݁ି(௧/ோ஼)൯                                                                                                                        (4.74) 
Step response for the current through the capacitor is calculated as, 

݅஼(ݐ)  = ܫ  − ݅ோ(ݐ) =  (4.75)                                                                                                            (௧/ோ஼)ି݁ܫ
Equations (4.74) and (4.75) depict that the current through the resistor rises exponentially and it will 

reach to a steady state value of I as ݐ → ∞. Similarly the current through the capacitor decays 
exponentially from an initial value of I and it will become zero as ݐ → ∞. The same is illustrated 
in Fig.4.14.  

 

Fig. 4.14: Current through resistor and capacitor of parallel R-C circuit with step input current 
and zero initial condition 

If the switch (SW) is open for a long time, then the entire source current flows through the resistor and 
the branch where capacitor is connected behaves as an open circuit as no current flows through the 
capacitor.   

Example 4.9 A step input current source of 10 A is applied across a parallel combination of R and C with 
R = 20 Ω and C = 0.1 F at t = 0. Find the current through the capacitor and resistor for t > 0. Find 
the power dissipated in the resistor for t > 0.  

Solution: 
R = 20Ω 
C = 0.1F 
I = 10A 
Time constant of the circuit is obtained as, 

߬ = ܥܴ = 20 × 0.1 = 2 sec 
Current through resistor is given by, 

݅ோ(ݐ) = ൫1ܫ − ݁ି(௧/ோ஼)൯  = 10 × (1 − ݁ି(௧/ଶ)) = 10(1 − ݁ି଴.ହ௧) A 
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Current through the capacitor is calculated as, 
݅஼(ݐ)  = ܫ  − ݅ோ(ݐ) = (௧/ோ஼)ି݁ܫ = 10݁ି଴.ହ௧  A 

Power dissipated in the resistor is given by, 
(ݐ)ோ݌ = [݅ோ(ݐ)]ଶܴ = [10(1 − ݁ି଴.ହ௧) ]ଶ × 20 = 2000(1 − ݁ି଴.ହ௧)ଶ W  

4.4 Second order differential equations 
Second order differential equation is represented by,  

ܽ
݀ଶݕ
ଶݔ݀ + ܾ

ݕ݀
ݐ݀ + ݕܿ = 0                                                                                                                         (4.76) 

Where y is the output and a, b, c are constant. The solution of equation of equation (4.76) is given by, 
ݕ = ଵ݁ఈభ௧ܭ ଶ݁ఈమ௧ܭ +                                                                                                                             (4.77) 

Where K1 and K2 are constants and α1 and α2 are the roots of the characteristics equation given by, 
ଶ݌ܽ + ݌ܾ + ܿ = 0                                                                                                                                   (4.78) 

The values of α1 and α2 are given by, 

ଵߙ =
−ܾ + √ܾଶ − 4ܽܿ

2ܽ                                                                                                                          (4.79) 

ଶߙ =
−ܾ − √ܾଶ − 4ܽܿ

2ܽ                                                                                                                          (4.80) 

4.5 Second order electric circuits 
The response of the series and parallel R-L-C circuits are governed by second order differential equations. 

Therefore, these circuits are together known as second order electric circuits. Normally, two energy 
storage elements and resistances form a second order electric circuit. 

4.5.1 Step response of series R-L-C circuit 
 
 
 
 
 
 
 
 

Fig. 4.15: Series R-L-C circuit with step input voltage  
A circuit with a series combination of pure resistor (R), pure inductor (L) and pure capacitor (C) 

connected across an independent dc voltage source as shown in Fig. 4.15 is considered for analysis. 
Initially the switch (SW) was open and no current was flowing through the circuit. The switch (SW) 
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is closed at ݐ = 0 and current starts flowing through the circuit. The response of this circuit is 
considered as current through the circuit. 

Applying KVL in the circuit shown in Fig. 4.15, the relation between the voltage across resistor, inductor, 
capacitor and the source voltage is given by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ +

1
ܥ න݅(ݐ)݀ݐ =                                  (ݐ)ݑܸ

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ +

1
ܥ න݅(ݐ)݀ݐ = ݐ ݎ݋݂      ܸ > 0                                                                             (4.81) 

Taking differentiation in both side, it is obtained as, 

ܮ
݀ଶ݅(ݐ)
ଶݐ݀ + ܴ

(ݐ)݅݀
ݐ݀ +

݅
ܥ = 0 

൬݌ଶ +
ܴ
ܮ ݌ +

1
൰ܥܮ ݅ = 0                                                                                                                          (4.82) 

Equation (4.82) is a linear, homogeneous, second order differential equation. The characteristic equation 
is given by, 

ଶ݌ +
ܴ
ܮ ݌ +

1
ܥܮ  = 0                                                                                                                                (4.83) 

The roots of the characteristic equation are obtained by applying Shreedhara Acharya's formula as, 

,ଵ݌ ଶ݌  =
− ோ

௅
± ටቀோ

௅
ቁ
ଶ
− ସ

௅஼

2                                                                                                                  (4.84) 

Let us consider,  

ߚ =  −
ܴ
ܮ2                                                                                                                                                  (4.85) 

ߛ = ඨ൬
ܴ
൰ܮ2

ଶ

−
1
ܥܮ                                                                                                                                   (4.86) 

is basically the neper frequency and ଵ |ߚ|
௅஼

  is the resonant frequency of the series R-L-C circuit. Then p1 
and p2 becomes 

ଵ݌ = ߚ +  (4.87)                                                                                                                                               ߛ
ଶ݌ = ߚ −  (4.88)                                                                                                                                               ߛ

The solution of the differential equation mentioned in (4.82) is then given by, 
(ݐ)݅ = ଵ݁௣భ௧ܭ + ଶ݁௣మ௧ܭ                                                                                                                          (4.89) 

Where, K1 and K2 are constants. 
The solution mentioned in (4.89) can be any one of the following based on the relation between neper 

frequency (β) and resonant frequency, 
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Condition 1: 
൬
ܴ
൰ܮ2

ଶ

>
1
 ܥܮ

Over-damped response 

Condition 2: 
൬
ܴ
൰ܮ2

ଶ

=
1
 ܥܮ

Critically damped response 

Condition 3: 
൬
ܴ
൰ܮ2

ଶ

<
1
 ܥܮ

Under-damped response 

 Condition 1: 
For this condition the value of ߛ is real and positive. Hence, the values of ݌ଵ,  ଶ are real and unequal݌ 

which is given by, 
ଵ݌ = ߚ +  ߛ
ଶ݌ = ߚ −  ߛ

Hence the solution is obtained as,  

(ݐ)݅ = ଵ݁(ఉାఊ)௧ܭ ଶ݁(ఉିఊ)௧ܭ +                      
(ݐ)݅ = ݁ఉ௧(ܭଵ݁ఊ௧  ଶ݁ିఊ௧)                                                                                                               (4.90)ܭ +

The over-damped current response is illustrated in Fig. 4.16. This figure shows that the response decays 
and approaches zero as time increases.  

 
 
 
 
 
 

 
 

Fig. 4.16: Over-damped current response of series R-L-C circuit with step input voltage and zero initial 
condition 

Condition 2: 
For this condition the value of ߛ is zero. Hence, the values of ݌ଵ,  ଶ are real and equal which is given݌ 

by, 
ଵ݌ = ଵ݌  =  ߚ

Hence the solution is obtained as,  

(ݐ)݅ = ଵ݁ఉ௧ܭ ఉ௧݁ݐଶܭ +                      
(ݐ)݅ = ݁ఉ௧(ܭଵ  (4.91)                                                                                                                           (ݐଶܭ +
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The critically damped current response is illustrated in Fig. 4.17. The response reaches to its maximum 
value first at one time constant and then decays as time progresses.  

 
 
 
 
 
 

 
Fig. 4.17: Critically damped current response of series R-L-C circuit with step input voltage and zero 

initial condition 
Condition 3: 
For this condition the value of ߛ is imaginary. Hence, the values of ݌ଵ,  ଶ are complex conjugates and݌ 

they are presented as, 
ଵ݌ = ߚ +  ߛ݆
ଶ݌ = ߚ −  ߛ݆

Hence the solution is obtained as,  

(ݐ)݅ = ଵ݁(ఉା௝ఊ)௧ܭ + ଶ݁(ఉି௝ఊ)௧ܭ                       
(ݐ)݅ = ݁ఉ௧(ܭଵ݁௝ఊ௧ +  ଶ݁ି௝ఊ௧)                                                                                                            (4.92)ܭ 

The under-damped current response is illustrated in Fig. 4.18. The response for this condition is 
oscillatory and exponentially damped in nature. 

 

 
 
 
 
 

Fig. 4.18: Under-damped current response of series R-L-C circuit with step input voltage and zero 
initial condition 

Example 4.10 A series R-L-C circuit with R = 10 Ω, L = 2 H and C = 2 F is excited by a dc step voltage 
of 40 V at t =0. Find the current flowing the circuit at t > 0.  

Solution: 
R = 10Ω 
L = 2H 
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C = 2F 
V = 40V 
For t > 0 the current through the circuit is mentioned through the relation mentioned below by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ +

1
ܥ න݅(ݐ)݀ݐ = ܸ       

Differentiating the above equation it is obtained as, 
  

ܮ
݀ଶ݅(ݐ)
ଶݐ݀ + ܴ

(ݐ)݅݀
ݐ݀ +

݅
ܥ = 0 

൬݌ଶ +
ܴ
ܮ ݌ +

1
൰ܥܮ ݅ = 0        

The characteristic equation is given by, 

ଶ݌ +
ܴ
ܮ ݌ +

1
ܥܮ  = 0         

ଶ݌ +
10
2 ݌ +

1
2 × 2  = 0         

ଶ݌ + ݌5 + 0.25 = 0         
The roots of the characteristic equation are obtained by applying Shreedhara Acharya's formula as, 

,ଵ݌ ଶ݌  =
−5 ± √25 − 1

2   

ଵ݌ =
−5 + √25 − 1

2 = −0.05 

ଶ݌ =
−5 −√25 − 1

2 = −4.95 

The solution of the second order differential equation is obtained as, 
(ݐ)݅ = ଵ݁ି଴.଴ହ௧ܭ ଶ݁ିସ.ଽହ௧ܭ +           

K1 and K2 are constant and they are evaluated by the initial conditions. 

݅(0) = 0 and ଵ
஼ ∫ ݐ݀(0)݅ = 0 

For t = 0 the current through the circuit is written through the relation mentioned below by, 

݅(0) × 10 + 2 ×
݀݅(0)
ݐ݀ +

1
2න ݐ݀(0)݅ = 40       

2 ×
݀݅(0)
ݐ݀ = 40       

݀݅(0)
ݐ݀ = 20 A/sec       

Substituting, ݅(0) = 0 in the solution it is obtained as, 
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݅(0) = 0 = ଵ݁଴ܭ ଶ݁଴ܭ + = ଵܭ   (ܽ)                                                                                                    ଶܭ +
Differentiating the solution it is obtained as, 

(ݐ)݅݀
ݐ݀ = ଵ݁ି଴.଴ହ௧ܭ0.05− − ଶ݁ିସ.ଽହ௧ܭ4.95           

It is already known as, 
݀݅(0)
ݐ݀ = 20 A/sec       

Hence, 
݀݅(0)
ݐ݀ = 20 = ଵܭ0.05− −  (ܾ)                                                                                                            ଶܭ4.95

Solving (a) and (b), the values of K1 and K2 are calculated as, 
ଶܭ = −4.08 and ܭଵ = 4.08 

Current flowing through the circuit for t > 0 is then obtained as,  
(ݐ)݅ = 4.08݁ି଴.଴ହ௧ −  4.08݁ିସ.ଽହ௧   A         

4.5.2 Step response of parallel R-L-C circuit 
A circuit with a parallel combination of pure resistor (R), pure inductor (L) and pure capacitor (C) 

connected across an independent dc current source as shown in Fig. 4.19 is considered for analysis. 
Initially the switch (SW) was closed and no current was flowing through the circuit. The switch 
(SW) is open at ݐ = 0 and current starts flowing through the parallel combination of R-L-C. The 
response of this circuit is considered as current through the circuit. 

 
 
 
 
 
 
 
 

Fig. 4.19: Parallel R-L-C circuit with step input current  
Applying KCL in the circuit shown in Fig. 4.19, the relation between the current through resistor, 

inductor, capacitor and the source current is given by, 
݅ோ(ݐ) + ݅௅(ݐ) + ݅஼(ݐ) =  (4.93)                                                                                                              (ݐ)ݑܫ

As the R, L and C are connected in parallel, the voltage across them are same and it is considered as v(t)  
shown as in Fig. 4.17. For t > 0 the equation (4.93) becomes,  
(ݐ)ݒ
ܴ + ܥ

(ݐ)ݒ݀
ݐ݀ +

ݐ݀(ݐ)ݒ∫
ܮ =  (4.94)                                                                                                           ܫ
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Taking differentiation in both side of equation (4.94) and rearranging them, it is written as, 
1
ܴ
(ݐ)ݒ݀
ݐ݀ + ܥ

݀ଶ(ݐ)ݒ
ଶݐ݀ +

(ݐ)ݒ
ܮ = 0                      

݀ଶ(ݐ)ݒ
ଶݐ݀ +

1
ܥܴ

(ݐ)ݒ݀
ݐ݀ +

(ݐ)ݒ
ܥܮ = 0                                                                                                          (4.95) 

൬݌ଶ +
1
ܥܴ ݌ +

1
൰ܥܮ (ݐ)ݒ = 0                                                                                                                 (4.96) 

Equation (4.96) is a linear, homogeneous, second order differential equation. The characteristic equation 
is given by, 

ଶ݌ +
1
ܥܴ ݌ +

1
ܥܮ  = 0                                                                                                                             (4.97) 

The roots of the characteristic equation are obtained by applying Shreedhara Acharya's formula as, 

,ଵ݌ ଶ݌  =
− ଵ

ோ஼
±ටቀ ଵ

ோ஼
ቁ
ଶ
− ସ

௅஼

2                                                                                                              (4.98) 

It is assumed that, 

߱଴
ଶ =

1
ܥܮ  , ଴߱ߦ2 =

1
ܥܴ  ܽ݊݀ ߱ௗ = ඥ߱଴

ଶ −  ଶ(଴߱ߦ)

߱଴ is the resonant frequency,  ߦ is the damping ratio and ߱ௗ is the damping frequency. The solution of 
equation (4.96) is then given by, 

(ݐ)ݒ =  
1

߱ௗܥ
݁ିకఠబ௧ sin߱ௗݐ                                                                                                                 (4.99) 

Current through the resistor is obtained as, 

݅ோ(ݐ) =  
(ݐ)ݒ
ܴ =  

1
߱ௗܴܥ

݁ିకఠబ௧ sin߱ௗݐ                                                                                           (4.100) 

Current through the inductor is given by, 

݅௅(ݐ) =  
∫ ௧ݐ݀(ݐ)ݒ
଴

ܮ =  
1

߱ௗܥܮ
݁ିకఠబ௧

ඥ(߱ߦ଴)ଶ −߱ௗ
ଶ

sin ൬߱ௗݐ − tanିଵ
߱ௗ

଴߱ߦ
൰                                    (4.101) 

Current through the capacitor is given by, 

݅஼(ݐ) = ܥ 
(ݐ)ݒ݀
ݐ݀ =  

݁ିకఠబ௧

߱ௗ
ଶ(଴߱ߦ)} + ߱ௗ

ଶ} sin ൬߱ௗݐ − tanିଵ
߱ௗ

଴߱ߦ
൰                                     (4.102) 

4.6 Application of Laplace transform in electric circuits 
Laplace transform is an integral transformation of a function from time domain to frequency domain. It 

is a very useful technique to solve linear differential equation. It is understood from the previous 
sections that the transient response of first order and second order electric circuits are represented 
by linear differential equations. Hence, this technique is very useful for finding the transient 
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response of first and second order electric circuits. Moreover, in Laplace transform the initial 
conditions (voltage or current in energy storage elements) are taken care of automatically unlike 
in the time domain. This technique involves three major steps to obtain the solution of a differential 
equation. 

Step1: Transforming the differential equation in algebraic equation. 
Step2: Obtaining the solution of the constituent algebraic equation. 
Step3: Transforming back the solution in such a way that it represents the solution of the original 

differential equation.  

4.6.1 Step response of series R-L circuit using Laplace transform 
 
 
 
 
 
 
 
 

Fig. 4.20: Series R-L circuit with step input voltage in Laplace domain 
A circuit with a series combination of pure resistor (R) and pure inductor (L) is energised by an 

independent dc voltage source as shown in Fig. 4.20. Initially the voltage source was disconnected 
from the circuit and then the dc voltage is suddenly applied to the circuit at ݐ = 0 by closing the 
switch (SW). The response of this circuit is considered as current through the circuit. The initial 
current through the circuit at ݐ = 0 is given by, 
݅(0) = 0                                                                                                                                                  (4.103) 

 Applying KVL in the circuit shown in Fig. 4.20, the relation between voltage across the inductor and 
resistor is given by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ =  (4.104)                                                                                                                    (ݐ)ݑܸ

 The equation (4.104) is represented in Laplace domain as,  

ܴ (ݏ)ܫ + (ݏ)ܫݏ]ܮ − ݅(0ି)] =
ܸ
ݏ          

ܴ) (ݏ)ܫ + (ܮݏ =
ܸ
ݏ  

(ݏ)ܫ  =
ܸ
ൗܮ

ܴ)ݏ ൗܮ + (ݏ
                                                                                                                              (4.105) 

Using the partial fraction concept of Laplace transform it can be written as, 
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(ݏ)ܫ  =
ܺ
ݏ +

ܻ
(ܴ ൗܮ + (ݏ

                                                                                                                       (4.106) 

Where the values of X and Y are given by, 

ܺ = ൥
ܸ
ൗܮ

(ܴ ൗܮ + (ݏ
൩
௦ୀ଴

=
ܸ
ܴ                                                                                                                    (4.107) 

ܻ = ൥
ܸ
ൗܮ
ݏ ൩

௦ୀିோ ௅ൗ

= −
ܸ
ܴ                                                                                                                      (4.108) 

Substituting the values of X and Y in equation (4.106), it becomes, 

(ݏ)ܫ  =
ܸ
ܴൗ
ݏ −

ܸ
ܴൗ

(ܴ ൗܮ + (ݏ
                                                                                                                   (4.109) 

The solution of equation (4.109) is obtained in time domain by taking inverse Laplace transform of 
(4.109) for t > 0 as, 

(ݐ)݅ =
ܸ
ܴ ൫1− ݁ି(ோ௧/௅) ൯                                                                                                                     (4.110) 

Equation (4.110) presents the current flowing through the circuit at t > 0. 

4.6.2 Step response of parallel R-C circuit using Laplace transform 
A circuit with a parallel combination of pure resistor (R) and pure capacitor (C) connected across an 

independent dc current source as shown in Fig. 4.21 is considered for analysis. Initially the switch 
(SW) was closed and no current was flowing through the parallel combination of R and C. The 
switch is open at ݐ = 0 and current starts flowing through R and C. The response of this circuit is 
considered as current through the circuit i.e parallel combination of R and C. The initial voltage 
across the C is zero as the capacitor was not charged initially.  

 
  
 
 
 
 
 
 

Fig. 4.21: Parallel R-C circuit with step input current in Laplace domain 
Applying KCL in the circuit shown in Fig. 4.21, the relation between current through capacitor, resistor 

and the source current is given by, 
݅஼(ݐ) + ݅ோ(ݐ) =  (4.111)                                                                                                                          (ݐ)ݑܫ
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As the R and C are connected in parallel, the voltage across them are same and it is shown as, 

݅ோ(ݐ)ܴ =
∫ ݅஼(ݐ)݀ݐ

ܥ                                                                                                                              (4.112) 

Multiplying both side by R, the equation (4.111) can be presented as, 
ܴ݅஼(ݐ) + ܴ݅ோ(ݐ) =                                  ܴ(ݐ)ݑܫ

ܴ݅஼(ݐ) +
∫ ݅஼(ݐ)݀ݐ

ܥ =  (4.113)                                                                                                            ܴ(ݐ)ݑܫ

Taking Laplace transform in both side of equation (4.113), it is obtained as, 

(ݏ)஼ܫܴ +
(ݏ)஼ܫ
ݏܥ −

ܳ(0ି)
ݏܥ =

ܴܫ
ݏ                                   

(ݏ)஼ܫܴ +
(ݏ)஼ܫ
ݏܥ =

ܴܫ
ݏ                                                                                                                            (4.114) 

Rearranging the terms of equation (4.114), it is represented as,  

(ݏ)஼ܫ  ൤ܴ +
1
൨ݏܥ =

ܴܫ
ݏ                            

(ݏ)஼ܫ  =
ܫ

ቀݏ + ଵ
ோ஼
ቁ

                                                                                                                                (4.115) 

The solution of equation (4.115) is obtained in time domain by taking inverse Laplace transform of 
(4.115) for t > 0 as, 
݅஼(ݐ) = ௧/ோ஼ି݁ܫ                                                                                                                                     (4.116) 

Equation (4.116) presents the current flowing through the capacitor at t > 0. Current flowing through the 
resistor is given by, 

݅ோ(ݐ) = ܫ − ݅஼(ݐ) = −൫1ܫ ݁ି௧/ோ஼൯                                                                                                  (4.117) 

4.6.3 Step response of series R-L-C circuit using Laplace transform 
 
 
 
 
 
 
 
 

Fig. 4.22: Series R-L-C circuit with step input voltage in Laplace domain  
A circuit with a series combination of pure resistor (R), pure inductor (L) and pure capacitor (C) 

connected across an independent dc voltage source as shown in Fig. 4.22 is considered for analysis. 
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Initially the switch (SW) was open and no current was flowing through the circuit. The switch (SW) 
is closed at ݐ = 0 and current starts flowing through the circuit. The response of this circuit is 
considered as current through the circuit. 

Applying KVL in the circuit shown in Fig. 4.22, the relation between the voltage across resistor, inductor, 
capacitor and the source voltage is given by, 

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ +

1
ܥ න݅(ݐ)݀ݐ =                                  (ݐ)ݑܸ

ܴ(ݐ)݅ + ܮ
(ݐ)݅݀
ݐ݀ +

1
ܥ න݅(ݐ)݀ݐ = ݐ ݎ݋݂      ܸ > 0                                                                          (4.118) 

Taking Laplace Transform in both side, it is obtained as, 

ܴ(ݏ)ܫ + ݏ(ݏ)ܫ]ܮ − ݅(0ି)] +
1
ܥ ቈ
(ݏ)ܫ
ݏ −

ܳ(0ି)
ݏ ቉ =

ܸ
ݏ                                                                    (4.119) 

Taking the initial conditions as zero, equation (4.119) can be written as,  

(ݏ)ܫ =  
ܸ

ቀݏܮଶ + ݏܴ + ଵ
஼
ቁ

                             

(ݏ)ܫ =  
ܸ

ቀݏଶ + ோ
௅
ݏ + ଵ

௅஼
ቁ

                                                                                                                      (4.120) 

Equation (4.120) can be written as, 

(ݏ)ܫ =  
௏
௅௦

ݏ) + ݏ)(ߙ + (ߚ                                                                                                                      (4.121) 

Where the values of ߙ and ߚ by applying Shreedhara Acharya's formula as, 

ߚ,ߙ =   −
ܴ
ܮ2 ± ඨ൬

ܴ
൰ܮ2

ଶ

−
1
ܥܮ                                                                                                           (4.122) 

The equation mentioned in (4.121) can be solved by considering any one of the following conditions, 
 

Condition 1: 
൬
ܴ
൰ܮ2

ଶ

>
1
 ܥܮ

Over-damped response 

Condition 2: 
൬
ܴ
൰ܮ2

ଶ

=
1
 ܥܮ

Critically damped response 

Condition 3: 
൬
ܴ
൰ܮ2

ଶ

<
1
 ܥܮ

Under-damped response 

 Condition 1: 
During this condition both ߙ and ߚ are real and unequal. Using the partial fraction concept of Laplace 

transform the equation (4.121) can be written as, 



Electric Circuits and Networks | 223 

 

 

(ݏ)ܫ =  
ܺ

ݏ) + (ߚ +   
ܻ

ݏ) +  (4.123)                                                                                                               (ߚ

Where X and Y are given by, 

ܺ = ൤
ܮ/ܸ

ݏ) + ݏ)(ߚ + ൨௦ୀିఈ(ߙ
=

ܸ
ߚ)ܮ −  (4.124ܽ)                                                                                      (ߙ

ܻ = ൤
ܮ/ܸ

ݏ) + ݏ)(ߙ + ൨௦ୀିఉ(ߚ
=

ܸ
ߙ)ܮ −  (4.124ܾ)                                                                                      (ߚ

Equation (4.123) can be written as, 

(ݏ)ܫ =  
ܮ/ܸ

ߚ) − ݏ)(ߙ + (ߚ +   
ܮ/ܸ

ߙ) − ݏ)(ߚ +  (4.125)                                                                                 (ߚ

The solution of equation (4.125) is obtained in time domain by taking inverse Laplace transform of 
(4.125) for t > 0 as, 

(ݐ)݅ =  
ܮ/ܸ

ߚ) − (ߙ ݁
ିఉ௧ +   

ܮ/ܸ
ߙ) − (ߚ ݁

ିఈ௧                                                                                             (4.126) 

Condition 2: 
For this condition the values of ߙ and ߚ are real and equal which is given by, 

ߙ = ߚ =  ܭ
Hence the equation (4.121) can be written as,  

(ݏ)ܫ =  
ܮ/ܸ

ݏ) + ଶ(ܭ                                                                                                                                   (4.127) 

The solution of equation (4.127) is obtained in time domain by taking inverse Laplace transform of 
(4.127) for t > 0 as, 

(ݐ)݅ =  
ܸ
ܮ ݁ݐ

ି௄௧                                                                                                                                      (4.128) 

Condition 3: 
For this condition the value of ߛ is imaginary. Hence, the values of ߚ,ߙ are complex conjugates and they 

are presented as, 
ߙ = −ܺ + ݆ܻ 
ߚ = −ܺ − ݆ܻ 

Equation (4.121) can be written as, 

(ݏ)ܫ =  
ܮ/ܸ

ݏ) + ܺ + ݏ)(ܻ݆ + ܺ − ݆ܻ) 

(ݏ)ܫ =  
ܮ/ܸ

ݏ) + ܺଶ) + ܻଶ        

(ݏ)ܫ =  
ܸ
ܻܮ

ܻ
ݏ) + ܺଶ) + ܻଶ                                                                                                                   (4.129) 
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The solution of equation (4.129) is obtained in time domain by taking inverse Laplace transform of 
(4.129) for t > 0 as, 

(ݐ)݅ =  
ܸ
ܻܮ ݁ݐ

ି௑௧ sinܻݐ                                                                                                                       (4.130) 

Example 4.11 A capacitor of C = 2 µF with initial voltage across the capacitor as 20 V is connected to a 
resistor of 100 Ω through a switch at t = 0. Find the current through the circuit using Laplace 
Transform for t > 0. 

Solution: 
R = 100Ω 
C = 2µF 

(0)ݒ =
ܳ଴
ܥ = 10V 

The circuit is drawn as, 
 
 
 
 
 
 
Applying KVL in the above circuit, it is obtained as,  

݅ோ(ݐ)ܴ +
∫ ݅஼(ݐ)݀ݐ

ܥ = 0 

Taking Laplace Transform of the above equation, it is written as,  

ܴ(ݏ)ܫ +
(ݏ)ܫ
ݏܥ +

ܳ଴
ݏܥ = 0 

(ݏ)ܫ ൬ܴ +
1
൰ݏܥ = −

ܳ଴
 ݏܥ

(ݏ)ܫ = −
ܳ଴/ݏܥ

ቀܴ + ଵ
஼௦
ቁ

= −
ܳ଴

ܴܥ ቀݏ + ଵ
ோ஼
ቁ
 

(ݏ)ܫ = −
10

100 ቀݏ + ଵ
ଵ଴଴×ଶ×ଵ଴షల

ቁ
 

Taking inverse Laplace Transform of the above equation, 
(ݐ)݅ = −0.1݁ିହ଴଴଴௧  A 

Example 4.12 For the circuit given below, the dc voltage of 100 V was applied to the circuit for a long 
time when the switch was open. The switch is closed at t = 0. Find the current through the circuit 
using Laplace Transform for t > 0. 
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Solution: 
When the switch was open current was flowing through both the resistances and the inductance for a long 

time. Current through inductor does not change suddenly. The current through the circuit during 
that time (t < 0) is given by, 

݅(0ା) = ݅(0ି) = ݅(0) =
100

6 = 16.67 A 

When the switch is closed at t = 0, applying KVL in the circuit, it is obtained as, 

(ݐ)݅ × 4 + 0.5 ×
(ݐ)݅݀
ݐ݀ =      (ݐ)ݑ100

 The above equation is represented in Laplace domain as,  

(ݏ)ܫ  × 4 + 0.5 × (ݏ)ܫݏ] − ݅(0)] =
100
ݏ         

(ݏ)ܫ  =
100 + (0)݅ݏ0.5
4)ݏ + (ݏ0.5  =   

200 + (0)݅ݏ
8)ݏ + (ݏ     

 
Using partial fraction, the above equation can be written as, 

(ݏ)ܫ =   
ܺ
ݏ  +

ܻ
(8 +   (ݏ

ܺ =   ቈ
200 + (0)݅ݏ

(8 + (ݏ ቉
௦ୀ଴

=
200

8 = 25 

ܻ =   ቈ
200 + (0)݅ݏ

ݏ ቉
௦ୀି଼

=
200 − 8݅(0)

−8 =
200 − 8 × 16.67

−8 = −8.33 

Hence the value of I(s) is written as,  

(ݏ)ܫ =   
25
ݏ −

8.33
(8 +  (ݏ

Taking inverse Laplace Transform in the above equation, the current through the circuit is obtained as, 
(ݐ)݅ =   25 − 8.33݁ି଼௧  A 
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UNIT SUMMARY  
1. First order electric circuits are governed by first order differential equations whereas second 

order circuits are governed by second order differential equations. 
2. If the external independent source is not connected to these circuits, then they are known as 

source free electric circuits and the response of these circuits are known as natural response.  
3. Time constant is defined as the time required for the circuit to respond to a value of 36.8% of 

the initial value. 
4. For a source free R-L circuit, the energy stored in the inductor decays exponentially and it 

dissipates across the resistor. 
5. For a source free R-C circuit, the charge stored in the capacitor decays exponentially and it 

dissipates across the resistor. 
6. When the voltage or current source of a circuit is applied suddenly and if those sources can be 

modelled as step function then the response of the circuit is known as step response. 
7. Current through the inductor or voltage across the capacitor rises exponentially when an 

independent voltage or current source is connected to the circuit. 
8. Laplace Transform is an important mathematical tool to find out the transient response of electric 

circuits. It is an integral transformation of a function from time domain to complex frequency 
domain. 
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EXERCISES 
 
Multiple Choice Questions  
1. Time constant of RC circuit is    

a. 1/RC 

b. RC 

c. R/C 

d. C/R 

 

2. Time constant of RL circuit is    

a. 1/RL 

b. RL 

c. R/L 

d. L/R 

 

3. Time dependent voltage source, V= f(t) can be represented in Laplace domain as,   

a. V/s 

b. V(s) 

c. Vs 

d. 0 

4. Inductance (L) in Laplace domain is represented as,   

a. L 

b. sL 

c. L/s 

d. s2L 

5. The final value of current through the circuit in a series R-L circuit with step input voltage of 
V and initial current of I0 through the inductor is given by  

a. V 

b. V/R 

c. I0 

d. V/L 
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6. The final value of voltage across C in a series R-C circuit with step input voltage of V and 
initial voltage across C of VC0 is given by 

a. VC0 

b. 0 

c. ∞ 

d. V 

 

7. If the value of voltage source is 0 at t < t0 and V at t > t0 then it can be expressed as 

a. v(t) = 0 

b. v(t) = Vu(t + t0) 

c. v(t) = Vu(t - t0) 

d. v(t) = V 

 

 

8. In a RC circuit with R=1 Ω and C=1 F, the time required for the capacitor voltage to reach 
40% of its steady state value is  

a. 0.51 sec 

b. 0.41 sec 

c. 0.61 sec 

d. 0.71 sec 

 

9. In a RL circuit with R=1 Ω and L=1 H, the time required for the inductor current to reach 80% 
of its steady state value is  

a. 1.41 sec 

b. 1.51 sec 

c. 1.61 sec 

d. 1.71 sec 

 

10. Inverse of time constant of a circuit is known as 
a. resonance 

b. damping ratio 

c. frequency 

d. neper frequency 
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Answers of Multiple-Choice Questions  
1. b                     2. d                    3. b                   4. b                    5. b 
6. d                     7. c                    8. a                   9. c                  10. b 

Short Answer Questions: 

1. What is the meaning of time constant of the circuit?  
2. Prove that at t= 5 of times of time constant of the circuit, the transient response of the circuit 

is equal to its steady state value. 
3. Define damping ratio. 
4. What is the significance of the smaller time constant of the circuit?  
5. What do you mean by first order electric circuit?  

Long Answer Questions: 
1. Prove that as t→∞, the energy absorbed by the resistor in a source free R-L circuit is equal 

to the initial energy available in the charged inductor. 
2. Prove that the current flowing through the capacitor becomes zero as t→∞ in a parallel R-C 

circuit excited by a step dc current.   
3. Derive the expression for current through the resistor for the circuit mentioned in Fig. 4.19 

using Laplace Transform. 
4. Derive the expression for current through the circuit mentioned in Fig. 4.8 using Laplace 

Transform. 

Numerical Problems 
1. When a series R-L circuit with R = 100 ohm and L = 10 H is connected to a dc voltage source 

at t = 0, the current through the circuit rises at the rate of 10A/sec. Find the applied voltage 
and final energy stored in the inductor. 

2. For the circuit shown below, initially the switch was in contact with position 1 for 20 sec. The 
switch changes its contact from position from 1 to 2 at t =0. Determine the voltage across 
the capacitor at t=0 and current through the circuit at t > 0.  

 

 
 
 
 

 
 
3. A constant voltage of 100 V is applied at t=0 to a series R-L-C circuit with R = 10 ohm, L =2 

H and C =100 µF. Find the current flowing through the circuit for t > 0. 
4. A constant current of 1 A is applied at t =0 across a parallel combination of R-L circuit with 

R = 1 ohm and L = 0.5 H. Find the current through the resistor and inductor for t > 0. 
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5. For the circuit given below, the switch was closed for a long time. At t =0, the switch becomes 
open then find the current through the circuit for t > 0 and voltage across the switch at the 
time of opening.  
 
 
 
 
 
 
 
 
 
 
 

6. For the Fig. 4.19 consider I = 10 A, R = 1 ohm, L =1 H and C =1 F. The switch becomes 
open at t = 0. Find out the current through the resistor for t > 0 using Laplace Transform. 

7. A step voltage of 100 V is applied at t = 0 to a series combination of R-C circuit where R = 5 
ohm, C =2 F. Initial voltage across the capacitor is zero. Find the current through the circuit 
for t > 0 using Laplace Transform. 

8. A step voltage of 10 V is applied at t = 0 to a series combination of R-C circuit where R = 5 
ohm, C =2 F. Initial charge on the capacitor is 4C. Find the current through the circuit for t > 
0 using Laplace Transform. 
  

 

PRACTICAL  
1. Use LTspice to determine the current through a series R-L-C circuit with R=10 ohm, L= 2 H 

and C=50 µF when connected to a step voltage input of 200V DC.  
2. Use LTspice to determine the current through a series R-L circuit with R=100 ohm and L= 4 

H with zero initial current through L at t < 0 when connected to a step voltage input of 10V 
DC.  

 
KNOW MORE 
1. Find the current flowing through the capacitor for the circuit given in Example 4.3 considering 

the initial voltage across the capacitor as 10 V using LTspice. 
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Fig. 4.23: Current through capacitor for the circuit given in Example 4.3 using LTspice 
Current through capacitor is initially 2 A and it decays as time progresses.  
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UNIT SPECIFICS  

Through this unit we have discussed the following aspects: 

● Network topology   
● Tie-set matrix    
● Cut-set matrix  
● Two-port networks  
● Impedance and Admittance parameters  
● ABCD and h parameters 
● Relations between the two-port parameters  
● Interconnection of the electric networks 

RATIONALE  
An electric network consists of voltage sources, current sources and passive elements (R, L, C) 

in series and parallel combinations. In order to analyse the network, many network theorems are applied 
in the earlier chapters. In this chapter, such circuits are solved with the help of the graph theory concepts. 
Hence, the networks are transformed into the oriented graph. This graph is useful for the formation of 
the tie-set matrix and the cut-set matrix. These matrices are useful for solving such networks without 
doing many calculations. Most of the networks have two-ports namely input port and output ports. Hence 
these networks are denoted as two-port networks. The two-port network parameters are impedance 
parameters, admittance parameters, ABCD or transmission parameters and hybrid parameters. These 
two-port networks allow one to find the response of the network for the given input signal without 
calculating or finding the internal voltages and currents of the network. Also, the relations between these 
two-port networks are derived. . Many networks are interconnected in series, parallel or cascade mode 
and discussed the method of finding the two-port parameters of such interconnected networks.  

 

 

 

5 

          Graph Theory 
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PRE-REQUISITES  

Basic graph theory  
Network theorems  

UNIT OUTCOMES  

List of outcomes of this unit is as follows: 
U5-O1: Understand the basics of the network topology and its definitions  
U5-O2: Formulate the tie-set matrix and cut-set matrix for the network 
U5-O3: Comprehend the two-port network parameters namely Z, Y, ABCD and h parameters  
U5-O4: Realize the relations between the two-port parameters  
U5-O5: Analyse and Understand the interconnection of the networks  
 

Unit-5 
Outcomes 

EXPECTED MAPPING WITH COURSE OUTCOMES 
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation) 

CO-1 CO-2 CO-3 CO-4 CO-5 
U5-O1 1 1 - 2 - 
U5-O2 - - - 3 - 
U5-O3 1 1 - 3 - 
U5-O4 - - - 3 - 
U5-O5 - - - 2 - 

audacity 

 
 
 
 
 
 
 
 
 
 
 



Electric Circuits and Networks | 235 

 

 

5.1 NETWORK GRAPHS  
An electric network consists of voltage sources, current sources, resistors, inductors and capacitors. The 

network graphs are the graphical representation of the electric networks. The nodes and lines are 
considered for making the graph.  A single point in which two or more electrical elements are 
connected together is denoted as a node. The lines are used to represent the branch in a circuit. A 
circuit branch is an electrical element or multiple electrical elements that are connected between 
two nodes. These circuit branches are replaced by the lines in a network graph. A sample electric 
network is shown in Fig.5.1 which consists of a voltage source and resistors R1 to R5. As per the 
definition of the node and branch, the four nodes including reference node, 5 branches are shown 
in Fig.5.2.  Basic terminologies in the network graphs are listed with explanation.  

Basic terminologies used in network graph:  
Branch: A branch is a line segment that represents an electrical element or multiple electrical elements 

connected between the nodes. In Fig. 5.2, the line segment named as 1 to 5 are the branches which 
will not inform about the type of the electrical component. It provides information about a 
component or an element present on that segment.  

Node: A node is the end points of the line segment. Each line segment has two nodes. The line segment 
1 shown in Fig.5.2 has two end points that is named as Nodes N1 and N2 respectively. It has totally 
four nodes N1, N2, N3 and N4.  

+
_

1 2 3

4

V

R2

R3

R1

R5

R4

 
Fig. 5.1: Sample electric circuit for explaining concept of network graph  
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N1 N2 N3

N4

4 5

21

3

 
Fig. 5.2: Network graph of the electric circuit shown in Fig.5.1  

Degree of a node: The number of branches or line segments connected to that node is called the degree 
of a node. In Fig. 5.2, the degree of the node for node N2 is 3, since the line segments 1, 2 and 3 
are connected to it.  

Tree: It is an interconnected and undirected sub graph of a network which covers all the nodes in a 
network.  There is no closed loop in the tree or it has an open set of branches. A graph may have 
multiple numbers of trees and that is shown in Fig.5.3.  

 The connected subgraph is known as the tree of the graph if the subgraph has all nodes of the graph 
without containing any loop. 

Twigs: It is known as the branches in a tree. Or Tree branches are called Twigs. If the number of nodes 
is n in a graph. The number of twigs in a tree is (n-1).    

Links or Co-tree:   It consists of the branches which are not in the tree of a network graph. In simple 
way, by combining tree branches and tree links, all branches in a graph could be obtained. The 
trees of the graph shown in Fig. 5.2 are shown in Fig.5.3, the corresponding tree link is shown in 
Fig.5.4 in the same order. For example, the tree link of the Tree of Fig.5.3 (a) is presented in Fig.5.4 
(a) in a dotted line.  

Directed Graph or Oriented Graph: The branches of a graph are marked with the current direction. 
Such a graph is called an oriented graph or the directed graph.  

Loop: It is a closed path in a network graph. The loop of the graph is shown in Fig. 5.2. It consists of two 
independent loops.  
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N1 N2 N3

N4

4 5

3

                            

N1 N2 N3

N4

4 5

1

 
(a)                                                                              (b) 

   

N1 N2 N3

N4

4 5

2

                          

N1 N2 N3

N4

4

21

 
(c)                                                                             (d) 

Fig. 5.3: Trees of the network graph of the electric circuit shown in Fig.5.2  

N1 N2 N3

N4

4 5

3

1 2

                                    

N1 N2 N3

N4

4 5

1 2

3

 
(a)                                                                              (b) 
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N1 N2 N3

N4

4 5

21

3

                         

N1 N2 N3

N4

4

21

3

5

 
(c)                                                                             (d) 

Fig. 5.4: Tree links of the trees shown in Fig.5.3  
Incidence Matrix using KCL: For the circuit shown in Fig.5.5, the number of nodes is 4 and the number 

of branches is 6 that are numbered in closed brackets. Let us assume that the branch currents ݅௕ଵ, 
݅௕ଶ, ݅௕ଷ, …..݅௕଺ flows in the corresponding branches. By applying the Kirchoff’s current law at 
each node, the following equation 5.1 is obtained. This equation is represented as matrix form with 
the branch currents and incidence matrix in equation (5.2).  
݅௕ଵ − ݅௕ଶ − ݅௕଺ = 0 − ݅௕ଵ + ݅௕ଷ + ݅௕ସ = 0 ݅௕ଶ − ݅௕ଷ − ݅௕ହ = 0 − ݅௕ସ + ݅௕ହ + ݅௕଺ = 0 }        (5.1) 
[1      − 1         0         0           0      − 1 − 1        0         1         1           0          0 0          1     −
1        0      − 1        0  0         0         0       − 1        1       1 ][ܾ݅1 ܾ݅2 ܾ݅3 ܾ݅4 ܾ݅5 ܾ݅6 ] = 0            (5.2a) 
ܱܴ 
௕ܫ௔ܣ = 0                                                                                                                                   (5.2b) 

Where, ܣ௔ is the complete incidence matrix of the graph and ܫ௕ is known as the branch currents of the 
graph.  

1

2

3

4

(1) (2)

(3)

(4) (5)

(6)

 
Fig. 5.5: Oriented graph presenting for the incidence matrix 

Reduced Incidence Matrix: A reduced incidence matrix (A) is obtained by eliminating one row from 
the actual incidence matrix. The eliminated row is corresponding to the reference node or datum 
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node.  In this example, node 4 is taken as a reference node. Hence the obtained reduced incidence 
matrix is given below.  
ܣ = [1      − 1         0         0           0      − 1 − 1        0         1         1           0          0 0          1     

− 1        0      − 1        0 ] 
Incidence Matrix using KVL: For the circuit shown in Fig.5.5, let us assume that the branch voltages 

 ௕଺ are the voltage across the corresponding branches. These branch voltagesݒ..… ,௕ଷݒ ,௕ଶݒ ,௕ଵݒ
are presented as node voltages.  ݒ௕ଵ = ௡ଵݒ − ௕ଶݒ ;௡ଶݒ = ௡ଵݒ − ௕ଷݒ ;௡ଷݒ = ௡ଶݒ − ௕ସݒ ;௡ଷݒ =
௡ଶݒ − ௕ହݒ ;௡ସݒ = ௡ସݒ − ௕଺ݒ ;௡ଷݒ = ௡ସݒ −  ௡ଵ. These are presented in matrix form in equationݒ
(5.3).  
[1   − 1        0         0  1        0       − 1      0 0        1       − 1       0 0        1         0       −
1 0          0      − 1         1 − [ 4݊ݒ 3݊ݒ 2݊ݒ 1݊ݒ][ 1         0        0         1 =  [ 6ܾݒ 5ܾݒ 4ܾݒ 3ܾݒ 2ܾݒ 1ܾݒ]
(5.3a) 
ܱܴ 
[݊ݒ]൧ܶܽܣൣ =  (5.3b)                                                                                                                        [ܾݒ]

 Properties of the incidence matrix:  
● The sum of the entries in any row is zero. 
● The determinant of the incidence matrix of a closed loop is zero.  
● The rank of the incidence matrix of an oriented graph is (n-1). Where n is the number of nodes 

in a graph.  
5.2 TIE SET ANALYSIS  
A tie-set is a set of branches in a loop. Where the loop contains one link and the remaining are the tree 

branches. The figure shown in Fig. 5.6 is the oriented graph of a circuit. The tree of this graph is 
shown in Fig. 5.7. The possible fundamental loops of that tree is shown in Fig.5.8. In this graph, 
there are three loops available. The Fundamental loop branches and links are [(1,2), (6)], [(1,3), 
(4)] and [(2,3), (5)]. These set of branches form the three tie-sets.  

            

 2

 4

(4) (5)

(2)(1)

(3)

1  3

(6)

                      

 2

 4

(2)(1)

(3)

1  3

 
           Fig. 5.6: Oriented graph of the circuit                    Fig. 5.7: Tree for the oriented graph shown in Fig.5.6 
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 2

 4

(2)(1)

(3)

1  3

(6)

   

 2

 4

(4)

(2)(1)

(3)

1  3
 2

 4

(5)

(2)(1)

(3)

1  3

 
             (a) Fundamental loop1                  (b) Fundamental loop2                  (c) Fundamental loop 3 

Fig. 5.8: Fundamental loops of the oriented graph shown in Fig.5.5 and the tree of Fig.5.6 
Tie-set matrix: A tie-set matrix (B) is a rectangular matrix whose rows are the links of the fundamental 

loops and the columns are the branches in an oriented graph. Hence the tie-set matrix for the circuit 
is shown in equation 5.5. It has three fundamental loops and six branches. The tie-set matrix 
elements are filled with the equation (5.4).  The tie-set matrix of the oriented graph of Fig. 5.5 is 
shown in equation 5.5. The rows are the links of the fundamental loops 1, 2 and 3. Similarly the 
columns are corresponding to its branches.  

௜௝ܤ = − ݊݋݅ݐܿ݁ݎ݅݀ ℎܿ݊ܽݎܾ ݈݇݊݅/݁݁ݎݐ ℎ݁ݐ ݏܽ ݁݉ܽݏ ݏ݅ ݊݋݅ݐܿ݁ݎ݅݀ ݌݋݋݈ ݈ܽݐ݊݁݉ܽ݀݊ݑ݂ ℎ݁ݐ ݂݅       1+}
/݁݁ݎݐ ℎ݁ݐ ݏܽ ݁ݐ݅ݏ݋݌݌݋ ݏ݅ ݊݋݅ݐܿ݁ݎ݅݀ ݌݋݋݈ ݈ܽݐ݊݁݉ܽ݀݊ݑ݂ ℎ݁ݐ ݂݅    1
/݁݁ݎݐ ℎ݁ݐ ݂݅         0 ݊݋݅ݐܿ݁ݎ݅݀ ℎܿ݊ܽݎܾ ݈݇݊݅
 (5.4)   ݊݋݅ݐܿ݁ݎ݅݀ ݌݋݋݈ ݈ܽݐ݊݁݉ܽ݀݊ݑ݂ ℎ݁ݐ ݊݅ ݐ݋݊ ݏ݅ ݊݋݅ݐܿ݁ݎ݅݀ ℎܿ݊ܽݎܾ ݈݇݊݅

ܤ =  [  −1   − 1      0       0      0      − 1 1        0    − 1 − 1          0        0 0        1       1       0      −
1       0 ]                                                                                                                                       (5.5) 

Tie-set matrix with KVL: By applying the KVL to the fundamental loops 1, the concern equation is 
obtained in equation (5.6).  
− ௕ܸଵ − ௕ܸଶ − ௕ܸ଺ = 0                                                                                                                (5.6) 

 This concept is applied to other fundamental loops and the concern equations are presented in equation 
(5.7) and (5.8) respectively.  

௕ܸଵ − ௕ܸଷ − ௕ܸସ = 0                                                                                                                   (5.7) 

௕ܸଶ + ௕ܸଷ − ௕ܸହ = 0                                                                                                                   (5.8) 
These equations (5.6) to (5.8) are formed as matrix format that is shown in equation (5.9).  Where ௕ܸ 

represents the branch voltages. This equation could be written as like in the equation (5.10).  
[  −1   − 1      0       0      0      − 1 1        0    − 1 − 1          0        0 0        1       1       0      −
1       0 ][ܸܾ1 ܸܾ2 ܸܾ3 ܸܾ4 ܸܾ5 ܸܾ6 ] = 0                                                                                    (5.9) 
][ܤ] ௕ܸ] = 0                                                                                                                              (5.10) 

Tie-set matrix with KCL: Let assume that the fundamental loop currents are ܫ௅ଵ, ܫ௅ଶ and ܫ௅ଷ for the 
fundamental loops shown in Fig. 5.7. The branch current of the branch (1) is denoted as (ܫ௕ଵ). 
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Based on this, the branch currents are represented in terms of the loop currents that are shown in 
equation (5.11).  
௕ଵܫ = ௅ଵܫ− + ;௅ଶܫ ௕ଶܫ  = ௅ଵܫ− + ;௅ଷܫ ௕ଷܫ  = ௅ଶܫ− + ;௅ଷܫ ௕ସܫ  = ;௅ଶܫ− ௕ହܫ  = ௕଺ܫ ;௅ଷܫ− =  ௅ଵܫ−
(5.11) 

 This equation is presented in the matrix form as shown in equation (5.12) and this equation could be 
written as like in the equation (5.13).  
[ 6ܾܫ 5ܾܫ 4ܾܫ 3ܾܫ 2ܾܫ 1ܾܫ] = [−1        1       0 − 1       0        1 0    − 1        1  0     −
1       0 0         0     − 1 −  (5.12)                                                             [ 3ܮܫ 2ܮܫ 1ܮܫ][ 0       0         1
[௕ܫ] =  (5.13)                                                                                                                         [௅ܫ]்[ܤ]

5.3 CUT-SET ANALYSIS  
A cut-set is a set of branches or the elements that are removed from the connected graph, the graph 

divides into the two groups of elements. A cut-set is the minimum number of branches in a graph 
such that the removal of these branches reduces the rank of the graph by one. In simple words, the 
removal of these branches results in the unconnected two graphs.  

The figure shown in Fig. 5.6 is the oriented graph of a circuit. The tree of this graph is shown in Fig. 5.7. 
The links or the twigs of this graph are the branches (4), (5) and (6). The graph is shown with its 
twigs and links in Fig.5.9. The removal of the branches (1), (4) and (6) make the unconnected 
graph. Node 1 forms one graph and Node 2,3 and 4 forms another graph.  
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  Fig. 5.9: Oriented graph of the circuit with its tree   Fig. 5.10: The resultant graph with the removal of 

the branches and link branches                                                   (1), (4) and (6)  
Fundamental cut-set: It is a cut-set that cuts the graph into two parts. It contains only one tree branch. 

Hence the number of cut-sets in an oriented graph or a connected graph is equal to the number of 
tree branches.  
Finding the fundamental cut-set: 

● The oriented graph of the circuit is drawn (See Fig.5.6). Find the tree of the graph (See 
Fig.5.7).  

● Focus on the tree branches one by one (See Fig.5.9).  
● Check whether by removing this tree branch (Consider the tree branch (1) in Fig.5.9) from 

the tree of the oriented graph separates the graph into two parts (Node 1 and Node 2, 3 & 4).  
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● All the links from this tree branch connected node to other nodes of the graph are noted down. 
These links [Link (4) and (6)] and the concerned tree branch [tree (1)] forms the fundamental 
cut-set.  

●  Hence the fundamental cut-set of the oriented graph is  
Fundamental cut-set 1: [1,4,6] 
Fundamental cut-set 2: [2,5,6] 
Fundamental cut-set 3: [3,4,5] 

⮚  The fundamental cut-set divides the graph into two parts.  
⮚  Each cut-set consists of one tree branch.  
⮚  The cut-set direction is the direction of the tree branch of that cut-set.  

● Fundamental cut-sets of the graph shown in Fig.5.9 are mentioned above the concern graphs 
are shown in Fig. 5.11. The cut-set direction is indicated in that figure.  
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(a)    Fundamental cut-set1                                (b) Fundamental cut-set2 
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(c) Fundamental cut-set3 

Fig. 5.11: Fundamental cut-sets and its direction of the oriented graph shown in Fig.5.9  
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Cut-set matrix: A cut-set matrix (QC) is a rectangular matrix whose rows are the cut-sets and the 
columns are the branches in an oriented graph. Hence the cut-set matrix for the circuit is shown in 
equation 5.14. It has three fundamental cut-sets and six branches. The cut-set matrix elements are 
filled as follows.  

ܳ஼
௜௝ = ݐݑܿ ℎ݁ݐ ݊݅ ݆ ℎܿ݊ܽݎܾ ℎ݁ݐ ݂݅    1+} −   ݁݀݅ܿ݊݅݋ܿ ݊݋݅ݐܽݐ݊݁݅ݎ݋ ݎℎ݅݁ݐ ݀݊ܽ ݅ ݐ݁ݏ

− ݐݑܿ ℎ݁ݐ ݊݅ ݆ ℎܿ݊ܽݎܾ ℎ݁ݐ ݂݅  1
− ݐݑܿ ℎ݁ݐ ݊݅ ݐ݋݊ ݏ݅ ݆ ℎܿ݊ܽݎܾ ℎ݁ݐ ݂݅  0  ݁ݏ݋݌݌݋ ݊݋݅ݐܽݐ݊݁݅ݎ݋ ݎℎ݅݁ݐ ݀݊ܽ ݅ ݐ݁ݏ
−                                                      ݅ ݐ݁ݏ

The cut-set matrix of the oriented graph of Fig. 5.9 is shown in equation 5.14. The rows are the cut-sets. 
Similarly, the columns are corresponding to its branches.  
ܳ஼ =  [   1        0         0        1       0       1  0        1        0        0      1       1   0        0         1        1   −
1     0 ]                                                                                                                                      (5.14) 

Cut-set matrix with KVL: The oriented graph is shown in Fig.5.9 and the corresponding tree is shown 
in Fig.5.10. The tree branches are branches 1, 2 and 3. Similarly the links are branch 4, 5 and 6. 
Let us assume that the tree branch voltages are ௧ܸଵ, ௧ܸଶ and ௧ܸଷ. Similarly, the branch voltages are 
denoted as ௕ܸଵ, ௕ܸଶ, ௕ܸଷ, ௕ܸସ, ௕ܸହ and ௕ܸ଺. All the branch voltages are represented by the tree 
branch voltages. Branches 1, 2 and 3 are the tree branches. Hence its voltages are presented in 
equation (5.15).  

௕ܸଵ = ௧ܸଵ ௕ܸଶ = ௧ܸଶ ௕ܸଷ = ௧ܸଷ }                                                                                              (5.15) 
Consider the branches 1, 3 and 4, that form the loop. By applying the KVL to that loop, the corresponding 

equation is obtained in equation (5.16). From this, the branch voltage of branch 4 is represented 
in terms of branch 1 and 3 and that is in (5.16).   

௕ܸଵ + ௕ܸଷ − ௕ܸସ = 0                                                                                                                 (5.16) 

௕ܸସ = ௕ܸଵ + ௕ܸଷ = ௧ܸଵ + ௧ܸଷ                                                                                                   (5.17) 
 This concept is applied to other loops (2, 3, 5) and (1, 2, 6) and the concern equations are presented in 

equation (5.18) and (5.19) respectively.  

௕ܸହ = ௧ܸଶ − ௧ܸଷ                                                                                                                        (5.18) 

௕ܸ଺ = ௧ܸଵ + ௧ܸଶ                                                                                                                        (5.19) 
These equations (5.15), (5.17) - (5.19) are formed as a matrix format that is shown in equation (5.20).  

Where ௕ܸ and ௧ܸ represents the branch voltages and tree branch voltages. This equation could be 
written as like in the equation (5.21).  

⎣
⎢
⎢
⎢
⎢
⎡ ௕ܸଵ

௕ܸଶ

௕ܸଷ

௕ܸସ

௕ܸହ

௕ܸ଺⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡

1     0      0
0     1      0
0     0      1
1     0      1

0     1   − 1
1     1      0 ⎦

⎥
⎥
⎥
⎥
⎤

൥
௧ܸଵ

௧ܸଶ

௧ܸଷ

൩                                                                                                      (5.20) 

[ܸܾ] = ܥܳൣ
ܶ൧[ܸݐ]                                                                                                                       (5.21) 
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Cut-set matrix with KCL:  The branch current of the branch (1) is denoted as (ܫ௕ଵ). Apply the KCL at 
the nodes where the links are connected, the equation is presented in equation (5.22) 
௕ଵܫ + ௕ସܫ + ௕଺ܫ = 0
௕ଶܫ− − ௕ହܫ − ௕଺ܫ = 0
௕ଷܫ− − ௕ସܫ + ௕ହܫ = 0

ൡ                                                                                                              (5.22) 

The equation (5.22) is modified as follows 
௕ଵܫ + ௕ସܫ + ௕଺ܫ = 0

௕ଶܫ+ + ௕ହܫ + ௕଺ܫ = 0
௕ଷܫ+ + ௕ସܫ − ௕ହܫ = 0

ൡ                                   

This equation is presented in the matrix form as shown in equation (5.23) and this equation could be 
written as like in the equation (5.24).  

൥
1         0       0        1         0        1
0         1      0        0         1         1

  0          0       1         1       − 1       0
൩

⎣
⎢
⎢
⎢
⎢
⎡
௕ଵܫ
௕ଶܫ
௕ଷܫ
௕ସܫ
௕ହܫ
⎦௕଺ܫ
⎥
⎥
⎥
⎥
⎤

= 0                                                                         (5.23) 

[ܳ஼][ܫ௕] = 0                                                                                                                             (5.24) 
The summarization of the three matrices (incidence matrix, tie-set matrix and cut-set matrix) are 

presented in Table 5.1.  
Table 5.1: Summarization of incidence matrix, tie-set matrix and cut-set matrix 

Matrix KVL KCL 

Incidence matrix ൣܶܽܣ൧[݊ݒ] = ௕ܫ௔ܣ [ܾݒ] = 0 

Tie-set matrix [ܤ][ ௕ܸ] = [௕ܫ] 0 =  [௅ܫ]்[ܤ]

Cut-set matrix [ܸܾ] = ܥܳൣ
ܶ൧[ܸݐ] [ܳ஼][ܫ௕] = 0   

5.4 NETWORK EQUILIBRIUM EQUATIONS 
The network equilibrium equations are the set of equations which describe the state of the network at any 

instant of time. It is represented with either current variables or voltage variables. These equations 
are unique if the number of independent variables is equal to the number of independent equations.  

ݏ݊݋݅ݐܽݑݍ݁ ݎ݋ ݏ݈ܾ݁ܽ݅ݎܽݒ ݐ݊݁݀݊݁݌݁݀݊݅ ݂݋ ݎܾ݁݉ݑܰ

= ൜ܾ − (݊ − ݏ݅ݏݕ݈ܽ݊ܽ ݂݋ ݀݋ℎݐ݁݉ ݌݋݋݈ ݎ݋݂   (1
(݊ −   ݏ݅ݏݕ݈ܽ݊ܽ ݂݋ ݀݋ℎݐ݁݉ ݁݀݋݊ ݎ݋݂ (1

The network equations could be formed in any of the following methods.  
● Based on Kirchhoff's voltage law, the loop equations are formed in which the current is the 

independent variable.  
● Based on Kirchhoff's current law, the node equations are formed in which the voltage is the 

independent variable.  



Electric Circuits and Networks | 245 

 

 

Formation of Loop equations based on KVL: The branch k having an impedance ܼ௄ and a voltage 
source ௌܸ௄ in series and the current flowing in the branch is ݅௄. The branch voltage (ݒ௄) is written 
in equation (5.25). This equation should be in the matrix format in equation (5.26). 
௞ݒ = ܼ௄݅௄ + ௌܸ௄                                                                                                                      (5.25) 
[ܸܾ] = [ܾܫ][ܾܼ] + [ܸܵ]                                                                                                            (5.26) 

ܼ஻    - Branch impedance 
௄ܫ     - Branch current  

ௌܸ    - Source voltage  

஻ܸ    - Branch voltage  
[ܼ஻]  - Branch impedance matrix   
   Branch current matrix which is column vector -  [஻ܫ]
[ ௌܸ]  - Source voltage matrix which is column vector 

+ _

ZK

VSK

vK

iK

 
Fig. 5.12: A voltage source in series with an impedance 

The equation (5.26) is rewritten based on as per the equation (5.10), that is written in equation (5.27).   
The equation (5.27) is modified as the equation (5.28). The equation (5.28) is written by applying 
the equation (5.13), which is presented in equation (5.29).  
][ܤ] ௕ܸ] = [௕ܫ][௕ܼ][ܤ] + ][ܤ] ௌܸ]                                                                                             (5.27) 
][ܤ] ௕ܸ] = 0   (as per equation (5.10)) 
[௕ܫ][௕ܼ][ܤ] + ][ܤ] ௌܸ] = 0 
[௕ܫ][௕ܼ][ܤ] = ][ܤ]− ௌܸ]                                                                                                           (5.28) 
[௅ܫ]்[ܤ] [௕ܼ][ܤ] = ][ܤ]− ௌܸ]                                                                                                   (5.29) 
[௅ܫ][ܼ] =  (5.30)                                                                                                                         [ܧ]−
[ܧ] = ][ܤ] ௌܸ] 

Where,  [ܼ]  is the loop impedance matrix which is written in equation (5.31). 
[ܼ] =     (5.31)                                                                                                                   ்[ܤ] [௕ܼ][ܤ]

Formation of Node equations based on KCL:  The branch k having an admittance ݕ௞ and a current 
source ݅ௌ௄ in parallel and the voltage across the branch k is ݒ௄. The current (݅௄) is written in 
equation (5.32). This equation should be in the matrix format in equation (5.33). 
݅௞ = ௄ݒ௄ݕ − ݅ௌ௄                                                                                                                        (5.32) 
[ܾܫ] = [ܻܾ][ܸܾ] −  (5.33)                                                                                                             [ܵܫ]

஻ܻ    - Branch admittance 
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஻ܫ     - Branch current  
  ௌ    - Source currentܫ

஻ܸ    - Branch voltage  
[ ஻ܻ]  - Branch admittance matrix   
   Branch current matrix which is column vector -  [஻ܫ]
 Source current matrix which is column vector -  [ௌܫ]

yK

iSK

vK

iK

 
Fig. 5.13: A current source in parallel with an admittance  

The equation (5.33) is rewritten based on as per the equation (5.2), that is written in equation (5.34).   The 
equation (5.34) is modified as the equation (5.35). The equation (5.35) is written by applying the 
equation (5.3), which is presented in equation (5.36).  
[ܾܫ][ܽܣ] = −[ܾܸ][ܾܻ][ܽܣ]  (5.34)                                                                                        [ܵܫ][ܽܣ]
[ܾܫ][ܽܣ] = 0   (as per equation (5.2)) 
−[ܾܸ][ܾܻ][ܽܣ] [ܵܫ][ܽܣ] = 0 
[ܾܸ][ܾܻ][ܽܣ] =  (5.35)                                                                                                          [ܵܫ][ܽܣ]
[ܸ݊]ܶ[ܽܣ][ܾܻ][ܽܣ] =  (5.36)                                                                                                 [ܵܫ][ܽܣ]
[ܻ][ ௡ܸ] =  (5.37)                                                                                                                            [ܨ]
[ܨ] =  [ௌܫ][௔ܣ]

Where,  [ܻ]  is the node admittance matrix which is written in equation (5.38).  
[ܻ] = ][௔ܣ] ௕ܻ] [ܣ௔]்                                                                                                               (5.38)    

5.5 ANALYSIS OF RESISTIVE NETWORK  
The network consists of the passive elements and active sources like voltage sources and current sources. 

Here, the network which consists of the resistors are only discussed in this chapter. The voltage 
across the branch elements and the current through the branch elements are to be found using the 
loop impedance matrix or node admittance matrix or in other words which is found by the 
topological application of KVL and KCL concepts. These electrical networks are also solved with 
network theorems and basic network solving methods like loop analysis and node analysis. The 
response of the network could be verified using KVL and KCL.  

Example 5.1: Determine the loop currents and branch currents using tie-set concepts for the circuit 
shown in Fig. 5.14.  
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Solutions: The oriented graph of the circuit shown in Fig.5.14 is presented in Fig.5.15. One of the trees 
of the oriented graph is shown in Fig. 5.16. The loop current direction is shown in Fig.5.17. The 
tie-set matrix of the circuit is shown in equation (5.39).  The dimension of the tie-set matrix is 
(number of loops X number of branches).   

+
_
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Fig. 5.14: Circuit for Example 5.1 
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Fig. 5.15: Oriented graph of Example 5.1 and the             Fig. 5.16: Tree of the oriented graph of Fig.5.15  
               circuit of Fig.5.14 
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Fig. 5.17: Tree of the oriented graph with loop current direction 
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[ܤ] = ൥
1        0         0         1         1        0

 0        1        0        − 1      0      − 1
0        0         1          0        − 1      1

൩                                                                                            (5.39) 

The KVL equation in matrix is presented in (5.40) that is developed based on the equation (5.29). 

][ܤ] ௌܸ] = ൥
1        0         0         1         1        0

 0        1        0        − 1      0      − 1
0        0         1          0        − 1      1

൩

⎣
⎢
⎢
⎢
⎢
⎡
2
0
0
0
0
0⎦
⎥
⎥
⎥
⎥
⎤

                                                                            (5.40) 

][ܤ] ௌܸ] = ൥
2
0
0
൩ 

The branch impedance matrix [ܼ௕] is presented in equation (5.41). The matrix [ܤ][ܼ௕][ܤ]் is calculated 
in equation (5.42).  

[ܼ௕] =

⎣
⎢
⎢
⎢
⎢
⎡
1      0      0      0       0      0
0      1      0      0       0      0
0      0      1      0       0      0
0      0      0      2       0      0
0      0      0      0       2      0
0      0      0      0       0      2⎦

⎥
⎥
⎥
⎥
⎤

                                                                                                          (5.41) 

[௕ܼ][ܤ] = ൥
1        0         0         1         1        0

 0        1        0        − 1      0      − 1
0        0         1          0        − 1      1

൩

⎣
⎢
⎢
⎢
⎢
⎡
1      0      0      0       0      0
0      1      0      0       0      0
0      0      1      0       0      0
0      0      0      2       0      0
0      0      0      0       2      0
0      0      0      0       0      2⎦

⎥
⎥
⎥
⎥
⎤

 

[௕ܼ][ܤ] = ൥
1        0         0         2        2        0

 0        1        0        − 2      0      − 2
0        0         1          0        − 2      2

൩ 

்[ܤ][௕ܼ][ܤ] = ൥
1        0         0         2        2        0

 0        1        0        − 2      0      − 2
0        0         1          0        − 2      2

൩

⎣
⎢
⎢
⎢
⎢
⎡

1      0      0
0      1      0
0      0      1

1     − 1      0
1      0     − 1
0     − 1      1⎦

⎥
⎥
⎥
⎥
⎤

 

்[ܤ][௕ܼ][ܤ] = ൥
5    − 2    − 2
−2      5    − 2
−2    − 2       5

൩                                                                                    (5.42) 

Based on the equation (5.29), the values are substituted using (5.40), (5.41) and (5.42) and that are 
presented in equation (5.43).  The solution of the equation or the loop current value is ܫ௅ଵ =
௅ଶܫ ,ܣ0.8571− = ௅ଷܫ and ܣ0.5714− =  −0.5714.   
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−൥
2
0
0
൩ = ൥

5    − 2    − 2
−2      5    − 2
−2    − 2       5

൩ ൥
௅ଵܫ
௅ଶܫ
௅ଷܫ
൩                                                                                                (5.43) 

The branch currents are calculated with the equation [ܫ௕] =   .[௅ܫ]்[ܤ]

[௕ܫ] =

⎣
⎢
⎢
⎢
⎢
⎡
݅ଵ
݅ଶ
݅ଷ
݅ସ
݅ହ
݅଺⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡

1    0     0
0    1     0
0    0     1

1   − 1     0
1    0    − 1
0   − 1    1 ⎦

⎥
⎥
⎥
⎥
⎤

൥
−0.8571
−0.5714
−0.5714

൩. 

⎣
⎢
⎢
⎢
⎢
⎡
݅ଵ
݅ଶ
݅ଷ
݅ସ
݅ହ
݅଺⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
−0.8571
−0.5714
−0.5714
−0.2857
−0.2857

0 ⎦
⎥
⎥
⎥
⎥
⎤

 

Example 5.2: (a) For the network shown in Fig. 5.18, draw the graph and tie-set schedule. Using the tie-
set matrix, obtain the loop equations and find the branch currents.  
(b) For the network shown in Fig. 5.18, draw the graph and cut-set schedule. Using the cut-set 
matrix, obtain the node equations and find the branch currents. 
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1 1

1

 
Fig. 5.18: Circuit for Example 5.2 

Solutions: The problem could be solved by two methods namely tie-set matrix and cut-set matrix.  
Tie-set Matrix method: The oriented graph of the circuit shown in Fig.5.18 is presented in Fig.5.19. 

One of the trees of the oriented graph is shown in Fig. 5.20. The loop current direction is shown in 
Fig.5.20. The tie-set matrix of the circuit is shown in equation (5.44).  The dimension of the tie-
set matrix is (number of loops X number of branches).   
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(1) (2)

(3) (4)

(6)

(5)

i3

i1 i2

                                      

(1) (2)

(3) (4)

(6)

(5)

i3

i1 i2

 
Fig. 5.19: Oriented graph of the circuit for Example 5.2      Fig. 5.20 Tree of the circuit for Example 5.2 

 

[ܤ] = ൥
1     0      1      0       0     − 1 
0      1      0      1       0       1

0     0     − 1  − 1       1     0
൩                                                                                                   (5.44) 

The branch impedance matrix is given below.  

[ܼ௕] =

⎣
⎢
⎢
⎢
⎢
⎡
0.5     0      0      0       0         0
0     0.5      0      0       0         0
0     0       1      0       0         0
0     0      0      1        0         0
0     0      0      0       0.2       0
0     0      0      0       0         1 ⎦

⎥
⎥
⎥
⎥
⎤

 

The loop impedance matrix is calculated using [ܤ][ܼ௕][ܤ]்.  
்[ܤ][௕ܼ][ܤ]

= ൥
1     0      1      0       0     − 1 
0      1      0      1       0       1

0     0     − 1  − 1       1     0
൩

⎣
⎢
⎢
⎢
⎢
⎡
0.5     0      0      0       0         0
0     0.5      0      0       0         0
0     0       1      0       0         0
0     0      0      1        0         0
0     0      0      0       0.2       0
0     0      0      0       0         1 ⎦

⎥
⎥
⎥
⎥
⎤

൥
1     0      1      0       0     − 1 
0      1      0      1       0       1

0     0     − 1  − 1       1     0
൩
்

 

்[ܤ][௕ܼ][ܤ] = ൥
2.5      − 1        − 1
−1      − 2.5        − 1
−1       − 1          2.2

൩ 

Calculate the matrix −[ܤ][ ௌܸ]. 
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][ܤ]− ௌܸ] = −൥
1     0      1      0       0     − 1 
0      1      0      1       0       1

0     0     − 1  − 1       1     0
൩

⎣
⎢
⎢
⎢
⎢
⎡
−9
0
0
0
0
0 ⎦
⎥
⎥
⎥
⎥
⎤

= ൥
9
0
0
൩ 

Now the loop current equations are  [ܤ][ܼ௕][ܤ]்[ܫ௅] = [௅ܫ][ܼ] = ][ܤ]− ௌܸ] 
[ܮܫ] = [ܼ]−1 ∗  ([ܸܵ][ܤ]−)

[௅ܫ] = ൥
݅௅ଵ
݅௅ଶ
݅௅ଷ
൩ = ൥

2.5      − 1        − 1
−1      − 2.5        − 1
−1       − 1          2.2

൩
ୀଵ

൥
9
0
0
൩ = ൥

0.9890    0.7033    0.7692
0.7033    0.9890    0.7692
0.7692    0.7692    1.1538

൩ ൥
9
0
0
൩ 

[௅ܫ] = ൥
݅௅ଵ
݅௅ଶ
݅௅ଷ
൩ = ൥

8.9
6.33
6.92

൩A 

The branch currents are calculated with the equation [ܾܫ] =   .[ܮܫ]ܶ[ܤ]

[௕ܫ] =

⎣
⎢
⎢
⎢
⎢
⎡
݅ଵ
݅ଶ
݅ଷ
݅ସ
݅ହ
݅଺⎦
⎥
⎥
⎥
⎥
⎤

= ൥
1     0      1      0       0     − 1 
0      1      0      1       0       1

0     0     − 1  − 1       1     0
൩
்

൥
8.9

6.33
6.92

൩ =    

⎣
⎢
⎢
⎢
⎢
⎡

8.90
6.33
1.98
−0.59
6.92
−2.57⎦

⎥
⎥
⎥
⎥
⎤

A 

Cut-set Matrix method: The oriented graph of the circuit shown in Fig.5.18 is presented in Fig.5.21. 
One of the trees of the oriented graph with a cut set and its directions are shown in Fig. 5.22. The node 
potential (V3, V4, V6) of the cut-set is shown in Fig.5.22. The cut-set matrix of the circuit is shown in 
equation (5.45).  The dimension of the cut-set matrix is (number of cut-set nodes X number of branches).   

[ܳ஼] = ൥
−1     0      1      0       1      0

0     − 1      0      1       1       0
1    − 1       0      0       0      1

൩                                                                                                (5.45) 

From the cut-set matrix or by applying the KCL at the cut-set nodes, the equation (5.46) is obtained with 
the branch currents. Also, the branch voltage (ݒଵ,ݒଶ,ݒଷ,ݒସ,ݒହ & ݒ଺)  is found from the matrix which is 
written in equation (5.47).   

−݅ଵ + ݅ଷ + ݅ହ = 0
−݅ଶ + ݅ସ + ݅ହ = 0
݅ଵ − ݅ଶ + ݅଺ = 0

ൡ                                                                                                           (5.45a) 
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(1) (2)

(3) (4)

(6)

(5)

                                      

(1) (2)

(3) (4)

(6)

(5)

V3 V4

V6  
Fig. 5.21: Oriented graph of the circuit for Example 5.2      Fig. 5.22: Tree of the circuit with cut-set and       

its direction  
ଵݒ = ଺ܸ − ଷܸ

ଶݒ    = − ସܸ − ଺ܸ
ଷݒ = ଷܸ           
ସݒ = ସܸ           
ହݒ = ଷܸ + ସܸ

଺ݒ   = ଺ܸ           ⎭
⎪
⎬

⎪
⎫

                                                                                                               (5.46) 

The node current equations presented in (5.45a) are written in terms of the node voltages using (5.46). 
The branch 1 consists of the voltage source, hence the branch current ݅ଵ = ଵ

଴.ହ
( ଺ܸ − ଷܸ + 9). Similarly 

other branch currents are substituted in equation (5.45). The following equations are obtained.  
8 ଷܸ + 5 ସܸ − 2 ଺ܸ = 18 
5 ଷܸ + 8 ସܸ + 2 ଺ܸ = 0 
−2 ଷܸ + 2 ସܸ + 5 ଺ܸ = −18 

By solving these equations, the node potential is ଷܸ = 1.978ܸ; ସܸ = −0.5934ܸ; ଺ܸ = −2.57ܸ.  From 
this, the branch currents are evaluated in the following ways.  

݅ଵ =
1

0.5
( ଺ܸ − ଷܸ + 9) = ܣ8.9

݅ଶ =
1

0.5
(− ସܸ − ଺ܸ) = ܣ6.326

݅ଷ =
1
1

( ଷܸ) =                ܣ1.978

݅ସ =
1
1

( ସܸ) =           ܣ0.5934−

݅ହ =
1

0.2
( ଷܸ + ସܸ) = ܣ6.923

݅଺ =
1
1

( ଺ܸ) = ⎭            ܣ2.57−
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫
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The values of the branch current remain the same from the tie-set method.  
Note: The following equations (5.47) to (5.50) are useful for developing the tree or twigs/links or co-
trees from the oriented graph of the network consisting of N nodes and B branches.  

Number of independent voltages =N-1                                                                                    (5.47) 
Number of tree-branches = N-1                                                                                                (5.48) 
No of Co-trees or links = L = B-(N-1)                                                                                     (5.49)  
Total number of branches (B) = L+(N-1)                                                                                 (5.50)  

5.6 TWO PORT NETWORKS 
A network is classified as one port network or multi-port networks. One port network has only input 

terminals.  If a network has two sets of terminals such as input terminals and output terminals. It 
is named as two port networks.   The pictorial representation of these networks are shown in Fig. 
5.23 (a) and 5.23(b). Example for one port network is shown in Fig. 5.24. It has the input source 
as voltage source. In general, an electric network has two pairs of terminals that are named as 
“input terminals” and “output terminals”. The electrical signal or electrical energy enters into the 
terminals that are denoted as the input terminals. Similarly, the electrical signal or energy received 
at the terminals which are named as the output terminals. The circuit is analysed based on the given 
input and its response is observed at the output terminals in the form of voltages/ currents or any 
electrical parameters. These output terminals are well connected to the input terminals of other 
networks. In a two-port network shown in Fig. 5.23 (b), terminals “ab” are denoted as input 
terminals and terminals “cd” are denoted as output terminals. Common representations of the input 
terminals are 1 and 1’ and the output terminals as 2 and 2’ that is shown in Fig. 5.25. The current 
I1 and I2 enter at terminals 1 and 2 respectively.  Similarly, current I1 and I2 leave at terminals 1’ 
and 2’ respectively. The voltage V1 and V2 are the voltage across the input and output terminals 
respectively.  Some two-port networks and most of the electronic circuits have the additional 
property that terminals 1’ and 2’ are in common.  

One-port network

a

b                

Two-port network

a

b

c

d  
                                                  (a)                                                                                              (b) 

Fig. 5.23: Block diagram of one-port and two-port networks 

+
_

1 2 3

4

V

R1

R2

R3

R4

 
Fig. 5.24: Sample network for one-port network (Node 1 and 4 are the input terminals) 
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Two-port network

1

1'

2

2'

I1

I1

I2

I2

V1 V2

 
Fig. 5.25: Typical two-port network with input terminals 1 & 1’ and output terminals 2 & 2’ 

   These two-port networks are described with four variables: input port / output port currents and 
voltages. Among those variables, two variables are independent and the remaining two variables 
are dependent variables. Since the network is linear, the equations are formed by a set of linear 
equations that relates the port voltages and currents in the network. These relating parameters are 
denoted as two-port parameters. These two-port parameters are classified as impedance 
parameters, admittance parameters, hybrid parameters and transmission parameters based on the 
combination of the input and output port parameters or variables. These parameters are extremely 
helpful for analysing the electronic circuits and electrical power systems.  

5.6.1 OPEN CIRCUIT IMPEDANCE PARAMETERS 
  The open circuit impedance parameters are called impedance parameters or Z parameters. Any electrical 

networks are driven by either voltage sources or current sources which are represented as two-port 
networks in Fig. 5.26 and Fig. 5.27 respectively. V1, I1 and V2, I2 are denoted as input port and 
output port terminal voltages and terminal currents respectively. Both input and output port 
voltages are linearly related with the input/output port currents sequentially by the equations (5.51) 
and (5.52). These equations could be arranged in matrix form in equation (5.53).  

ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ                                                                                                                 (5.51) 

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ                                                                                                                 (5.52) 
[ܸ1 ܸ2 ] =  (5.53)                                                                                    [ 2ܫ 1ܫ][ 22ܼ 21ܼ 12ܼ 11ܼ]

ܼଵଵ = ௏భ
ூభ

|
ூమୀ଴

                                                                                                                        (5.54) 

ܼଵଶ = ௏భ
ூమ

|
ூభୀ଴

                                                                                                                         (5.55) 

ܼଶଵ = ௏మ
ூభ

|
ூమୀ଴

                                                                                                                         (5.56) 

ܼଶଶ = ௏మ
ூమ

|
ூభୀ଴

                                                                                                                         (5.57) 

The Z parameters are the ratio of the voltages and currents which are obtained by making terminals open 
circuited with either input ports or output ports and are presented in Fig. 5.26 and 5.27 respectively.  
Based on that the admittance parameters are obtained which is shown in equations (5.63) to (5.66). 
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Two-port network+
_

V1 V2

I1 I2=0

 
Fig. 5.26: Two-port network with output terminals 2 & 2’ are to be opened (I2=0) 

ܼଵଵ = Open-circuit input impedance 
ܼଶଵ = Open-circuit transfer impedance from port 2 (output port) to port 1 (input port) 
 

Two-port network +
_

V2

I1=0 I2

V1

 
Fig. 5.27: Two-port network with input terminals 1 & 1’ are to be opened (I1=0)   

ܼଵଶ = Open-circuit transfer impedance from port 1 (input port) to port 2 (output port) 
ܼଶଶ = Open-circuit output impedance 
Where ܼ ଵଵ and ܼଶଶ are also known as the driving point impedances and ܼଵଶ and ܼ ଶଵ are known as transfer 

impedances. These parameters are obtained when the circuit is driven by voltage sources or current 
sources.  

When the two-port network is linear and there is no dependent sources, the transfer impedances remains 
the same (ܼଵଶ = ܼଶଵ).  
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Example 5.11: Determine the Z parameters pf the circuit shown in Fig.5.28.  

10 20

30

 
Fig. 5.28: Circuit for Example 5.11  

Solutions: The circuit shown in Fig.5.56 is represented as a two-port network model as shown in 
Fig.5.29.  Solve this problem by applying the current entered into the input and output ports as 
zero.  

10 20

30+
_

V1

I1

+
_

V2

I2

 
Fig. 5.29: Circuit of Example 5.11 rearranged as two-port network pattern  

Dependent sources  

 ∝ ௫ܸ  -  Voltage dependent voltage sources 

 ௫  - Current dependent voltage sourcesܫߚ

ߛ ௫ܸ  -  Voltage dependent current sources 

 ௫  -  Current dependent current sourcesܫߜ
Where ௫ܸ and ܫ௫ are the voltage across any circuit elements and current 

flowing in any circuit elements in a particular circuit respectively.  
α and δ are the constant parameters. 
β is presented in (V/A) unit 
γ is presented in (A/V) unit 
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Step1: Setting the current at the output port as zero or the output port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.30. By observing the circuit, it is 

understood that no current flows in the 20Ω resistor and the input current I1 flows through 10Ω and 30Ω 
resistors only.  

10 20

30+
_

V1

I1 I2=0

V2

 
Fig. 5.30: Circuit of Example 5.11 when the output port is open circuited  

Apply the loop analysis concepts to the first loop,  ଵܸ − ଵܫ10 − ଵܫ30 = 0;   ܸ1

1ܫ
=  ߗ40

It is equal to ܼଵଵ = ௏భ
ூభ

=  ߗ40

The voltage across the output terminals is ଶܸ which is equal to the voltage across 30Ω. Since the current 
flows in the 20Ω resistor is zero.  

Hence, ଶܸ = ଵ.  From this, ܼଶଵܫ30 = ௏మ
ூభ

=  .is obtained ߗ30

Step2: Setting the current at the input port as zero or the input port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.31. By observing the circuit, it is 

understood that no current flows in the 10Ω resistor and the output current I2 flows through 20Ω and 30Ω 
resistors only.  

10 20

30

I1=0

+
_

V2

I2

V1

 
Fig. 5.31: Circuit of Example 5.11 when the input port is open circuited  

Apply the loop analysis concepts to the second loop,  ଶܸ − ଶܫ20 − ଶܫ30 = 0;   ܸ2

2ܫ
=  ߗ50

It is equal to ܼଶଶ = ௏మ
ூమ

=  ߗ50

The voltage across the input terminals is ଵܸ which is equal to the voltage across 30Ω. Since the current 
flows in the 10Ω resistor is zero.  

Hence, ଵܸ = ଶ.  From this, ܼଵଶܫ30 = ௏భ
ூమ

=  .is obtained ߗ30

Z parameters of the given circuit is  ൤ࢆ૚૚ ૚૛ࢆ
૛૚ࢆ ૛૛ࢆ

൨ = ቂ૝૙ ૜૙
૜૙ ૞૙ቃ 
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Example 5.12: Determine the Z parameters of the circuit shown in Fig.5.32.  

10

30

5

15

20

 
Fig. 5.32: Circuit for Example 5.12  

Solutions: The circuit shown in Fig.5.32 is represented as two-port network model as shown in Fig.5.33.  
Solve this problem by applying the current entered into the input and output ports as zero.  

+
_

V1

I1 10

30

5

15

20

+
_

V2

I2

 
Fig. 5.33: Circuit of Example 5.12 rearranged as two-port network pattern  

Step1: Setting the current at the output port as zero or the output port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.34. By observing the circuit, it is 

understood that there is no current flows in the 5Ω resistor and the input current I1 flows through 
10Ω and then divided to the parallel circuits.  Hence the circuit is redrawn as shown in Fig.5.35. 
Let us assume that the two loops’ currents ݅ଵ and ݅ଶ are flowing as shown in the figure. By applying 
the loop analysis concept, the KVL equations are formed and presented as equation (5.58) and 
(5.59).  

+
_

V1

I1 10

30

5

15

20 I2=0

V2

 
Fig. 5.34: Circuit of Example 5.12 when the output port is open circuited  
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+
_

V1

I1 10

30 15

20

V2i1 i2

 
Fig. 5.35: Modified circuit of Example 5.12 when the output port is open circuited  

 
ଵܸ − 10݅ଵ − 30(݅ଵ − ݅ଶ) = 0                                                                                                   (5.58) 
−30(݅ଶ − ݅ଵ)− 20݅ଶ − 15݅ଶ = 0                                                                                            (5.59) 
݅ଵ =  .ଵ is as per circuit diagram shown in Fig. 5.35ܫ

Based on equation (5.59), ݅ଶ = ଷ଴
଺ହ
݅ଵ  which is substituted in equation (5.58).   

Hence, ଵܸ = 26.15݅ଵ.   
݅ଵ = ଵ is as per circuit diagram shown in Fig. 5.35. ଵܸܫ =    .ଵܫ26.15

 ܸ1

1ܫ
=  ߗ26.15

It is equal to ܼଵଵ = ௏భ
ூభ

=  ߗ26.15

The voltage across the output terminals is ଶܸ which is equal to the voltage across 15Ω. Since the current 
flows in the 5Ω resistor is zero.  
Hence, ଶܸ = 15݅ଶ.   

ଶܸ = 15݅ଶ = 15 ∗ ൬
30
65൰ ݅ଵ =  

90
13 ݅ଵ =  

90
13  ଵܫ

From this, ܼଶଵ = ௏మ
ூభ

= ଽ଴
ଵଷ

=  .is obtained ߗ6.92

Step2: Setting the current at the input port as zero or the input port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.36. By observing the circuit, it is 

understood that there are no current flows in the 10Ω resistor and the input current I2 flows through 5Ω 
and then divided to the parallel circuits.  Hence the circuit is redrawn as shown in Fig.5.37. Let us assume 
that the two loops’ currents ݅ଷ and ݅ସ are flowing as shown in the figure. By applying the mesh analysis 
concept, the KVL equations are formed and presented as equations (5.60) and (5.61).  
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10

30

5

15

20

+
_

V2

I2

V1

I1=0

 
Fig. 5.36: Circuit of Example 5.12 when the input port is open circuited  

 

30

5

15

20

+
_

V2

I2

V1
i3 i4

 
Fig. 5.37: Modified circuit of Example 5.12 when the output port is open circuited   

 
ଶܸ − 5݅ସ − 15(݅ସ − ݅ଷ) = 0                                                                                                     (5.60) 
−30݅ଷ − 20݅ଷ − 15(݅ଷ − ݅ସ) = 0                                                                                            (5.61) 

Based on equation (5.61), ݅ଷ = ଵହ
଺ହ
݅ସ  which is substituted in equation (5.60).   

Hence, ଶܸ = 16.53݅ସ.   
݅ସ = ଶ is as per circuit diagram shown in Fig. 5.37.  ଶܸܫ =    .ଶܫ16.53
ܸ2

2ܫ
=  ߗ16.53

It is equal to ܼଶଶ = ௏మ
ூమ

=  ߗ16.53

The voltage across the input terminals is ଵܸ which is equal to the voltage across 30Ω. Since the current 
flows in the 10Ω resistor is zero.  

Hence, ଵܸ = 30݅ଷ.   

ଵܸ = 30݅ଷ = 30 ∗ ൬
15
65൰ ݅ସ =  

90
13 ݅ସ =  

90
13  ଶܫ

From this, ܼଵଶ = ௏భ
ூమ

= ଽ଴
ଵଷ

=  .is obtained ߗ6.92

Z parameters of the given circuit is ൤ࢆ૚૚ ૚૛ࢆ
૛૚ࢆ ૛૛ࢆ

൨ = ቂ૛૟.૚૞ ૟.ૢ૛
૟.ૢ૛ ૚૟.૞૜ቃ 
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Example 5.13: Determine the Z parameters of the circuit shown in Fig.5.38.  Let us assume that the 
source frequency is 50Hz.  

5

1mF

10

 
Fig. 5.38: Circuit for Example 5.13  

Solutions: The circuit shown in Fig.5.38 is represented as two-port network model as shown in 
Fig.5.39 with all impedances in Ω. ܺ஼ = ቀ ଵ

௖ఠ
ቁ = ቀ ଵ

଴.଴଴ଵ∗ଶ∗గ∗ହ଴
ቁ =3.18Ω. Solve this problem by applying 

the current entered into the input and current in the output port as zero.  

5

-j3.18

10+
_

V1

I1

+
_

V2

I2

 
Fig. 5.39: Circuit of Example 5.13 rearranged as two-port network pattern  

Step1: Setting the current at the output port as zero or the output port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.40. By observing the circuit, the input 

current I1 divides to 5Ω and (-j3.18Ω)/10Ω.  In order to realize this, the circuit is redrawn as shown 
in Fig.5.41. Now it is understood that the current flowing in (-j3.18)Ω and 10Ω at the output side 
remain the same. In order to find the current through these branches are found by the current 
division technique.  

ଷ.ଵ଼Ω ௢௥ ଵ଴Ωܫ = ଵܫ ∗ ൬
5

5− ݆3.18 + 10൰ = ଵܫ ∗ ൬
5

15− ݆3.18൰ = ൬
5

15.33∠ − 11.96଴൰ ଵܫ
= 0.326∠11.96଴ܫଵ 

Voltage across the 10Ω resistor is ଶܸ, which is equal to ܫଵ଴ఆ ∗ 10. Hence, ଶܸ = 3.26∠11.96଴ܫଵ 
ܸ2

1ܫ
=  ߗ11.960∠3.26
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It is equal to ܼଶଵ = ௏మ
ூభ

= 3.26∠11.96଴Ω 

5

-j3.18

10+
_

V1

I1
I2=0

V2

 
Fig. 5.40: Circuit of Example 5.13 when the output port is open circuited  

In order to find ܼଵଵ, the circuit is simplified as shown in Fig.5.42. The impedances (-j3.18) and 10 are in 
series and the obtained result is (10-j3.18)Ω, then it is parallel to 5Ω resistor.  

Hence, (10-j3.18 ||5) = (ଵ଴ି௝ଷ.ଵ଼)(ହ)
ଵହି௝ଷ.ଵ଼

= ହ∗ଵ଴.ସଽ∠ିଵ଻.଺ସబ

ଵହ.ଷଷ∠ିଵଵ.ଽ଺బ
= 3.42∠−5.68଴Ω.  

From this, ܼଵଵ = ௏భ
ூభ

= 3.42∠−5.68଴ߗ is obtained. 

5

-j3.18

10+
_

V1

I1

V2

 
Fig. 5.41: Modified circuit of Example 5.13 when the output port is open circuited  

+
_

V1

I1

 068.526.3

 
Fig. 5.42: Modified circuit of Example 5.13 for calculating Z11 when the output port is open circuited  

Step2: Setting the current at the input port as zero or the input port is open circuited.  
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With this concept, the circuit is modified and presented in Fig.5.43. By observing the circuit, the input 
current I2 divides to 10Ω and (-j3.18)Ω/5Ω.  In order to realize this, the circuit is redrawn as shown 
in Fig.5.44. Now it is understood that the current flowing in (-j3.18)Ω and 5Ω at the input side 
remain the same. In order to find the current through these branches are found by the current 
division technique.  

ଷ.ଵ଼Ω ௢௥ ହΩܫ = ଶܫ ∗ ൬
10

5 − ݆3.18 + 10൰ = ଶܫ ∗ ൬
10

15 − ݆3.18൰ = ൬
10

15.33∠ − 11.96଴൰ ଶܫ
= 0.652∠11.96଴ܫଶ 

 
Voltage across the 5Ω resistor is ଵܸ, which is equal to ܫହఆ ∗ 5. Hence, ଵܸ = 3.26∠11.96଴ܫଶ 

ܸ1

2ܫ
=  ߗ11.960∠3.26

It is equal to ܼଵଶ = ௏భ
ூమ

= 3.26∠11.96଴ߗ 

5

-j3.18

10

I1=0

+
_

V2

I2

V1

 
Fig. 5.42: Circuit of Example 5.13 when the input port is open circuited  

In order to find ܼଶଶ, the circuit is simplified as shown in Fig.5.42. The impedances (-j3.18) and 5 are in 
series and the obtained result is (5-j3.18)Ω, then it is parallel to 10Ω resistor.  

Hence, (5-j3.18) ||(5) = ହ∗(ହି௝ଷ.ଵ଼)
ଵ଴ି௝ଷ.ଵ଼

= ହ∗ହ.ଽଶ∠ିଷଶ.ସହబ

ଵ଴.ସଽ∠ିିଵ଻.଺ସబ
= 2.85∠−14.81଴ߗ  

From this, ܼଶଶ = ௏మ
ூమ

= 2.85∠−14.81଴ߗ is obtained. 

5

-j3.18

10 +
_

V2

I2

V1

 
Fig. 5.43: Modified circuit of Example 5.13 when the input port is open circuited  
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+
_

V2

I2

 081.1485.2

 
Fig. 5.44: Modified circuit of Example 5.13 for calculating Z11 when the input port is open circuited  

 

Z parameters of the given circuit is ൤ࢆ૚૚ ૚૛ࢆ
૛૚ࢆ ૛૛ࢆ

൨ = ቂ3.42∠−5.68଴ 3.26∠11.96଴
3.26∠11.96଴ 2.85∠−14.81଴

ቃ 

5.6.2 SHORT CIRCUIT ADMITTANCE PARAMETERS 
  The short circuit admittance parameters are called as admittance parameters or Y parameters that are to 

be obtained for the two-port network shown in Fig.5.45. Both input and output port currents are 
linearly related with the input/output port voltages sequentially by the equations (5.60) and (5.61). 
These equations could be arranged in matrix form in equation (5.62).  

Network

I1 I2

V2V1

 
Fig. 5.45: Two-port network with input and output terminals  

ଵܫ = ଵܻଵ ଵܸ + ଵܻଶ ଶܸ                                                                                                          (5.60) 
ଶܫ = ଶܻଵ ଵܸ + ଶܻଶ ଶܸ                                                                                                              (5.61) 

൤ܫଵܫଶ
൨ = ൤ ଵܻଵ ଵܻଶ

ଶܻଵ ଶܻଶ
൨ ൤ ଵܸ

ଶܸ
൨                                                                                                        (5.62) 

ଵܻଵ = ூభ
௏భ

|
௏మୀ଴

                                                                                                                       (5.63) 

ଵܻଶ = ூభ
௏మ

|
௏భୀ଴

                                                                                                                       (5.64) 

ଶܻଵ = ூమ
௏భ

|
௏మୀ଴

                                                                                                                      (5.65) 

ଶܻଶ = ூమ
௏మ

|
௏భୀ଴

                                                                                                                      (5.66) 
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The Y parameters are the ratio of the currents and voltages which are obtained by short circuiting the 
input ports or output ports which is presented as shown in Fig. 5.46 and 5.47. Based on that the 
admittance parameters are obtained which are shown in equations (5.63) to (5.66).  

 
 

Fig. 5.46: Two-port network with output terminals 2 & 2’ are to be opened (I2=0) 

ଵܻଵ = Short-circuit input admittance 

ଶܻଵ = Short-circuit transfer admittance from port 2 (output port) to port 1 (input port) 
 

Two-port network +
_

V2

I1=0 I2

V1

 
Fig. 5.47: Two-port network with input terminals 1 & 1’ are to be opened (I1=0)   

ଵܻଶ = Short-circuit transfer admittance from port 1 (input port) to port 2 (output port) 

ଶܻଶ = Short-circuit output admittance 
Where ଵܻଵ and ଶܻଶ are also known as the driving point admittances and ଵܻଶ and ଶܻଵ are known as transfer 

admittances. These parameters are obtained when the circuit is driven by voltage sources or current 
sources.  

When the two-port network is linear and there are no dependent sources, the transfer admittances remain 
the same ( ଵܻଶ = ଶܻଵ).  
Example 5.14: Determine the Y parameters of the circuit shown in Fig.5.28.  
Solutions: The circuit shown in Fig.5.28 is represented as a two-port network model as shown in 

Fig.5.48.  Solve this problem by short circuiting both the input and output ports sequentially.  

Two-port network+
_

V1 V2

I1 I2=0
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10 20

30+
_

V1

I1

+
_

V2

I2

 
Fig. 5.48: Circuit of Example 5.14 rearranged as two-port network pattern  

Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.48. In order to find the Y parameters, 

the circuit is solved with node analysis with the node potential VA, the concern circuit is drawn in 
Fig.5.49.  

10 20

30+
_

V1

I1

V2=0

I2

I3

VA

 
Fig. 5.49: Circuit of Example 5.14 when the output port is short circuited  

Apply the node analysis concepts at VA node,  ܫଵ + ଶܫ =  ଷ                                                                              (5.67)ܫ

The equation (5.67) is written as, ௏భି௏ಲ
ଵ଴

+ ଴ି௏ಲ
ଶ଴

= ௏ಲ
ଷ଴

    

ଵܸ

10 = ஺ܸ

30 + ஺ܸ

20 + ஺ܸ

10 

Hence, ஺ܸ = 0.546 ଵܸ.  

Whereas the current flowing in 10Ω resistor is ܫଵ = ௏భି௏ಲ
ଵ଴

= ௏భି଴.ହସ଺௏భ
ଵ଴

= 0.0454 ଵܸ 

With this, ଵܻଵ = ூభ
௏భ

= 0.0454 ݉ℎ݋  

The current flowing in 20Ω resistor is ܫଶ = ଴ି௏ಲ
ଶ଴

= ି଴.ହସ଺௏భ
ଶ଴

= −0.0273 ଵܸ 

With this, ଶܻଵ = ூమ
௏భ

= −0.0273 ݉ℎ݋  

Step2: Setting the voltage at the input port as zero or the input port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.50. In order to find the Y 

parameters, the circuit is solved with node analysis with the node potential VB, the concern circuit is 
drawn in Fig.5.50.  
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10 20

30

I1

+
_

V2

I2

V1=0 I4

VB

 
Fig. 5.50: Circuit of Example 5.14 when the input port is short circuited  

Apply the node analysis concepts at VB node,  ܫଵ + ଶܫ =  ସ                                                                 (5.68)ܫ

The equation (5.68) is written as, ଴ି௏ಳ
ଵ଴

+ ௏మି௏ಳ
ଶ଴

= ௏ಳ
ଷ଴

    

ଶܸ

20 = ஻ܸ

30 + ஻ܸ

20 + ஻ܸ

10 

Hence, ஻ܸ = 0.272 ଶܸ.  

Whereas the current flowing in 20Ω resistor is ܫଶ = ௏మି௏ಳ
ଶ଴

= ௏మି଴.ଶ଻ଶ௏మ
ଶ଴

= 0.0364 ଶܸ 

With this, ଶܻଶ = ூమ
௏మ

= 0.0364 ݉ℎ݋  

The current flowing in 10Ω resistor is ܫଵ = ଴ି௏ಳ
ଵ଴

= ି଴.ଶ଻ଶ௏మ
ଵ଴

= −0.0272 ଶܸ 

With this, ଶܻଵ = ூమ
௏భ

= −0.0272 ݉ℎ݋  

Y parameters of the given circuit is ൤ࢅ૚૚ ૚૛ࢅ
૛૚ࢅ ૛૛ࢅ

൨ = ቂ ૙. ૙૝૞૝ −૙. ૙૛ૠ૛
−૙.૙૛ૠ૛ ૙.૙૜૟૝ ቃ 

(Hint: Find the inverse of the Y parameter matrix, Z parameter matrix will be obtained.) 
Example 5.15: Determine the Y parameters of the circuit shown in Fig.5.32.  
Solutions: The circuit shown in Fig.5.60 is represented as a two-port network model as shown in 

Fig.5.51.  Solve this problem by short circuiting the input and output ports sequentially.  

+
_

V1

I1 10

30

5

15

20

+
_

V2

I2

 
Fig. 5.51: Circuit of Example 5.15 rearranged as two-port network pattern  

 
Step1: Setting the voltage at the output port as zero or the output port is short circuited.  

With this concept, the circuit is modified and presented in Fig.5.52. In order to find the admittance 
parameters, the circuit is solved by the node analysis. For analysis, the branch current and node potentials 
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are identified and marked in Fig.5.53. By applying KCL at nodes ஺ܸ  and  ஻ܸ, the linear equations are 
formed in (5.69) and (5.70) respectively.  

+
_

V1

I1 10

30

5

15

20

V2=0

I2

 
Fig. 5.52: Circuit of Example 5.15 when the output port is short circuited  

 

+
_

V1

I1 10

30

5

15

20

V2=0

I2VA VB

I3 I5

I4

 
Fig. 5.53: Modified circuit of Example 5.15 when the output port is short circuited with the branch 

current direction 
ଵܫ = ଷܫ +  ସ                                                                                                                               (5.69)ܫ
ସܫ + ଶܫ =  ହ                                                                                                                               (5.70)ܫ

These equations are written as follows. 
௏భି௏ಲ
ଵ଴

= ௏ಲି଴
ଷ଴

+ ௏ಲି௏ಳ
ଶ଴

                                                                                                               (5.71) 
௏ಲି௏ಳ
ଶ଴

+ ଴ି௏ಳ
ହ

= ௏ಳ
ଵହ

                                                                                                                     (5.72) 
௏ಲ
ଶ଴

= ( ଵ
ଶ଴

+ ଵ
ଵହ

+ ଵ
ହ
) ஻ܸ           

஺ܸ = 6.33 ஻ܸ                                                                                                                             (5.73) 

By substituting (5.73) in equation (5.71), ௏భ
ଵ଴

= ቀ ଵ
ଷ଴

+ ଵ
ଶ଴

+ ଵ
ଵ଴
ቁ ஺ܸ −

௏ಳ
ଶ଴

         

ଵܸ

10 = ൬
1

30 +
1

20 +
1

10൰ (6.33 ஻ܸ) − ஻ܸ

20 

ଵܸ = 11.105 ஻ܸ                                                                                                                          
By the Fig. (5.82), the current ܫଵ and ܫଶ are written as follows. 

ଵܫ = ଵܸ − ஺ܸ

10  
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ଶܫ =
0 − ஻ܸ

5  

Hence,  ܫଶ = ଴ି௏ಳ
ହ

=
଴ି( భ

భభ.భబఱ)௏భ
ହ

= −0.018 ଵܸ 

ଶܻଵ =
ଶܫ
ଵܸ

= −0.018߭ 

ଵܫ = ଵܸ − ஺ܸ

10 = ଵܸ − (6.33 ஻ܸ)
10 =  

ଵܸ − 6.33 ቀ ଵ
ଵଵ.ଵ଴ହ

ቁ ଵܸ

10 = 0.043 ଵܸ 

ଵܻଵ =
ଵܫ
ଵܸ

= 0.043߭ 

Step2: Setting the voltage at the input port as zero or the input port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.54. In order to find the admittance 

parameters, the circuit is solved by the node analysis. For analysis, the branch current and node potentials 
are identified and marked in Fig.5.55. By applying KCL at nodes ஼ܸ  and  ஽ܸ, the linear equations are 
formed in (5.73) and (5.74) respectively.  

V1=0

I1 10

30

5

15

20

+
_

V2

I2

 
Fig. 5.54: Circuit of Example 5.15 when the input port is short circuited  

 

V1=0

I1 10

30

5

15

20

+
_

V2

I2

I6 I8

I7

VC VD

 
Fig. 5.55: Modified circuit of Example 5.15 when the input port is short circuited with the branch 

current direction  
ଵܫ = ଺ܫ +  ଻                                                                                                                               (5.74)ܫ
଻ܫ + ଶܫ = ܫ଼                                                                                                                              (5.74a) 

These equations are written as follows. 
଴ି௏಴
ଵ଴

= ௏೎ି଴
ଷ଴

+ ௏಴ି௏ವ
ଶ଴

                                                                                                                 (5.75) 
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௏಴ି௏ವ
ଶ଴

+ ௏మି௏ವ
ହ

= ௏ವ
ଵହ

                                                                                                                   (5.76) 
௏ವ
ଶ଴

= ( ଵ
ଶ଴

+ ଵ
ଵ଴

+ ଵ
ଷ଴

) ஼ܸ           

஽ܸ = 3.67 ஼ܸ                                                                                                                             (5.77) 

By substituting (5.77) in equation (5.76), ௏಴ି௏ವ
ଶ଴

+ ௏మି௏ವ
ହ

= ௏ವ
ଵହ

         

ଶܸ

5 = ൬
1

15 +
1
5 +

1
20൰ ஽ܸ −

1
20 ஼ܸ 

ଶܸ = 5.56 ஼ܸ                                                                                                                              (5.78) 
By the Fig. (5.84), the current ܫଵ and ܫଶ are written as follows. 

ଵܫ =
0 − ஼ܸ

10  

ଶܫ = ଶܸ − ஽ܸ

5  

Hence,  ܫଵ = ଴ି௏಴
ଵ଴

=
଴ି( భ

ఱ.ఱల)௏మ
ଵ଴

= −0.0179 ଶܸ 

ଵܻଶ =
ଵܫ
ଶܸ

= −0.0179 ݉ℎ݋ 

ଶܫ = ଶܸ − ஽ܸ

5 = ଶܸ − (3.67 ஼ܸ)
5 =

ଶܸ − 3.67( ଵ
ହ.ହ଺

) ଶܸ

5 =  ଶܸ(0.339)
5 = 0.0678 ଶܸ 

ଶܻଶ =
ଶܫ
ଶܸ

= 0.0678 ݉ℎ݋ 

Y parameters of the given circuit is ൤ࢅ૚૚ ૚૛ࢅ
૛૚ࢅ ૛૛ࢅ

൨ = ቂ ૙. ૙૝૜ −૙.૙૚ૡ
−૙.૙૚ૡ ૙.૟ૠૡ ቃ 

Example 5.16: Determine the Y parameters of the circuit shown in Fig.5.38.  Let us assume that the 
source frequency is 50Hz.  

Solutions: The circuit shown in Fig.5.38 is represented as two-port network model as shown in Fig.5.39 
with all impedances in Ω. ܺ஼ = ቀ ଵ

௖ఠ
ቁ = ቀ ଵ

଴.଴଴ଵ∗ଶ∗గ∗ହ଴
ቁ =3.18Ω. Solve this problem by applying 

the current entered into the input and output ports as zero.  
Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.56. By observing the circuit, the output 

port short circuited which makes the 10Ω resistor in the circuit absurd or meaningless. Hence the 
circuit is modified as shown in Fig.5.57. In order to  find the Y parameters, it is assumed that the 
current ܫଵ is divided into current ܫଷ and ܫସ. By applying current division technique,  these currents 
are found as follows.  

ସܫ = ଵܫ ∗
5

5 − ݆3.18 = ଵܫ ∗
5

5.93∠−32.45଴ = 0.843∠32.45଴ܫଵ 

ଷܫ = ଵܫ ∗
−݆3.18

5 − ݆3.18 = ଵܫ ∗
3.18∠−90଴

5.93∠−32.45଴ = 0.536∠ − 57.55଴ܫଵ 
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By observing this circuit, it is understood that the current ܫସ is opposing the current ܫଶ. Hence ܫଶ =  .ସܫ−
Therefore,   
ଶܫ = −0.843∠32.45଴ܫଵ = 0.843∠ − 147.55 ଴ܫଵ 

Voltage across the 5Ω resistor is ଵܸ, which is equal to ܫଷ ∗ 5. Hence, ଵܸ = 2.68∠ − 57.55଴ܫଵ 
1ܫ

ܸ1
=

1
2.68∠ − 57.550 = 0.373∠57.550 

It is equal to ଵܻଵ = ூభ
௏భ

= 0.373∠57.55଴߭ 

ଵܸ = 2.68∠ − 57.55଴ܫଵ = 2.68∠ − 57.55଴ ൬
1

0.843∠ − 147.55 ଴൰ ଶܫ = 3.179∠90଴ܫଶ 

ଶܻଵ =
ଶܫ
ଵܸ

= 0.314∠ − 90଴߭ 

5

-j3.18

10+
_

V1

I1 I2

V2=0

 
Fig. 5.56: Circuit of Example 5.16 when the output port is short circuited  

5

-j3.18

+
_

V1

I1 I2

V2=0

I3

I4

 
Fig. 5.57: Modified circuit of Example 5.16 when the output port is short circuited  

Step2: Setting the voltage at the input port as zero or the input port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.58. By observing the circuit, the input 

port short circuited which makes the 5Ω resistor in the circuit absurd or meaningless. Hence the 
circuit is modified as shown in Fig.5.59. In order to find the Y parameters, it is assumed that the 
current ܫଶ is divided into current ܫହ and ܫ଺. By applying current division technique, these currents 
are found as follows.  

଺ܫ = ଶܫ ∗
10

10 − ݆3.18 = ଶܫ ∗
10

10.49∠−17.64଴ = 0.953∠17.64଴ܫଶ 

ହܫ = ଶܫ ∗
−݆3.18

10 − ݆3.18 = ଶܫ ∗
3.18∠−90଴

10.49∠−17.64଴ = 0.303∠ − 72.36଴ܫଶ 
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By observing this circuit, it is understood that the current ܫ଺ is opposing the current ܫଵ. Hence ܫଵ =  .଺ܫ−
Therefore,   
ଵܫ = −0.953∠17.64଴ܫଶ = 0.953∠ − 162.36 ଴ܫଶ 

Voltage across the 10Ω resistor is ଶܸ, which is equal to ܫହ ∗ 10. Hence, ଶܸ = 3.03∠ − 72.36଴ܫଶ 
2ܫ

ܸ2
=

1
3.03∠ − 72.360 = 0.33∠72.360 

It is equal to ଶܻଶ = ூమ
௏మ

= 0.33∠72.36଴߭ 

ଶܸ = 3.03∠ − 72.36଴ܫଶ = 3.03∠ − 72.36଴ ൬
1

0.953∠ − 162.36 ଴൰ ଵܫ = 3.179∠90଴ܫଵ 

ଵܻଶ =
ଵܫ
ଶܸ

= 0.314∠ − 90଴߭ 

5

-j3.18

10

I1

+
_

V2

I2

V1=0

 
Fig. 5.58: Circuit of Example 5.16 when the output port is short circuited  

-j3.18

10

I1

+
_

V2

I2

V1=0
I6

I5

 
Fig. 5.59: Modified circuit of Example 5.16 when the output port is short circuited  

Y parameters of the given circuit is ൤ࢅ૚૚ ૚૛ࢅ
૛૚ࢅ ૛૛ࢅ

൨ = ቂ0.373∠57.55଴ 0.314∠ − 90଴
0.314∠ − 90଴ 0.33∠72.36଴

ቃ 

By observing the Z and Y parameters, it is noticed that ܼଵଶ = ܼଶଵ and ܻ ଵଶ = ଶܻଵ. Hence the given circuits 
are linear.  

5.6.3 TRANSMISSION PARAMETERS 
Both the input port and output port have voltages and currents, any voltages and currents are considered 

as independent variables. Based on those, many parameters could be obtained. In transmission 
parameters, voltage and current at the input port are considered as dependent variables. These are 
expressed in terms of output port voltage and output port current linearly by the equations (5.79) 
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and (5.80). These equations could be arranged in matrix form in equation (5.81). The equivalent 
two port networks of these parameters are presented as shown in Fig. 5.60. By looking at this 
figure, the output port current is going away from the circuit. In electric power transmission, the 
input side is considered as the power generation and the output side is considered as consumers. 
Hence the current at the output port supplies to the consumers. Hence it is represented as (-ܫଶ), 
since it is opposite of the earlier assumptions.   These equations (5.79) and (5.80) provide 
information about how an electric network transmits the voltages and currents from source to the 
consumer end. Hence it is named as transmission parameter. These parameters are very useful in 
power transmission networks and communication networks. These parameters are also called 
ABCD parameters or T parameters. 

ଵܸ = ܣ ଶܸ  ଶ                                                                                                                        (5.79)ܫܤ−
ଵܫ = ܥ ଶܸ −  ଶ                                                                                                                        (5.80)ܫܦ

൤ ଵܸ
ଵܫ
൨ = ቂܣ ܤ

ܥ ቃܦ ൤
ଶܸ

ଶܫ−
൨                                                                                                               (5.81) 

ܣ = ௏భ
௏మ

|
ூమୀ଴

                                                                                                                              (5.82) 

ܤ = − ௏భ
ூమ

|
௏మୀ଴

                                                                                                                          (5.83) 

ܥ = ூభ
௏మ

|
ூమୀ଴

                                                                                                                              (5.84) 

ܦ = − ூభ
ூమ

|
௏మୀ଴

                                                                                                                          (5.85) 

ܣ = Open-circuit voltage ratio  
ܤ = Negative short-circuit transfer impedance  
ܥ = Open-circuit transfer admittance 
ܦ = Negative short-circuit current ratio 

Two-port network+
_

+
_

V1 V2

I1  (-I2)

 
Fig. 5.60: A two-port network model for the transmission parameters  

These parameters are calculated like Z and Y parameters based on the conditions described.  For the 
reciprocal circuits, ܼଵଶ = ܼଶଵ and ଵܻଶ = ଶܻଵ. The ABCD parameters of the reciprocal circuits are 
ܦܣ − ܥܤ = 1).  
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Example 5.17: Determine the ABCD parameters of the circuit shown in Fig.5.28.  
Solutions: The circuit shown in Fig.5.28 is represented as two-port network model as shown in Fig.5.61.  

Solve this problem by short circuit and open circuit the output port sequentially.  

10 20

30+
_

V1

I1

+
_

V2

(-I2)

 
Fig. 5.61: Circuit of Example 5.17 rearranged as two-port network pattern  

Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.62. In order to find the two-port 

parameters, the circuit is solved with node analysis with the node potential VA, the concern circuit is 
drawn in Fig.5.63.  

10 20

30+
_

V1

I1

V2=0

I2

 
Fig. 5.62: Circuit of Example 5.17 when the output port is short circuited  

10 20

30+
_

V1

I1

V2=0

I2

I3

VA

 
Fig. 5.63: Circuit of Example 5.17 when the output port is short circuited  

Apply the node analysis concepts at VA node,  ܫଵ + ଶܫ =  ଷ                (5.86)ܫ

The equation (5.67) is written as, ௏భି௏ಲ
ଵ଴

+ ଴ି௏ಲ
ଶ଴

= ௏ಲ
ଷ଴

    

ଵܸ

10 = ஺ܸ

30 + ஺ܸ

20 + ஺ܸ

10 

Hence, ஺ܸ = 0.546 ଵܸ.  

Whereas the current flowing in 10Ω resistor is ܫଵ = ௏భି௏ಲ
ଵ଴

= ௏భି଴.ହସ଺௏భ
ଵ଴

= 0.0454 ଵܸ 

The current flowing in 20Ω resistor is ܫଶ = ଴ି௏ಲ
ଶ଴

= ି଴.ହସ଺௏భ
ଶ଴

= −0.0273 ଵܸ 
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With this, ܤ = − ௏భ
ூమ

= 36.63Ω 

ଵܫ = 0.0454 ଵܸ = 0.0454 ൬−
1

0.0273൰ ଶܫ =  ଶܫ1.663−

Hence ܦ = − ூభ
ூమ

= 1.663 

Step2: Setting the current at the output port as zero or the output port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.64. This section is similar to find 

the z parameters (Ref. section 5.5.1, Fig.5.30). By observing the circuit, it is understood that there is no 
current flows in the 20Ω resistor and the input current I1 flows through 10Ω and 30Ω resistors only.  

10 20

30+
_

V1

I1 I2=0

V2

 
Fig. 5.64: Circuit of Example 5.17 when the output port is open circuited  

Apply the loop analysis concepts to the first loop,  ଵܸ − ଵܫ10 − ଵܫ30 = 0;   ଵܸ =  ଵܫ40
The voltage across the output terminals is ଶܸ which is equal to the voltage across 30Ω. Since the current 

flows in the 20Ω resistor is zero.  

Hence, ଶܸ = ܣ ,ଵ.  From thisܫ30 = ௏భ
௏మ

= ସ଴
ଷ଴

= 1.33 is obtained. 

ܥ =
ଵܫ
ଶܸ

=
1

30 = 0.033 

ABCD parameters of the given circuit is ቂ࡭ ࡮
࡯ ቃࡰ = ቂ૚.૜૜૜ ૜૟.૟૜

૙.૙૜૜ ૚. ૟૟૜ቃ 

Verify that the circuit is reciprocal or not: 
For reciprocal circuit, ܦܣ − ܥܤ = 1   
ܦܣ − ܥܤ = (1.333)(1.663) − (36.63)(0.033) = 1  
Hence the given circuit is reciprocal.  
Example 5.18: Determine the T parameters pf the circuit shown in Fig.5.32.  
Solutions: Solve this problem by short circuiting the output port and open circuiting the output port 

sequentially.  
Step1: Setting the voltage at the output port as zero or the output port is short circuited.  

With this concept, the circuit is modified and presented in Fig.5.52. In order to find the admittance 
parameters, the circuit is solved by the node analysis. For analysis, the branch current and node potentials 
are identified and marked in Fig.5.53. By applying KCL at nodes ஺ܸ  and  ஻ܸ, the linear equations are 
formed in (5.69) and (5.70) respectively.  The values obtained by that calculation are given as follows.  

ଶܫ = −0.018 ଵܸ 
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ଵܫ = 0.043 ଵܸ 

ܤ = − ଵܸ

ଶܫ
= 55.55Ω 

ܦ = −
ଵܫ
ଶܫ

= −
0.043 ଵܸ

−0.018 ଵܸ
= 2.388 

Step2: Setting the voltage at the output port as zero or the output port is short circuited.  
This concept is similar to the problem 5.14 (Ref. Section 5.5.1).  

Based on equation (5.59), ݅ଶ = ଷ଴
଺ହ
݅ଵ  which is substituted in equation (5.58).   

Hence, ଵܸ = 26.15݅ଵ.   
݅ଵ = ଵ is as per circuit diagram shown in Fig. 5.63. ଵܸܫ =    .ଵܫ26.15
ܸ1

1ܫ
=  ߗ26.15

The voltage across the output terminals is ଶܸ which is equal to the voltage across 15Ω. Since the current 
flows in the 5Ω resistor is zero.  

Hence, ଶܸ = 15݅ଶ.   

ଶܸ = 15݅ଶ = 15 ∗ ൬
30
65൰ ݅ଵ =  

90
13 ݅ଵ =  

90
13  ଵܫ

The T parameters or ABCD parameters,  

ܣ = ଵܸ

ଶܸ
=

ଵܫ26.15
ଵܫ(90/13)

= 3.777 

ܥ =
ଵܫ
ଶܸ

=
13
90 = 0.1444 

T or ABCD parameters of the given circuit is ቂ࡭ ࡮
࡯ ቃࡰ = ቂ૜.ૠૠૠ ૞૞.૞૞

૙.૚૝૝ ૛. ૜ૡૡቃ 

Verify that the circuit is reciprocal or not: 
For reciprocal circuit, ܦܣ − ܥܤ = 1   
ܦܣ − ܥܤ = (3.777)(2.388) − (55.55)(0.144) = 1  
Hence the given circuit is reciprocal.  
Example 5.19: Determine the ABCD parameters pf the circuit shown in Fig.5.38.  Let us assume that 

the source frequency is 50Hz.  
Solutions: The circuit shown in Fig.5.38 is represented as two-port network model as shown in Fig.5.39 

with all impedances in Ω. ܺ஼ = ቀ ଵ
௖ఠ
ቁ = ቀ ଵ

଴.଴଴ଵ∗ଶ∗గ∗ହ଴
ቁ =3.18Ω. Solve this problem by making the 

output ports as open and short circuited.  
Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.57. By observing the circuit, the output 

port short circuited which makes the 10Ω resistor in the circuit absurd or meaningless. Hence the 
circuit is modified as shown in Fig.5.57. In order to find the ABCD parameters, it is assumed that 
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the current ܫଵ is divided into current ܫଷ and ܫସ. By applying current division technique, these 
currents are found as follows.  

ସܫ = ଵܫ ∗
5

5 − ݆3.18 = ଵܫ ∗
5

5.93∠−32.45଴ = 0.843∠32.45଴ܫଵ 

ଷܫ = ଵܫ ∗
−݆3.18

5 − ݆3.18 = ଵܫ ∗
3.18∠−90଴

5.93∠−32.45଴ = 0.536∠ − 57.55଴ܫଵ 

By observing this circuit, it is understood that the current ܫସ is opposing the current ܫଶ. Hence ܫଶ =  .ସܫ−
Therefore,   
ଶܫ = −0.843∠32.45଴ܫଵ = 0.843∠ − 147.55 ଴ܫଵ 

Voltage across the 5Ω resistor is ଵܸ, which is equal to ܫଷ ∗ 5. Hence, ଵܸ = 2.68∠ − 57.55଴ܫଵ 

ܦ = −
ଵܫ
ଶܫ

= −
1

0.843∠ − 147.55 ଴ =
1∠180଴

0.843∠ − 147.55 ଴ = 1.186∠327.55଴ 

ଵܸ = 2.68∠ − 57.55଴ܫଵ = 2.68∠ − 57.55଴ ൬
1

0.843∠ − 147.55 ଴൰ ଶܫ = 3.179∠90଴ܫଶ 

ܤ = − ଵܸ

ଶܫ
= −3.179∠90଴ = 3.179∠270଴Ω 

5

-j3.18

10+
_

V1

I1 I2

V2=0

 
Fig. 5.56: Circuit of Example 5.16 when the output port is short circuited (Repeated) 

5

-j3.18

+
_

V1

I1 I2

V2=0

I3

I4

 
Fig. 5.57: Modified circuit of Example 5.16 when the output port is short circuited (Repeated) 

Step2: Setting the current at the output port as zero or the output port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.40. By observing the circuit, the input 

current I1 divides to 5Ω and (-j3.18Ω)/10Ω.  In order to realize this, the circuit is redrawn as shown 
in Fig.5.41. Now it is understood that the current flowing in (-j3.18) Ω and 10Ω at the output side 
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remain the same. In order to find the current through these branches are found by the current 
division technique.  

ଷ.ଵ଼Ω ௢௥ ଵ଴Ωܫ = ଵܫ ∗ ൬
5

5− ݆3.18 + 10൰ = ଵܫ ∗ ൬
5

15− ݆3.18൰ = ൬
5

15.33∠ − 11.96଴൰ ଵܫ
= 0.326∠11.96଴ܫଵ 

= ହΩܫ ଵܫ ∗ ൬
−݆3.18 + 10

5− ݆3.18 + 10൰ = ଵܫ ∗ ൬
10 − ݆3.18
15 − ݆3.18൰ = ቆ

10.49∠ − 17.64଴

15.33∠ − 11.96଴ቇ ଵܫ = 0.684∠−5.68଴ܫଵ 

Voltage across the 10Ω resistor is ଶܸ, which is equal to ܫଵ଴ఆ ∗ 10. Hence, ଶܸ = 3.26∠11.96଴ܫଵ 
ܸ2

1ܫ
=  ߗ11.960∠3.26

ܥ =
ଵܫ
ଶܸ

=
1

3.26∠11.96଴ = 0.306∠ − 11.96଴߭ 

Voltage across the 5Ω resistor is ଵܸ, which is equal to ܫହఆ ∗ 5. Hence, ଵܸ = 3.42∠−5.68଴ܫଵ 

ܣ = ଵܸ

ଶܸ
=

3.42∠−5.68଴ܫଵ
3.26∠11.96଴ܫଵ

= 1.049∠ − 17.64଴ 

ABCD or T parameters of the given circuit is ቂ࡭ ࡮
࡯ ቃࡰ = ቂ1.049∠ − 17.64଴ 3.179∠270଴

0.306∠ − 11.96଴ 1.186∠327.55଴
ቃ 

Verify that the circuit is reciprocal or not: 
For reciprocal circuit, ܦܣ − ܥܤ = 1   

ܦܣ − ܥܤ = (1.049∠ − 17.64଴)(1.186∠327.55଴) − (3.179∠270଴)(0.306∠ − 11.96଴) =
 (1.244∠309.91଴) − (0.971∠258.04଴) = 0.798 − ݆0.952 + 0.201 + ݆0.949 = 1  

Hence the given circuit is reciprocal.  

5.6.4 HYBRID PARAMETERS 
  Some circuits do not have either Z or Y parameters. In transmission parameters, voltage at the input 

port and current at the output port are considered as dependent variables. Hence, the input voltage 
and output port currents are linearly related with the input port currents and output port voltages 
sequentially by the equations (5.87) and (5.88). These equations could be arranged in matrix form 
in equation (5.89).  

ଵܸ = ℎଵଵܫଵ + ℎଵଶ ଶܸ                                                                                                                (5.87) 
ଶܫ = ℎଶଵܫଵ + ℎଶଶ ଶܸ                                                                                                                (5.88) 

൤ ଵܸ
ଶܫ
൨ = ൤ℎଵଵ ℎଵଶ

ℎଶଵ ℎଶଶ
൨ ൤ܫଵ

ଶܸ
൨                                                                                                           (5.89) 

ℎଵଵ = ௏భ
ூభ

|
௏మୀ଴

                                                                                                                        (5.90) 

ℎଵଶ = ௏భ
௏మ

|
ூభୀ଴

                                                                                                                        (5.91) 

ℎଶଵ = ூమ
ூభ

|
௏మୀ଴

                                                                                                                       (5.92) 
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ℎଶଶ = ூమ
௏మ

|
ூభୀ଴

                                                                                                                        (5.93) 

By looking the equations (5.90) to (5.93), ℎଵଵ,ℎଵଶ ,ℎଶଵ ܽ݊݀ ℎଶଶ are the impedance, voltage gain, current 
gain and the admittance respectively. Hence these parameters are called hybrid parameters.   

ℎଵଵ = Short-circuit input impedance 
ℎଵଶ = Open-circuit reverse voltage gain (Since it is the ratio of input voltage to output voltage)  
ℎଶଵ = Short-circuit current gain 
ℎଶଶ = Open-circuit output admittance  

These parameters are calculated as Z and Y parameters based on the conditions described.  For the 
reciprocal circuits, ܼଵଶ = ܼଶଵ and ଵܻଶ = ଶܻଵ. The h parameters of the reciprocal circuits are ℎଵଶ =
−ℎଶଵ). The equivalent circuit of the hybrid parameter circuit is represented in Fig. 5.65.  

V1 V2

I1 I2h11

h12V2 h21I1 h11

 
Fig. 5.65: Equivalent circuit of the h parameter of a two-port network  

Example 5.20: Determine the hybrid parameters of the circuit shown in Fig.5.28.  
Solutions: The circuit shown in Fig.5.28 is represented as a two-port network model as shown in Fig.5. 

29 (Ref. Section 5.5.1, Example 5.11). Solve this problem by short circuit the output port and open 
circuit the input port sequentially to obtain the h parameters.  

10 20

30+
_

V1

I1

+
_

V2

I2

 
Fig. 5.29: Circuit of Example 5.11 rearranged as two-port network pattern (repeated) 

Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.62. In order to find the two-port 

parameters, the circuit is solved with node analysis with the node potential VA, the concern circuit is 
drawn in Fig.5.63.  
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10 20

30+
_

V1

I1

V2=0

I2

 
Fig. 5.62: Circuit of Example 5.17 when the output port is short circuited (repeated) 

10 20

30+
_

V1

I1

V2=0

I2

I3

VA

 
Fig. 5.63: Circuit of Example 5.17 when the output port is short circuited (repeated) 

Apply the node analysis concepts at VA node,  ܫଵ + ଶܫ =  ଷ                                                                   (5.94)ܫ

The equation (5.94) is written as, ௏భି௏ಲ
ଵ଴

+ ଴ି௏ಲ
ଶ଴

= ௏ಲ
ଷ଴

    

ଵܸ

10 = ஺ܸ

30 + ஺ܸ

20 + ஺ܸ

10 

Hence, ஺ܸ = 0.546 ଵܸ.  

Whereas the current flowing in 10Ω resistor is ܫଵ = ௏భି௏ಲ
ଵ଴

= ௏భି଴.ହସ଺௏భ
ଵ଴

= 0.0454 ଵܸ 

The current flowing in 20Ω resistor is ܫଶ = ଴ି௏ಲ
ଶ଴

= ି଴.ହସ଺௏భ
ଶ଴

= −0.0273 ଵܸ 

With this, ℎଵଵ = ௏భ
ூభ

= ଵ
଴.଴ସହସ

= 22.06Ω 

ଵܫ = 0.0454 ଵܸ = 0.0454 ൬−
1

0.0273൰ ଶܫ =  ଶܫ1.663−

Hence ℎଶଵ = ூమ
ூభ

= −ቀ ଵ
ଵ.଺଺ଷ

ቁ = −0.601 

Step2: Setting the current at the input port as zero or the input port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.31. By observing the circuit, it is 

understood that there is no current flows in the 10Ω resistor and the output current I2 flows through 20Ω 
and 30Ω resistors only.  
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10 20

30

I1=0

+
_

V2

I2

V1

 
Fig. 5.31: Circuit of Example 5.11 when the input port is open circuited (repeated) 

Apply the loop analysis concepts to the second loop,  ଶܸ − ଶܫ20 − ଶܫ30 = 0;   ଶܸ =  ଶܫ50
The voltage across the input terminals is ଵܸ which is equal to the voltage across 30Ω. Since the current 

flows in the 10Ω resistor is zero. Hence, ଵܸ =    .ଶܫ30

From this, ℎଵଶ = ௏భ
௏మ

= ଷ଴ூమ
ହ଴ூమ

= 0.6 is obtained. 

where, ℎଶଶ = ூమ
௏మ

= ଵ
ହ଴

=  ߥ0.02

h parameters of the given circuit is ൤ࢎ૚૚ ૚૛ࢎ
૛૚ࢎ ૛૛ࢎ

൨ = ቂ ૛૛.૙૟ ૙.૟
−૙.૟૙૚ ૙. ૙૛ቃ 

Verify that the circuit is reciprocal or not: 
For reciprocal circuit, ℎଵଶ = −ℎଶଵ   
Hence the given circuit is reciprocal.  
Example 5.21: Determine the hybrid parameters of the circuit shown in Fig.5.66.  
Solutions: Solve this problem by short circuit the output port and open circuit the input port sequentially 

to obtain the h parameters.  

V1

I1 I220 20 20

j10 j30j20 V2

 
Fig. 5.66: Circuit of Example 5.21 to find the h parameters  

Step1: Setting the voltage at the output port as zero or the output port is short circuited.  
With this concept, the circuit is modified and presented in Fig.5.67. By looking this circuit, it is 

understood that the impedance (j30Ω) is negligible, since it is across the short-circuited terminals.  The 
modified circuit is drawn in Fig.5.68.  
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V1

I1 I220 20 20

j10 j30j20 V2=0

 
Fig. 5.67: Circuit of Example 5.21 when the output port is short circuited  

V1

I1 I220 20 20

j10 j20 V2=0

I3

I4 I5

A B

 
Fig. 5.68: Modified Circuit of Example 5.21 when the output port is short circuited   

Apply the node analysis concepts at node A,  ܫଵ = ସܫ +  ଷ                (5.95)ܫ

The equation (5.95) is written as, ௏భି௏ಲ
ଶ଴

= ௏ಲ
௝ଵ଴

+ ௏ಲି௏ಳ
ଶ଴

    
௏భ
ଶ଴

= ௏ಲ
ଶ଴

+ ௏ಲ
௝ଵ଴

+ ௏ಲ
ଶ଴
− ௏ಳ

ଶ଴
                                                                                                            (5.96)  

Apply the node analysis concepts at node B,  ܫଷ + ଶܫ =  ହ                                                                        (5.97)ܫ

The equation (5.97) is written as, ௏ಲି௏ಳ
ଶ଴

+ ଴ି௏ಳ
ଶ଴

= ௏ಳ
௝ଶ଴

    
௏ಲ
ଶ଴

= ௏ಳ
௝ଶ଴

+ ௏ಳ
ଶ଴

+ ௏ಳ
ଶ଴

                                                                                                                    (5.98)  

Hence, ஺ܸ = (2 − ݆1) ஻ܸ   in (5.67a) 

ଵܸ = ஻ܸ(1− ݆6) 

஺ܸ = ଵܸ
(2 − ݆1)
(1 − ݆6) 

ଵܸ − ஺ܸ =
−(1 + ݆5)
(1 − ݆6) ଵܸ 

Whereas the current flowing in 20Ω resistor is ܫଵ = ௏భି௏ಲ
ଶ଴

= ି(ଵା௝ହ)
ଶ଴∗(ଵି௝଺) ଵܸ 



Electric Circuits and Networks | 283 

 

 

With this, ℎଵଵ = ௏భ
ூభ

= (22.28 + ݆8.465)Ω 

The current flowing in (output side) 20Ω resistor is ܫଶ = ଴ି௏ಳ
ଶ଴

= ି௏భ
ଶ଴∗(ଵି௝଺)

= ିூభ(ଶଶ.ଶ଼ା௝଼.ସ଺ହ)
ଶ଴∗(ଵି௝଺)

 

Hence ℎଶଵ = ூమ
ூభ

= 0.038 − ݆ 0.192 

Step2: Setting the current at the input port as zero or the input port is open circuited.  
With this concept, the circuit is modified and presented in Fig.5.69. By observing the circuit, it is 

understood that there is no current flows in the 20Ω resistor and hence, the circuit is modified as shown 
in Fig.5.70.  

I1=0 I220 20 20

j10 j30j20 V2
V1

C D

 
Fig. 5.69: Circuit of Example 5.21 when the input port is open circuited 

I220 20

j10 j30j20 V2V1

C D

I8
I7

I9 I6

 
Fig. 5.70: Modified Circuit of Example 5.21 when the input port is open circuited  

Apply the node analysis concepts at node C,  ܫ଺ = ଽܫ + ܫ଼                                                                 (5.99) 

The equation (5.99) is written as, ௏ವି௏಴
ଶ଴

= ௏಴
௝ଶ଴

+ ௏಴
ଶ଴ା௝ଵ଴

    
௏ವ
ଶ଴

= ௏಴
ଶ଴

+ ௏಴
௝ଶ଴

+ ௏಴
ଶ଴ା௝ଵ଴

                                                                                                            (5.100)  

஽ܸ = (1.8 − ݆1.4) ஼ܸ 

஼ܸ = (0.3462 + ݆0.2692) ஽ܸ 
Apply the node analysis concepts at node D,  ܫଶ = ଺ܫ +  ଻                                                                 (5.101)ܫ

The equation (5.101) is written as, ܫଶ = ௏ವି௏಴
ଶ଴

+ ௏ವ
௝ଷ଴
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ଶܫ  = ି௏಴
ଶ଴

+ ௏ವ
௝ଷ଴

+ ௏ವ
ଶ଴

                                                                                                                   (5.102)  

ଶܫ = −(0.05) ஼ܸ + ஽ܸ(0.05 − ݆0.033)  
ଶܫ = −(0.3462 + ݆0.2692)(0.05) ஽ܸ + ஽ܸ(0.05 − ݆0.033)  
ଶܫ = (0.0327 − ݆0.0465) ஽ܸ  

From Fig.5.98, it is understood that ஽ܸ = ଶܸ  
ଶܫ = (0.0327 − ݆0.0465) ଶܸ  

where, ℎଶଶ = ூమ
௏మ

= (0.0327 −  ߥ(0.0465݆

The voltage across the input terminals is ଵܸ which is equal to the voltage across j10Ω. Hence, ଵܸ =    .ଽܫ10݆

Whereas the current flowing in (20+j10)Ω resistor is ܫଽ = ௏಴
ଶ଴ା௝ଵ଴

= (଴.ଷସ଺ଶା௝଴.ଶ଺ଽଶ)௏మ
ଶ଴ା௝ଵ଴

= (0.0192 +
݆0.0038) ଶܸ 

ଵܸ = ݆10(0.0192 + ݆0.0038) ଶܸ 
 ଵܸ = (−0.038 + ݆0.192) ଶܸ 

From this, ℎଵଶ = ௏భ
௏మ

== (−0.038 + ݆0.192)  is obtained. 

h parameters of the given circuit is  ൤ࢎ૚૚ ૚૛ࢎ
૛૚ࢎ ૛૛ࢎ

൨ = ൤(૛૛.૛ૡ + ࢐ૡ.૝૟૞) (−૙.૙૜ૡ + ࢐૙. ૚ૢ૛)
(૙.૙૜ૡ − ࢐૙.૚ૢ૛) (૙.૙૜૛ૠ − ࢐૙.૙૝૟૞)൨ 

Verify that the circuit is reciprocal or not: 
For reciprocal circuit, ℎଵଶ = −ℎଶଵ   
Hence the given circuit is reciprocal.  

5.6.5 INTER-RELATIONSHIP BETWEEN TWO PORT NETWORK 
PARAMETERS 

All parameters are written related with same input and output terminals of a two-port network. Hence 
there is a relationship between these parameters.  

A. Relation between Z and Y Parameters: 
The impedance parameters and admittance parameters are written with respect to their input and output 

variables in equations (5.103) and (5.104) respectively.  

൤ ଵܸ

ଶܸ
൨ = ൤ܼଵଵ ܼଵଶ

ܼଶଵ ܼଶଶ
൨ ൤ܫଵܫଶ

൨                                                                                                          (5.103) 

൤ܫଵܫଶ
൨ = ൤ ଵܻଵ ଵܻଶ

ଶܻଵ ଶܻଶ
൨ ൤ ଵܸ

ଶܸ
൨                                                                                                           (5.104) 

The equation (5.103) could be modified as the equation (5.105). With the inverse of the matrix, the 
equation (5.105) is written as equation (5.106).    

 ൤ܫଵܫଶ
൨ = ൤ܼଵଵ ܼଵଶ

ܼଶଵ ܼଶଶ
൨
ିଵ
൤ ଵܸ

ଶܸ
൨                                                                                                      (5.105) 

 ൤ܼଵଵ ܼଵଶ
ܼଶଵ ܼଶଶ

൨
ିଵ

= ଵ
௓భభ௓మమି௓భమ௓మభ

൤ ܼଶଶ −ܼଵଶ
−ܼଶଵ ܼଵଵ

൨ 
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൤ܫଵܫଶ
൨ = ଵ

௓భభ௓మమି௓భమ௓మభ
൤ ܼଶଶ −ܼଵଶ
−ܼଶଵ ܼଵଵ

൨ ൤ ଵܸ

ଶܸ
൨                                                                                (5.106) 

By comparing the equations (5.104) and (5.106), the admittance parameters could be related with z 
parameters as presented in equation (5.107).  

ଵܻଵ = ௓మమ
௓భభ௓మమି௓భమ௓మభ

ଵܻଶ = ି௓భమ
௓భభ௓మమି௓భమ௓మభ

ଶܻଵ = ି௓మభ
௓భభ௓మమି௓భమ௓మభ

ଶܻଶ = ௓భభ
௓భభ௓మమି௓భమ௓మభ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                              (5.107)    

In vice versa, the open circuit parameters or the Z parameters are needed to represent in the terms of Y 
parameters as presented in equation (5.108). 

ܼଵଵ = ௒మమ
௒భభ௒మమି௒భమ௒మభ

ܼଵଶ = ି௒భమ
௒భభ௒మమି௒భమ௒మభ

ܼଶଵ = ି௒మభ
௒భభ௒మమି௒భమ௒మభ

ܼଶଶ = ௒భభ
௒భభ௒మమି௒భమ௒మభ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                               (5.108)    

B. Relation between ABCD or T and Hybrid or h Parameters: 
The transmission parameters and hybrid parameters are written with respect to their input and output 

variables in equations (5.109) and (5.110) respectively. These matrices are represented as the 
equation format in equations (5.111) to (5.114).  

൤ ଵܸ
ଵܫ
൨ = ቂܤ    ܣ

ቃܦ    ܥ ൤
ଶܸ

ଶܫ−
൨                                                                                                              (5.109) 

൤ ଵܸ
ଶܫ
൨ = ൤ℎଵଵ ℎଵଶ

ℎଶଵ ℎଶଶ
൨ ൤ܫଵ

ଶܸ
൨                                                                                                          (5.110) 

ଵܸ = ܣ ଶܸ  ଶ                                                                                                                      (5.111)ܫܤ−
ଵܫ = ܥ ଶܸ −  ଶ                                                                                                                      (5.112)ܫܦ

ଵܸ = ℎଵଵܫଵ + ℎଵଶ ଶܸ                                                                                                                (5.113) 
ଶܫ = ℎଶଵܫଵ + ℎଶଶ ଶܸ                                                                                                                (5.114) 

Using equation (5.113), find the current ܫଵ  that is mentioned in equation (5.115) which is substituted in 
equation (5.111).   

ଵܫ = ூమି௛మమ௏మ
௛మభ

                                                                                                                           (5.115) 

ଵܸ = ℎଵଵ
ଶܫ − ℎଶଶ ଶܸ

ℎଶଵ
+ ℎଵଶ ଶܸ 

ଵܸ = ቀℎଵଶ −
௛భభ௛మమ
௛మభ

ቁ ଶܸ − (− ௛భభ
௛మభ

 ଶ                                                                                       (5.116)ܫ(



286 | Electric Circuits and Networks 

 

 

By comparing the equations (5.111) and (5.116), the relations between the ABCD parameters in terms 
of h parameters as below.  

ܣ = ൬ℎଵଶ −
ℎଵଵℎଶଶ
ℎଶଵ

൰ =
−∆௛
ℎଶଵ

ܤ; = (−
ℎଵଵ
ℎଶଵ

) 

Where, ∆௛= ℎଵଵℎଶଶ − ℎଶଵℎଵଶ 
The equation (5.114) is modified as shown in equation (5.117).  

ଵܫ = ቀ− ௛మమ
௛మభ
ቁ ଶܸ − (− ଵ

௛మభ
 ଶ                                                                                                   (5.117)ܫ(

By comparing the equations (5.112) and (5.117), the relations between the ABCD parameters in terms 
of h parameters as below.  

ܥ = ൬−
ℎଶଶ
ℎଶଵ

൰ ܦ; = (−
1
ℎଶଵ

) 

Hence, ABCD parameters in terms of h parameters are given in equation (5.118). 

ܣ = ቀ− ∆೓
௛మభ
ቁ

ܤ   = ቀ− ௛భభ
௛మభ
ቁ 

ܥ  = ቀ− ௛మమ
௛మభ
ቁ 

ܦ  = ቀ− ଵ
௛మభ
ቁ     ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                   (5.118)    

In vice versa, the hybrid parameters or the h parameters are represented in the terms of ABCD or T 
parameters. By modifying the equation (5.112), the equation (5.119) is obtained which is compared 
with (5.114).   

ଶܫ = ቀ− ଵ
஽
ቁ ଵܫ + (஼

஽
) ଶܸ                                                                                                            (5.119) 

ℎଶଵ = ൬−
1
൰ܦ ;ℎଶଶ = ൬

ܥ
 ൰ܦ

The equation (5.119) is substituted in equation (5.111) and compared with (5.113). The relation between 
the h and ABCD parameters are given in equation (5.120).   

ଵܸ = ܣ ଶܸ −൬]ܤ−
1
൰ܦ ଵܫ + ൬

ܥ
൰ܦ ଶܸ] 

ଵܸ = ൬
ܤ
൰ܦ ଵܫ + ൬

ܦܣ − ܥܤ
ܦ ൰ ଶܸ] 

ℎଵଵ = ൬
ܤ
൰ܦ ;ℎଵଶ = ൬

∆்
ܦ ൰ 

Where, ∆்= ܦܣ −  ܥܤ



Electric Circuits and Networks | 287 

 

 

ℎଵଵ = ቀ஻
஽
ቁ  

ℎଵଶ = ቀ∆೅
஽
ቁ

ℎଶଵ = ቀ− ଵ
஽
ቁ 

ℎଶଶ = ቀ஼
஽
ቁ  ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                       (5.120)    

C. Relation between ABCD or T and Z Parameters: 
The Z parameters and T parameters’ two-port input-output relating equations are written as follows. 

ଵܸ = ܣ ଶܸ  ଶܫܤ−
ଵܫ = ܥ ଶܸ −  ଶܫܦ

          ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ     

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ 
V2 of the Z parameter’s equation could be modified as below.  

ଵܫ = ଶܸ − ܼଶଶܫଶ
ܼଶଵ

 

This equation is compared with I1 of ABCD parameters equation. Hence,   ܥ = ଵ
௓మభ

; ܦ    = ௓మమ
௓మభ

.  It is 
substituted in V1 of the Z parameter’s equation.  

ଵܸ = ܼଵଵ ൬
ଶܸ − ܼଶଶܫଶ
ܼଶଵ

൰ + ܼଵଶܫଶ =
ܼଵଵ
ܼଶଵ ଶܸ −

ܼଵଵܼଶଶ−ܼଵଶܼଶଵ
ܼଶଵ

 ଶܫ

The above equation is compared with V1 of ABCD parameters equation. Hence,   ܣ = ௓భభ
௓మభ

; ܤ    = ∆ೋ
௓మభ

.  
Where ∆௓= ܼଵଵܼଶଶ − ܼଵଶܼଶଵ 

 

ܣ = ௓భభ
௓మభ

ܤ = ∆ೋ
௓మభ

ܥ = ଵ
௓మభ

 

ܦ = ௓మమ
௓మభ

  ⎭
⎪⎪
⎬

⎪⎪
⎫

                                                                                                                              (5.121)    

I1 of the T parameter’s equation could be modified as below.  

ଶܸ =
ଵܫ + ଶܫܦ

ܥ  

This equation is compared with V2 of the Z parameters equation. Hence,  ܼଶଵ = ଵ
஼

;    ܼଶଶ = ஽
஼

.  It is 
substituted in V1 of the T parameter’s equation.  

ଵܸ = ൬ܣ
ଵܫ + ଶܫܦ

ܥ ൰ − ଶܫܤ =
ܣ
ܥ ଵܫ +

ܥܤ_ܦܣ
ܥ  ଶܫ

The above equation is compared with V1 of the Z parameters equation. Hence,   ܼଵଵ = ஺
஼

;    ܼଵଶ = ∆೅
஼

 .  
Where ∆்= ܦܣ −  ܥܤ
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 ܼଵଵ = ஺
஼

ܼଵଶ = ∆೅
஼

ܼଶଵ = ଵ
஼

 

ܼଶଶ = ஽
஼

  ⎭
⎪
⎬

⎪
⎫

                                                                                                                             (5.122)    

D. Relation between ABCD or T and Y Parameters: 
The T parameters and Y parameters’ two-port input-output relating equations are written as follows. 

ଵܸ = ܣ ଶܸ  ଶܫܤ−
ଵܫ = ܥ ଶܸ −  ଶܫܦ
ଵܫ = ଵܻଵ ଵܸ + ଵܻଶ ଶܸ     
ଶܫ = ଶܻଵ ଵܸ + ଶܻଶ ଶܸ 

I2 of the Y parameter’s equation could be modified as below.  

ଵܸ =
ଶܫ − ଶܻଶ ଶܸ

ଶܻଵ
 

This equation is compared with V1 of ABCD parameters equation. Hence,   ܣ = − ௒మమ
௒మభ

; ܤ    = − ଵ
௒మభ

.  It is 
substituted in I1 of the Y parameter’s equation.  

ଵܫ = ଵܻଵ ൬
ଶܫ − ଶܻଶ ଶܸ

ଶܻଵ
൰+ ଵܻଶ ଶܸ = − ଵܻଵ ଶܻଶ− ଵܻଶ ଶܻଵ

ଶܻଵ
ଶܸ − (−

ܼଵଵ
ܼଶଵ

 ଶܫ(

The above equation is compared with the I1 of the ABCD parameters equation. Hence,   ܥ =
− ∆ೊ

௒మభ
; ܦ  = − ௒భభ

௒మభ
.  Where ∆௒= ଵܻଵ ଶܻଶ − ଵܻଶ ଶܻଵ 

ܣ = − ௒మమ
௒మభ

ܤ = − ଵ
௒మభ

ܥ = − ∆ೊ
௒మభ

 

ܦ = − ௒భభ
௒మభ

  ⎭
⎪⎪
⎬

⎪⎪
⎫

                                                                                                                           (5.123)    

I2 of the T parameter’s equation could be modified as below.  

ଶܫ =
ܣ ଶܸ − ଵܸ

ܤ  

This equation is compared with I2 of the Y parameters equation. Hence,   ଶܻଵ = − ଵ
஻

;    ଶܻଶ = ஺
஻

.  It is 
substituted in I1 of the T parameter’s equation.  

ଵܫ = ܣ ଶܸ )ܤ−
ܣ ଶܸ − ଵܸ

ܤ ) =
ܦ
ܤ ଵܸ + (−

ܥܤ_ܦܣ
ܤ ) ଶܸ 

The above equation is compared with I1 of the Y parameters equation. Hence,   ଵܻଵ = ஽
஻

;    ଵܻଶ =

− ∆೅
஻

 .  Where ∆்= ܦܣ −  ܥܤ
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ଵܻଵ = ஽
஻

ଵܻଶ = − ∆೅
஻

ଶܻଵ = − ଵ
஻

 

ଶܻଶ = ஺
஻

  ⎭
⎪
⎬

⎪
⎫

                                                                                                                              (5.124)    

E. Relation between hybrid and Z Parameters: 
The hybrid parameters and Z parameters’ two-port input-output relating equations are written as follows. 

ଵܸ = ℎଵଵܫଵ + ℎଵଶ ଶܸ 
ଶܫ = ℎଶଵܫଵ + ଶܻଶ ଶܸ 

ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ     

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ 
By rearranging the equations of Z parameters, the following equations are obtained. Those are compared 

with h parameter equations and the relations are obtained.  

ଶܫ = ൬−
ܼଶଵ
ܼଶଶ

൰ ଵܫ + (
1
ܼଶଶ

) ଶܸ 

ଵܸ = ൬
∆௓
ܼଶଶ

൰ ଵܫ + (
ܼଵଶ
ܼଶଶ

) ଶܸ 

ℎଵଵ = ∆ೋ
௓మమ

ℎଵଶ = ௓భమ
௓మమ

ℎଶଵ = ି௓మభ
௓మమ

ℎଶଶ = ଵ
௓మమ ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                           (5.125)    

By rearranging the equations of h parameters, the following equations are obtained. Those are compared 
with Z parameter equations and the relations are obtained.  

ଵܸ = ൬
ℎଵଵℎଶଶ − ℎଵଶℎଶଵ

ℎଶଶ
൰ ଵܫ + (

ℎଵଶ
ℎଶଶ

 ଶܫ(

ଶܸ = ൬
−ℎଶଵ
ℎଶଶ

൰ ଵܫ + (
1
ℎଶଶ

 ଶܫ(

ܼଵଵ = ∆೓
௛మమ

ܼଵଶ = ௛భమ
௛మమ

ܼଶଵ = ି௛మభ
௛మమ

ܼଶଶ = ଵ
௛మమ ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                           (5.126)    

 



290 | Electric Circuits and Networks 

 

 

F. Relation between hybrid and Y Parameters: 
The hybrid parameters and Y parameters’ two-port input-output relating equations are written as follows. 

ଵܸ = ℎଵଵܫଵ + ℎଵଶ ଶܸ 
ଶܫ = ℎଶଵܫଵ + ଶܻଶ ଶܸ 
ଵܫ = ଵܻଵ ଵܸ + ଵܻଶ ଶܸ 
ଶܫ = ଶܻଵ ଵܸ + ଶܻଶ ଶܸ 

By rearranging the equations of Y parameters, the following equations are obtained. Those are compared 
with h parameter equations and the relations are obtained.  

ଶܫ = ൬ ଶܻଵ

ଵܻଵ
൰ ଵܸ + (

∆௒
ଵܻଵ

) ଶܸ 

ଵܸ = ൬
1
ଵܻଵ
൰ܫଵ + (− ଵܻଶ

ଵܻଵ
) ଶܸ 

ℎଵଵ = ଵ
௒భభ

ℎଵଶ = ି௒భమ
௒భభ

ℎଶଵ = ௒మభ
௒భభ

ℎଶଶ = ∆ೊ
௒భభ ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                            (5.127)    

By rearranging the equations of h parameters, the following equations are obtained. Those are compared 
with Y parameter equations and the relations are obtained.  

ଵܸ = (
ℎଵଵ
ℎଶଵ

ଶܫ( + ൬−
ℎଵଵℎଶଶ − ℎଵଶℎଶଵ

ℎଶଵ
൰ ଶܸ 

ܱܴ 

ଶܫ = (
∆௛
ℎଵଵ

) ଶܸ + ൬
ℎଶଵ
ℎଵଵ

൰ ଵܸ 

ଵܫ = ቀ ଵ
௛భభ
ቁ ଵܸ + (− ௛భమ

௛భభ
) ଶܸ           

ଵܻଵ = ଵ
௛భభ

ଵܻଶ = − ௛భమ
௛భభ

ଶܻଵ = ௛మభ
௛భభ

ଶܻଶ = ∆೓
௛భభ ⎭

⎪⎪
⎬

⎪⎪
⎫

                                                                                                                          (5.128)    

The relations among all parameters needed to be obtained as the same procedure discussed above, these 
are presented as in Table. 5.1.  
 
 



Electric Circuits and Networks | 291 

 

 

 
Table 5.1: Relations among the two-port network parameters 

                                 
 
5.6.6 INTER CONNECTION OF TWO PORT NETWORKS 
A large and complex network will be divided into multiple sub-networks. These sub-networks are joined 

like series, parallel and cascade connection in order to form the original large network. In order to 
find the two port parameters of the large network, there is a necessity of finding a method to 
evaluate if these networks are in series or parallel or cascade connection. Figure 5.71, Fig. 5.72 
and Fig. 5.73 are drawn for the two sub-networks connected in series, parallel and cascade 
connection respectively.  
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A. Series connection of sub-networks: 

A

B

I1 I2

I1A

I1B I2B

I2A

V1A V2A

V1B V2B

V1 V2

  
Fig. 5.71: Series interconnection of two two-port networks (A and B)  

Fig.5.71 represents two series connected sub-networks. The Z parameter equations for these networks 
are presented in equations (5.129) to (5.132).  

ଵܸ஺ = ܼଵଵ஺ܫଵ஺ + ܼଵଶ஺ܫଶ஺                                                                                                       (5.129) 

ଶܸ஺ = ܼଶଵ஺ܫଵ஺ + ܼଶଶ஺ܫଶ஺                                                                                                       (5.130) 

ଵܸ஻ = ܼଵଵ஻ܫଵ஻ + ܼଵଶ஻ܫଶ஻                                                                                                      (5.131)  

ଶܸ஻ = ܼଶଵ஻ܫଵ஻ + ܼଶଶ஻ܫଶ஻                                                                                                       5.132) 
Since these sub-networks are in series. the current in these networks are the same. Hence the input 
currents ܫଵ஺ and ܫଵ஻ are equal and that is equal to ܫଵ. Similarly it is applicable to the output current also. 
Also, the input voltage ( ଵܸ஺, ଵܸ஻) and output voltages ( ଶܸ஺, ଶܸ஻) are added in order to obtain the original 
network input and output voltages ( ଵܸ, ଶܸ) respectively and that are presented in equations (5.133) and 
(5.134). The original network’s two-port Z parameters are written in equations (5.135) and (5.136). By 
comparing the input and output voltage parameters of the original network with the series connected 
networks, the Z parameter of the original network is represented in terms of the Z parameters of these 
sub-networks as in equation (5.137).  

ଵܸ = ଵܸ஺ + ଵܸ஻ = (ܼଵଵ஺ + ܼଵଵ஻)ܫଵ + (ܼଵଶ஺ + ܼଵଶ஻)ܫଶ                                                        (5.133) 

ଶܸ = ଶܸ஺ + ଶܸ஻ = (ܼଶଵ஺ + ܼଶଵ஻)ܫଵ + (ܼଶଶ஺ + ܼଶଶ஻)ܫଶ                                                       (5.134) 

ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ                                                                                                                (5.135)  

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ                                                                                                                (5.136)  

൤ܼଵଵ ܼଵଶ
ܼଶଵ ܼଶଶ

൨ = ൤ܼଵଵ஺ + ܼଵଵ஻ ܼଵଶ஺ + ܼଵଶ஻
ܼଶଵ஺ + ܼଶଵ஻ ܼଶଶ஺ + ܼଶଶ஻

൨ = ൤ܼଵଵ஺ ܼଵଶ஺
ܼଶଵ஺ ܼଶଶ஺

൨ + ൤ܼଵଵ஻ ܼଵଶ஻
ܼଶଵ஻ ܼଶଶ஻

൨   

[ܼ] = [ܼ஺] + [ܼ஻]                                                                                                                  (5.137) 
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The equation (5.137) presents that the z parameters for the original network are the sum of the z 
parameters for the individual sub-networks. This equation or the concepts could be extended to the n 
series connected sub-networks. In order to find other parameters of the two-port network, the Table 5.1 
is used.  

B. Parallel connection of sub-networks: 
 

A

B

I1 I2

I1A

I1B I2B

I2A

V1 V2

V1A V2A

V1B V2B

 
Fig. 5.72: Parallel interconnection of two two-port networks (A and B)  

Fig.5.72 represents two parallel connected sub-networks with two port parameters. The Y parameter 
equations for these networks are presented in equations (5.138) to (5.141).  
ଵ஺ܫ  = ଵܻଵ஺ ଵܸ஺ + ଵܻଶ஺ ଶܸ஺                                                                                                      (5.138) 
ଶ஺ܫ = ଶܻଵ஺ ଵܸ஺ + ଶܻଶ஺ ଶܸ஺                                                                                                       (5.139) 
ଵ஻ܫ = ଵܻଵ஻ ଵܸ஻ + ଵܻଶ஻ ଶܸ஻                                                                                                       (5.140)  
ଶ஻ܫ = ଶܻଵ஻ ଵܸ஻ + ଶܻଶ஻ ଶܸ஻                                                                                                       (5.141) 

Since these sub-networks are in parallel, the voltage in these networks is equal or remains the same. 
Hence the input voltages  ଵܸ஺ and ଵܸ஻ are equal and that is equal to ଵܸ. Similarly it is applicable to the 
output voltages also. The input currents (ܫଵ஺, ܫଵ஻) and output currents (ܫଶ஺, ܫଶ஻) are added in order to 
obtain the original network input and output currents (ܫଵ,  ଶ) respectively and that are presented inܫ
equations (5.142) and (5.143). The original network’s two-port Y parameters are written in equations 
(5.109) and (5.145). By comparing the input and output voltage parameters of the original network with 
the series connected networks, the Z parameter of the original network is represented in terms of the Z 
parameters of these sub-networks as in equation (5.146).  

ଵܫ = ଵ஺ܫ + ଵ஻ܫ = ( ଵܻଵ஺ + ଵܻଵ஻) ଵܸ + ( ଵܻଶ஺ + ଵܻଶ஻) ଶܸ                                                              (5.142) 
ଶܫ = ଶ஺ܫ + ଶ஻ܫ = ( ଶܻଵ஺ + ଶܻଵ஻) ଵܸ + ( ଶܻଶ஺ + ଶܻଶ஻) ଶܸ                                                             (5.143) 
ଵܫ = ଵܻଵ ଵܸ + ଵܻଶ ଶܸ                                                                                                                                 (5.144) 
ଶܫ = ଶܻଵ ଵܸ + ଶܻଶ ଶܸ                                                                                                                   (5.145) 
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൤ ଵܻଵ ଵܻଶ

ଶܻଵ ଶܻଶ
൨ = ൤ ଵܻଵ஺ + ଵܻଵ஻ ଵܻଶ஺ + ଵܻଶ஻

ଶܻଵ஺ + ଶܻଵ஻ ଶܻଶ஺ + ଶܻଶ஻
൨ = ൤ ଵܻଵ஺ ଵܻଶ஺

ଶܻଵ஺ ଶܻଶ஺
൨+ ൤ ଵܻଵ஻ ଵܻଶ஻

ଶܻଵ஻ ଶܻଶ஻
൨   

[ܻ] = [ ஺ܻ] + [ ஻ܻ]                                                                                                                 (5.145a) 
The equation (5.145a) presents that the Y parameters for the original network are the sum of the Y 
parameters for the individual sub-networks. This equation or the concepts could be extended to the n 
series connected sub-networks. In order to find other parameters of the two-port network, Table 5.1 is 
used.  

C. Cascaded connection of sub-networks: 

A B

I1A I1BI1 I2I2BI2A

V1A V2A V1B V2B V2V1

 
Fig. 5.73: Cascade interconnection of two two-port networks (A and B)  

Fig.5.73 represents two cascade connected sub-networks. The two-port parameters of the original 
network are to be found using two cascade sub-network’s two-port parameters. The ABCD or T 
parameter equations for these networks are presented in equations (5.145) to (5.148). The original 
network’s two-port ABCD parameters are written in equations (5.149) - (5.150).  

ଵܸ஺ = ஺ܣ ଶܸ஺ −  ଶ஺                                                                                                                                (5.145)ܫ஺ܤ
ଵ஺ܫ = ஺ܥ ଶܸ஺ −  ଶ஺                                                                                                                (5.146)ܫ஺ܦ
ଵܸ஻ = ஻ܣ ଶܸ஻ −  ଶ஻                                                                                                                             (5.147)ܫ஻ܤ
ଵ஻ܫ = ஻ܥ ଶܸ஻  ଶ஻                                                                                                               (5.148)ܫ஻ܦ−

 
ଵܸ = ܣ ଶܸ − ଶܫܤ
ଵܫ = ܥ ଶܸ ଶܫܦ−

ൠ                                                                                                                                  (5.149) 

 

൤ ଵܸ
ଵܫ
൨ = ቂܣ ܤ

ܥ ቃܦ ൤
ଶܸ

ଶܫ−
൨ൠ                                                                                                            (5.150) 

By observing these sub-networks, the following points are noted down.  
 ଵܸ = ଵܸ஺; ଶܸ஺ = ଵܸ஻;   ଶܸ஻ = ଶܸ ܫଵ = ;ଵ஺ܫ ଶ஺ܫ   = ;ଵ஻ܫ− ଶ஻ܫ =  ଶ }                                      (5.151)ܫ

Based on the equation (5.151), the equations (5.145) - (5.148) are modified and presented in equations 
(5.152) and (5.153). Those equations are presented in matrix form in (5.154) and (5.155) respectively.  

ଵܸ = ஺ܣ ଵܸ஻ + ଵ஻ܫ஺ܤ
ଵܫ = ஺ܥ ଵܸ஻ + ଵ஻ܫ஺ܦ

ൠ                                                                                                          (5.152) 

ଵܸ஻ = ஻ܣ ଶܸ ଶܫ஻ܤ−
ଵ஻ܫ = ஻ܥ ଶܸ   ଶܫ஻ܦ−

ൠ                                                                                                           (5.153) 

൤ ଵܸ
ଵܫ
൨ = ൤ܣ஺ ஺ܤ

஺ܥ ஺ܦ
൨ ൤ ଵܸ஻
ଵ஻ܫ

൨ൠ                                                                                                      (5.154) 
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൤ ଵܸ஻
ଵ஻ܫ

൨ = ൤ܣ஻ ஻ܤ
஻ܥ ஻ܦ

൨ ൤ ଶܸ
ଶܫ−

൨ൠ                                                                                                   (5.155) 

൤ ଵܸ
ଵܫ
൨ = ൤ܣ஺ ஺ܤ

஺ܥ ஺ܦ
൨ ൤ܣ஻ ஻ܤ
஻ܥ ஻ܦ

൨ ൤ ଶܸ
ଶܫ−

൨ൠ                                                                                    (5.156) 

By comparing the input and output voltage parameters of the original network with the cascade connected 
networks, the ABCD or T parameter of the original network is presented in equation (5.150) and the 
simplified ABCD parameters of these sub-networks as in equation (5.157).  

  [ܶ] = [ ஺ܶ]. [ ஻ܶ]                                                                                                                    (5.157) 
The equation (5.157) presents that the ABCD or T parameters for the original network are the product of 
the ABCD or T parameters for the individual sub-networks. This equation or the concepts could be 
extended to the n cascade connected sub-networks. In order to find other parameters of the two-port 
network, Table 5.1 is used.  

Example 5.22: Find  ܸ2

ܸܵ
 of the circuit shown in Fig.5.74.  

Solutions: The circuit shown in Fig.5.74 is a two-port network which consists of two two-port networks 
in series. First, both circuits' Z parameters are to be calculated. The circuit A consists of (-j45Ω) 
and (j10Ω) and 20Ω, that forms the T network and is shown in Fig. 5.75. The circuit B consists of 
(-j20Ω) and (j40Ω) and 50Ω, this also forms the T network which is shown in Fig. 5.76.  

+
_

VS

-j455 j10

20

50

40

-j20j40

V2

 
Fig. 5.74: Circuit of Example 5.22  

Step1: Finding the Z parameters of Circuit A  
The circuit A is shown in Fig.5.75. By applying the concepts of Z parameters, the equations are 

to be written as follows and the corresponding Z parameters are found.  

-j45 j10

20V1A
V2A

I1A I2A

 
Fig. 5.75: Circuit A of Example 5.22  
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ଵܸ஺ = ܼଵଵ஺ܫଵ஺ + ܼଵଶ஺ܫଶ஺                             

ଶܸ஺ = ܼଶଵ஺ܫଵ஺ + ܼଶଶ஺ܫଶ஺     

ܼ஺ = ൤ܼଵଵ஺ ܼଵଶ஺
ܼଶଵ஺ ܼଶଶ஺

൨ = ൤20 − ݆45 20
20 20 + ݆10൨                       

Step2: Finding the Z parameters of Circuit B  
The circuit B is shown in Fig.5.76. By applying the concepts of Z parameters, the equations are to be 

written as follows and the corresponding Z parameters are found. 

50

-j20j40

I1B I2B

V1B V2B

 
Fig. 5.76: Circuit B of Example 5.22  

ଵܸ஻ = ܼଵଵ஻ܫଵ஻ + ܼଵଶ஻ܫଶ஻                            

ଶܸ஻ = ܼଶଵ஻ܫଵ஻ + ܼଶଶ஻ܫଶ஻                            

ܼ஻ = ൤ܼଵଵ஻ ܼଵଶ஻
ܼଶଵ஻ ܼଶଶ஻

൨ = ൤50 + ݆40 50
50 50 − ݆20൨ 

Step3: Finding the source voltage in terms of the output voltage  
The circuit shown in Fig.574 is represented as a two-port network model as shown in Fig.5. 77 with their 

equivalent Z parameters. Both circuits A and B are in series, Z parameters are added as per the 
interconnection of networks. 

ܼ஺ + ܼ஻ = ൤70 − ݆5 70
70 70 − ݆10൨ 

+
_

VS

5

40V2ZA+ZBV1

I1
I2

 
Fig. 5.77: Circuit of Example 5.22 with the equivalent circuit parameters  
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ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ                            

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ                            
As per the circuit shown in Fig. 5.77, the input source voltage and the output voltage could be 

written as  

ଵܸ = ௌܸ − ;ଵܫ5    ଶܸ =    ଶܫ40−

Hence, ܫଶ = − ௏మ
ସ଴

. Both ܫଶ and ܼଵଵ,ܼଵଶ are substituted in the Z parameter equation of V1 and the equation 
(5.158) is obtained.  

ଵܸ = (70 − ଵܫ(5݆ +  ଶܫ70

ௌܸ − ଵܫ5 = (70 − ଵܫ(5݆ + 70(− ௏మ
ସ଴

)                                                                                      (5.158) 

With ܼଶଵ,ܼଶଶ are substituted in the Z parameter equation of V2 and the equation (5.159) is obtained. 

          ଶܸ = ଵܫ70 + (70 − ݆10)(− ௏మ
ସ଴

)                                                                                              (5.159) 

From this, ܫଵ = ଽ଴.ହହ∠ି଺.ଷସబ

ଵସ଴଴ ଶܸ obtained, which is substituted in equation (5.158).  

ௌܸ = (1.28 − ݆0.856) ଶܸ 
ܸܵ
ܸ2

= (1.28 − ݆0.856) = 1.539∠ − 33.770 

Example 5.23: Find the admittance parameters of the circuit shown in Fig.5.78.  
Solutions: The circuit shown in Fig.5.78 is a two-port network which consists of two two-port networks 

in parallel. First, both circuits' Y parameters are to be calculated. The circuit A consists of (-j5S), 
(j5S) and 1S, that forms the T network and is shown in Fig. 5.79. The circuit B consists of (-j10S), 
(2S) and 2S, this forms the ℼ network which is shown in Fig. 5.82.  

-j5S j5S

1S

-j10S

2S2S

 
Fig. 5.78: Circuit of Example 5.23  

Step1: Finding the Y parameters of Circuit A  
The circuit A is shown in Fig.5.79. By applying the concepts of Z parameters, the equations are 

to be written as follows and the corresponding Z parameters are found.  
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-j5S j5S

1S

 
Fig. 5.79: Circuit A of Example 5.23  

ଵ஺ܫ = ଵܻଵ஺ ଵܸ஺ + ଵܻଶ஺ ଶܸ஺                            
ଶ஺ܫ = ଶܻଵ஺ ଵܸ஺ + ଶܻଶ஺ ଶܸ஺     

By short-circuiting the secondary terminals, the circuit 5.108 looks like 5.109. From which ଵܻଵ஺ and ଶܻଵ஺ 
are found. 

-j5S j5S

1S

I2A
I1A

V1A V2A=0

 
Fig. 5.80: Circuit A of Example 5.23 with input-output parameters and the output port short-circuited 

The equivalent parameters of the circuit are to be calculated. (1S) and (j5S) are in parallel. Hence (1+j5)S 
is obtained. (-j5S) and (1+j5)S are in parallel. The result value is (25-j5)S.  
Hence  ଵܻଵ஺ = (25 − ݆5)ܵ.  

ଶ஺ܫ =
ଵ஺ܫ− ∗ ቀ

ଵ
ଵ
ቁ

ቀଵ
ଵ
ቁ + ቀ ଵ

௝ହ
ቁ

 

ଵ஺ܫ = −(1 −  ଶ஺ܫ(0.2݆

As ଵܻଵ஺ = ூభಲ
௏భಲ

;   ଶܻଵ஺ = ூమಲ
௏భಲ

, hence   ଶܻଵ஺ = −25ܵ 

Similarly, short-circuiting the primary terminals, ଵܻଶ஺ and ଶܻଶ஺ are found. 

-j5S j5S

1S

I2BI1B

V1B=0 V2B

 
Fig. 5.81: Circuit A of Example 5.23 with input-output parameters and the input port short-circuited 
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By performing the calculation similar to the output short-circuited, the ଵܻଶ஺ = −25ܵ and ଶܻଶ஺ =
(25 − ݆5)ܵ are calculated.  

஺ܻ = ൤ ଵܻଵ஺ ଵܻଶ஺

ଶܻଵ஺ ଶܻଶ஺
൨ = ൤25 − ݆5 −25

−25 25 − ݆5൨              

Step2: Finding the Y parameters of Circuit B  
The circuit B is shown in Fig.5.82. By applying the concepts of Y parameters, the equations are 

to be written as follows and the corresponding Y parameters are found. 

-j10S

2S2S

 
Fig. 5.82: Circuit B of Example 5.22  

ଵ஻ܫ = ଵܻଵ஻ ଵܸ஻ + ଵܻଶ஻ ଶܸ஻                             
ଶ஻ܫ = ଶܻଵ஻ ଵܸ஻ + ଶܻଶ஻ ଶܸ஻   

஺ܻ = ൤ ଵܻଵ஺ ଵܻଶ஺

ଶܻଵ஺ ଶܻଶ஺
൨ = ൤25 − ݆5 −25

−25 25 − ݆5൨ 

Step3: Finding the Y parameters of the original network  
As per the interconnection concept, circuit A and circuit B are connected in parallel. The Y parameters 

of the individual circuit are found. Hence the original circuit’s Y parameter is the addition of the 
individual circuit’s Y parameters.  

ܻ = ஺ܻ + ஻ܻ = ൤ 27 − ݆15 −25 + ݆10
−25 + ݆10 27 − ݆15 ൨ 

Example 5.24: Find the two port parameters of the circuit shown in Fig.5.83.  

30 40 60

20 50 20

 
Fig. 5.83: Circuit of Example 5.24  

Solutions: The circuit shown in Fig.5.83 is a two-port network which consists of two two-port networks 
in cascade connection. Hence, both circuits ABCD or T parameters are to be calculated. The circuit 
A consists of (30Ω), (50Ω) and (20Ω), that forms the π network and is shown in Fig. 5.84. The 
circuit B consists of (40Ω), (60Ω) and (20Ω), this forms the T network which is shown in Fig. 
5.85.  
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ଵܸ = ܣ ଶܸ ଵܫ ଶܫܤ− = ܥ ଶܸ −   ଶܫܦ
Step1: Finding the ABCD or T parameters of Circuit A  

The circuit A is shown in Fig.5.84. By applying the concepts of T parameters, the equations are 
to be written as follows and the corresponding T parameters are found.  

30

20 50

I1A I2A

I'

 
Fig. 5.84: Circuit A of Example 5.24  

ଵܸ஺ = ஺ܣ ଶܸ஺ − ଵ஺ܫ ଶ஺ܫ஺ܤ = ஺ܥ ଶܸ஺ −   ଶ஺ܫ஺ܦ

By open circuiting the output terminals, ଵܸ஺ = ଵ஺ܫ16 ; ᇱܫ   = ூభಲ∗ଶ଴
ଵ଴଴

;  ଶܸ஺ =      ᇱܫ50

From this,  ܣ஺ = ஺ܥ ;1.6 = 0.1 

By short circuiting the output terminals, ଶܸ஺ = 0;  ଵܸ஺ = ;ଵ஺ܫ12 ᇱᇱܫ   = ିூభಲ∗ଶ଴
ହ଴

;  ଵܸ஺ = ᇱᇱܫ30−      

From this,  ܤ஺ = ஺ܦ ;30 = 2.5 

30

20 50

I1A I2A

I''

 
Fig. 5.85: Circuit A of Example 5.24 with short circuiting the output terminals 

஺ܶ = [ ஺ܦ ஺ܥ ஺ܤ ஺ܣ] = [1.6 30 0.1 2.5 ] 
Step2: Finding the ABCD or T parameters of Circuit B  
The circuit A is shown in Fig.5.86. By applying the concepts of T parameters, the equations are to be 

written as follows and the corresponding T parameters are found.  
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40

20

60

 
Fig. 5.86: Circuit B of Example 5.24  

ଵܸ஻ = ஻ܣ ଶܸ஻ ଵ஻ܫ ଶ஻ܫ஻ܤ− = ஻ܥ ଶܸ஻ −   ଶ஻ܫ஻ܦ
By open circuiting the output terminals, ଵܸ஻ = ;ଵ஻ܫ60   ଶܸ஻ = ଵ஻ܫ60      
From this,  ܣ஻ = ஻ܥ ;3 = 0.05 

By short circuiting the output terminals, ଶܸ஻ = 0;  ଵܸ஻ = ଵ஻ܫ55 ; ᇱᇱᇱܫ   = ିூభಲ∗ଶ଴
଼଴

;  ଵܸ஺ = ଶ஻ܫ220−      

From this,  ܤ஺ = ஺ܦ ;220 = 4 

40

20

60I1A I2A

I'''

 
Fig. 5.87: Circuit B of Example 5.24 with short circuiting the output terminals 

஻ܶ = ൤ܣ஻ ஻ܤ
஻ܥ ஻ܦ

൨ = ቂ 3 220
0.05 4 ቃ 

Step3: Finding the T parameters of the original network  
As per the interconnection concept, the circuit A and the circuit B are connected in cascade connection. 

The T parameters of the individual circuit are found. Hence the original circuit’s T parameter is 
the multiplication of the individual circuit’s T parameters.  

ܶ = ஺ܶ ∗ ஻ܶ = ቂ 6.3 472
0.425 32 ቃ 

Example 5.25: Find ܸ0

ܸܵ
 for the given two-port network shown in Fig.5.115. Let ଵܻଶ = ଶܻଵ = 0; ଵܻଵ =

2݉ܵ   ܽ݊݀ ଶܻଶ =  10݉ܵ.  
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+
_

VS

60

300

V0

[Y]

I1 I2

100

 
Fig. 5.88: Circuit of Example 5.25  

Solutions: The circuit shown in Fig.5.88 is a two-port network which consists of two two-port networks 
in series. First, both circuits' Z parameters are to be calculated. The circuit A’s Y parameters are 
given. From that, Z parameters are to be found. The circuit B consists of (100Ω) only which is 
shown in Fig. 5.89.  

Step1: Finding the Z parameters of Circuit A  
The circuit A of the Figure shown in Fig.5.88 has [Y] parameters that is converted into Z 

parameters.  

஺ܻ = ൤ ଵܻଵ஺ ଵܻଶ஺

ଶܻଵ஺ ଶܻଶ஺
൨ = ቂ0.002 0

0 0.001ቃ 

ܼ஺ = ൤ܼଵଵ஺ ܼଵଶ஺
ܼଶଵ஺ ܼଶଶ஺

൨ = ቂ500 0
0 100ቃ 

Step2: Finding the Z parameters of Circuit B  
The circuit B is shown in Fig.5.89. By applying the concepts of Z parameters, the equations are 

to be written as follows and the corresponding T parameters are found.  

100

I1B I2B

 
Fig. 5.89: Circuit B of Example 5.25  

By open circuiting the output terminals, ଵܸ஻ = ;ଵ஻ܫ100   ଶܸ஻ = ଵ஻ܫ100      
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From this,  ܼଵଵ஻ = 100Ω;  ܼଶଵ஻ = 100Ω 
By open circuiting the input terminals, ଵܸ஻ = ଶ஻ܫ100 ;   ଶܸ஻ = ଶ஻ܫ100      
From this,  ܼଶଶ஻ = 100Ω;  ܼଵଶ஻ = 100Ω 

ܼ஻ = ൤ܼଵଵ஻ ܼଵଶ஻
ܼଶଵ஻ ܼଶଶ஻

൨ = ቂ100 100
100 100ቃ 

Step3: Finding the Z parameters of the original network  
As per the interconnection concept, circuit A and circuit B are connected in series connection. 

The Z parameters of the individual circuit are found. Hence the original circuit’s Z parameter is the 
addition of the individual circuit’s Z parameters.  

ܼ = ܼ஺ + ܼ஻ = ቂ600 100
100 200ቃ 

+
_

VS

60

300V2 or
ZV1

I2

V0

I1

 
Fig. 5.90: Circuit of Example 5.25 with the equivalent circuit parameters  

ଵܸ = ܼଵଵܫଵ + ܼଵଶܫଶ                           

ଶܸ = ܼଶଵܫଵ + ܼଶଶܫଶ                            
As per the circuit shown in Fig. 5.90, the input source voltage and the output voltage could be written as  

ଵܸ = ௌܸ − ;ଵܫ60    ଴ܸ =    ଶܫ300−

Hence, ܫଶ = − ௏బ
ଷ଴଴

. Both ܫଶ and ܼ ଵଵ,ܼଵଶ are substituted in the Z parameter equation of V1 and the equation 
(5.160) is obtained.  

ଵܸ = ଵܫ(600) +  ଶܫ100

ௌܸ − ଵܫ60 = ଵܫ600 + 100(− ௏బ
ଷ଴଴

)                                                                                              (5.160) 

With ܼଶଵ,ܼଶଶ are substituted in the Z parameter equation of V2 and the equation (5.161) is obtained. 

ଶܸ = ଵܫ100 + 200(− ௏బ
ଷ଴଴

)                                                                                                         (5.161) 

଴ܸ = ଵܫ100 + 200(− ௏బ
ଷ଴଴

)                                                                                                        (5.162) 

By solving both equations (5.160) and (5.162),  
ܸ0

ܸܵ
= 0.09395  
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UNIT SUMMARY  
1. The basic definitions of the network topology are described.  
2. The formation of the tie-set matrix and cut-set matrix is explained.  
3. The network solution is found using the tie-set analysis and cut-set analysis.  
4. The concept of the two-port networks and the different two-port network parameters are 

discussed.  Many examples are solved to find the two-port parameters of the sample network.  
5. The interconnection between the two-port network parameters is obtained and the same is 

presented in table format. 
6. The networks are interconnected in series, parallel or cascade mode. The method of finding the 

two-port networks of such interconnected networks are described and the example problems are 
solved.  
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EXERCISES 
  
Multiple Choice Questions  
1. The graph of a network has 8 nodes and 5 independent loops. The number of branches of the graph is 

……………. 
a. 10 
b. 11 
c. 12 
d. 13 

2. The graph associated with an electric network has 7 branches and 5 nodes. The number of independent 
KCL equations and the number of KVL equations are …………………… 
a. 2 and 5  
b. 5 and 2  
c. 3 and 4  
d. 4 and 3  

3. The number of the trees in a network shown in Fig. 5.91.  

+
_

R1

+
_

V2

R2 R4

R3
R5

V1

 
Fig. 5.91: Circuit for question 3 

a. 2   
b. 5   
c. 3   
d. 1  

 
4. The graph of an electrical network has N nodes and B branches. The number of links (L) with respect 

to the choice of a tree is given by…….  
 

a. B-N+1 
b. B+N  
c. N-B+1  
d. N-2B+1 

  
5. The admittance parameters of the passive resistive two-port network shown in Fig. 5.92 is  ݕଵଵ =

5ܵ; ଶଶݕ  = 1ܵ; ଶଵݕ  = ଵଶݕ = −2.5ܵ. The power delivered to the load resistor RL in Watts is …………. 
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+
_

20V

3

RL=6

Two-port
resistive
network

 
Fig. 5.92: Circuit for question 5  

a. 452.5  
b. 238 
c. 232.12  
d. 145.25 

  
6. In the two-port network shown in Fig.5.93, the ℎଵଵ parameters in Ω is …………. 

1

1

1

I1

2I1

V1 V2

 
Fig. 5.93: Circuit for question 6  

a. 0.25  
b. 0.5  
c. 0.75  
d. 0.85  

 
7. The Z parameters of the network shown in Fig.5.94 are ܼଵଵ = ;ߗ40  ܼଵଶ = ;ߗ60  ܼଶଵ = ;ߗ80  ܼଶଶ =

 .………….The average power delivered to the load resistance (20Ω) is in watts .ߗ100
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+
_

20V

10

RLV2ZV1

I2I1

 
Fig. 5.94: Circuit for question 7  

a. 35.55  
b. 28.45 
c. 24.35  
d. 18.25  

 
8. The two-port network P shown in Fig.5.95 has input port 11’ and output port 22’. It has an impedance 

matrix Z with parameters denoted by ܼ௜௝ . A 1Ω resistor is connected in series with the network at port 
1 as shown in the figure. The impedance of the modified two-port network is …..  

1

P

1

1' 2'

2

 
Fig. 5.95: Circuit for question 8  

a. ൤ܼଵଵ + 1 ܼଵଶ + 1
ܼଶଵ ܼଶଶ + 1൨  

b. ൤ܼଵଵ + 1 ܼଵଶ
ܼଶଵ ܼଶଶ + 1൨ 

c. ൤ܼଵଵ + 1 ܼଵଶ
ܼଶଵ ܼଶଶ

൨ 

d. ൤ܼଵଵ + 1 ܼଵଶ
ܼଶଵ + 1 ܼଶଶ

൨ 
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9. Two networks are connected in cascade as shown in Fig. 5.96. With usual notations the equivalent A, 
B, C and D constants are obtained. Given that, ܥ = 0.025∠45଴, the value of Z is ………….. 

Z

Z1=10300

Z

 
Fig. 5.96: Circuit for question 9  

a. 10∠30଴Ω  
b. 40∠ − 45଴Ω  
c. 1Ω  
d. 0Ω  

 
10. For the two-port network shown in Fig.5.97, the Z matrix is given by ………….. 
 

Z

Z1=10300

Z

 
Fig. 5.97: Circuit for question 10  

 

a. ൤ ܼଵ ܼଵ + ܼଶ
ܼଵ + ܼଶ ܼଶ

൨  

b. ൤ ܼଵ ܼଵ
ܼଵ + ܼଶ ܼଶ

൨ 
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c. ൤ܼଵ ܼଶ
ܼଶ ܼଵ + ܼଶ

൨ 

d. ൤ܼଵ ܼଵ
ܼଵ ܼଵ + ܼଶ

൨ 

 
 
Answers of Multiple-Choice Questions  
1. c                     2. d                    3. d                   4. a                    5. b 
6. a                     7. a                   8. c                    9. b                   10. d            

Short Answer Questions: 

1. Define: Network, Oriented graph, Tree and Link.  
2. Describe the procedure to obtain the tie-set matrix.  
3. Describe the procedure to obtain the cut-set matrix. 
4. Define co-tree.  
5. What is the fundamental cut-set? Explain with simple examples. 
6. List the two-port network parameters.  
7. Write the relation between Z parameters to Y parameters.  
8. Write the relation between ABCD parameters to Z parameters.  
9. If the two networks are connected in series/ parallel/ cascade connection, provide the resultant 

network’s Z parameters.   
10. Find the Y parameters for the circuit shown in Fig. 5.98.  

2

2

2

 
Fig. 5.98: Circuit for question 10  

 

Long Answer Questions: 

1. Explain the procedure for obtaining the tie-set matrix.  
2. Explain the procedure for obtaining the cut-set matrix.  
3. Derive the method to find the possible trees of the network.  
4. Explain the two-port networks and its parameter descriptions.  
5. Discuss the method for obtaining the Z/Y/T/H parameters for any two-port network.  



310 | Electric Circuits and Networks 

 

 

6. Discuss the network interconnections and explain the procedure for obtaining the two-port parameters 
of those interconnected networks.  

7. Derive the Y parameters from the given Z parameters.  
8. Derive the ABCD or T parameters from the H parameters.  
9.  Obtain the interconnections between the Z parameters and the H parameters.  

Numerical Problems  
1. Find all possible trees of the network shown in Fig.5.99.  
 

R

C

R

+
_

V

L

 
Fig. 5.99: Circuit for question 1  

2. Find the cut-set and tie-set matrix of the circuit shown in Fig.5.99, if the R=10Ω, Inductive reactance 
is (j10Ω), the capacitive reactance is (-j20Ω) and the source voltage is 10∠ − 30଴ܸ. 

3. Find the branch currents of the circuit shown in Fig.5.100 using (a) tie-set matrix  (b) cut-set matrix.  

+
_

10V5A 32

5 10

 
Fig. 5.100: Circuit for question 3  

4. Find the Z parameters of the circuit shown in Fig. 5.101.  
10300 5-300

3900

 
Fig. 5.101: Circuit for question 4 
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5. Find the ABCD parameters of the network shown in Fig. 5.102.  
 

2

2

5

 
 

Fig. 5.102: Circuit for question 5 
 

6. The Z parameter of the two-port network shown in Fig.5.103 is given below. The impedances are 
represented in Ω. Find the value of ܴ௕  in Ω, if the ܼ௕ = (ܴ௕ +   .ߗ(1݆߱

൤2݆߱ ݆߱
݆߱ 3 + 2݆߱൨ 

 

Za Zb

Zc

 
Fig. 5.103: Circuit for question 6 

 
7. Find the Z parameter of the two-port network shown in Fig.5.104. Also calculate other two-port 

parameters of this network. 
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1 1

1

1 1

1

 
Fig. 5.104: Circuit for question 7 

8. Find all two-port parameters of the network shown in Fig.5.105. 
1 1

1

1 1

1

 
Fig. 5.105: Circuit for question 8 

 
9. For the cascade network shown in Fig.5.106, find all two-port network parameters. Where the network 

1 and network 2 remain same and the network is shown in Fig. 5.106. 

Network 1 Network 2

 
Fig. 5.106: Circuit for question 9 

10.Find the Z and Y parameters of the network shown in Fig.5.107.  
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4

8

2

6  
Fig. 5.107: Circuit for question 10 

 
PRACTICAL  

1. Use LTSpice to determine the h parameters of the circuit shown in Fig. 5.32 of Example 5.12.   
2. Use LTSpice to determine the ABCD parameters of the circuit shown in Fig. 5.32 of Example 

5.12.   
3. Use LTSpice to determine all two-port parameters of the circuit shown in Fig. 5.32 of Example 

5.12.   
 
KNOW MORE   
 

4. Use LTSpice to determine the Z parameters of the circuit shown in Fig. 5.32 of Example 5.12.   
 

 
Fig. 5.108: Circuit for question 1 (When the output port is open circuited) 

 
● The ܼଵଵ = ௏భ

ூభ
  and  ܼଶଵ = ௏మ

ூభ
  are found when the output port is open circuited.  

● ଵܸ  and ଶܸ  are measured at point 1 and point A in the circuit shown in Fig. 5.108. The plot 
corresponding to that is shown in Fig.5.109 and Fig. 5.110. The input current ܫଵ is equal to 1A. 
Hence obtained values of the Z parameters ܼଵଵ and ܼଶଵ are 26.15Ω and 6.92Ω respectively.   
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Fig. 5.109: Circuit for question 1 (Voltage at Point 1 of the circuit shown in Fig. 5.108) 
 

 
Fig. 5.110: Circuit for question 1 (Voltage at Point A of the circuit shown in Fig. 5.108) 

 
 

 
Fig. 5.111: Circuit for question I (Fig. 5.108) 

 
● The ܼଵଶ = ௏భ

ூమ
  and  ܼଶଶ = ௏మ

ூమ
  are found when the input port is open circuited.  
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● ଵܸ  and ଶܸ  are measured at point 2 and point B in the circuit shown in Fig. 5.111. The plot 
corresponding to that is shown in Fig.5.112 and Fig. 5.113.  The input current ܫଶ is equal to 1A. 
Hence obtained values of the Z parameters ܼଵଶ and ܼଶଶ are 6.92Ω and 16.54Ω respectively.  The 
results are compared with the analytical calculation done in the example 5.12.   

 

 
Fig. 5.112: Circuit for question 1 (Voltage at Point B of the circuit shown in Fig. 5.111) 

 

 
 

Fig. 5.113: Circuit for question 1 (Voltage at Point 2 of the circuit shown in Fig. 5.111) 
 

5. Use LTSpice to determine the Y parameters of the circuit shown in Fig. 5.32 of Example 5.15.   
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Fig. 5.114: Circuit for question 2 (When the output port is short circuited) 

 
● The ଵܻଵ = ூభ

௏భ
  and  ଶܻଵ = ூమ

௏భ
  are found when the output port is short circuited.  

 ଶ  are measured at point 1 (current through R1) and point A (current through R5) in theܫ ଵ  andܫ ●
circuit shown in Fig. 5.114. The plot corresponding to that is shown in Fig.5.115 and Fig. 5.116. 
The input voltage ଵܸ is equal to 1V. Hence obtained values of the Y parameters ଵܻଵ and ଶܻଵ are 
0.043ᆕ and 0.018ᆕ respectively.   

 

 
 

Fig. 5.115: Circuit for question 2 (Current through the resistance R1 of the circuit shown in Fig. 
5.114) 
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Fig. 5.116: Circuit for question 2 (Current through the resistance R5 of the circuit shown in Fig. 

5.114) 
 

 
Fig. 5.117: Circuit for question 2 

 
● The ଵܻଶ = ூభ

௏మ
  and  ଶܻଶ = ூమ

௏మ
  are found when the input port is short circuited.  

 ଵ  are measured at point 2 (current through R5) and point B (current through R1) in theܫ ଶ  andܫ ●
circuit shown in Fig. 5.117. The plot corresponding to that is shown in Fig.5.118 and Fig. 5.119. 
The output voltage ଶܸ is equal to 1V. Hence obtained values of the Y parameters ଵܻଶ and ଶܻଶ are 
0.018ᆕ and 0.068ᆕ respectively.   
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Fig. 5.118: Circuit for question 2 (Current through the resistor R5 of the circuit shown in Fig. 

5.117) 
 

 
Fig. 5.119: Circuit for question 2 (Current through the resistor R1 of the circuit shown in Fig. 

5.117) 
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CO AND PO ATTAINMENT TABLE 

 
Course outcomes (COs) for this course can be mapped with the programme outcomes (POs) after the 
completion of the course and a correlation can be made for the attainment of POs to analyze the gap. 
After proper analysis of the gap in the attainment of POs necessary measures can be taken to overcome 
the gaps. 

Table for CO and PO attainment 

Course 
Outcomes 

Attainment of Programme Outcomes 
(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation) 

PO-1 PO-2 PO-3 PO-4 PO-5 PO-6 PO-7 

CO-1        

CO-2        

CO-3        

CO-4        

CO-5        

The data filled in the above table can be used for gap analysis. 
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A   

 ABCD parameters 273 

 Active or real power 32 

 Admittance 27 

 Alternating voltage 3 

 Amplitude 5 

 Application of Laplace transform in electric circuits 218 

 Average power 30 

 Average value of alternating waveforms 12 

B   

 Balanced load 163 

 Bandwidth of parallel resonance 63 

 Bandwidth of series resonance 67 

 Branch 235 

C   

 Complex power 32 

 Current at parallel resonance 67 

Index 
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 Current at series resonance 62 

 Cut-set analysis 241 

 Cut-set matrix  243 

 Cut-set matrix using KCL 243 

 Cut-set matrix using KVL 243 

D   

 Degree of a node 236 

 Delta (Δ)- delta (Δ) 178 

 Delta (Δ)- star (Y) 177 

 Delta connected unbalanced load 164 

 Delta connection 81 

 Delta to star transformation 80 

 Duality 124 

F   

 First order electric circuits 194 

 Form factor 16 

 Frequency 5 

 Fundamental cut-set 241 

H   

 h parameters 279 

 Hybrid parameters 278 

I   
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 Impedance 27 

 Impedance triangle 27 

 Incidence  matrix using KCL 238 

 Incidence  matrix using KVL 239 

 Instantaneous power 29 

 Interconnection of the electric networks 3 

 Interconnection of two-port network parameters 292 

L   

 Links 236 

M   

 Maximum power transfer theorem 113 

 Mesh analysis  86 

N   

 Network equilibrium equations 244 

 Network graphs 235 

 Node 235 

 Node Analysis 90 

 Norton’s theorem 108 

O   

 One wattmeter method 170 

 Open circuit impedance parameters 254 

 Oriented graph 236 



Electric Circuits and Networks | 323 

 

 

P   

 Parallel connection of sub networks 293 

 Parallel resonance 66 

 Peak factor 16 

 PF at series resonance 62 

 Phase 5 

 Phase difference 5 

 Phase sequence 149 

 Phasor 10 

 Power factor 33 

 Power measurement 166 

 Power triangle 34 

Q   

 Quality Factor at parallel resonance 67 

 Quality Factor at series resonance 64 

R   

 Reactive power 32 

 Reciprocity Theorem  120 

 Relations between the two-port parameters  284 

 Resistive network 246 

 Resonance 61 

 RMS value of alternating waveforms 14 
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S   

 Second order electric circuits with dc excitation 212 

 Series connection of sub-networks 292 

 Series resonance 61 

 Short circuit admittance parameters 264 

 Source transformation  77 

 Star (Y) - delta(Δ) 177 

 Star (Y) – star (Y) 177 

 Star connected unbalanced load 164 

 Star connection  81 

 Star to delta transformation 80 

 Steady-state sinusoidal response of pure capacitive circuit 24 

 Steady-state sinusoidal response of pure inductive circuit 21 

 Steady-state sinusoidal response of pure resistive circuit 18 

 Steady-state sinusoidal response of R-C parallel circuit 51 

 Steady-state sinusoidal response of R-C series circuit 39 

 Steady-state sinusoidal response of R-L parallel circuit 48 

 Steady-state sinusoidal response of R-L series circuit 35 

 Steady-state sinusoidal response of R-L-C parallel circuit 55 

 Steady-state sinusoidal response of R-L-C series circuit 42 

 Step response of parallel R-C circuit with dc excitation 210 

 Step response of parallel R-C circuit with dc excitation using Laplace 
transform 

220 

 Step response of parallel R-L circuit with dc excitation 207 

 Step response of parallel R-L-C circuit with dc excitation 217 
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 Step response of series R-C circuit with dc excitation 203 

 Step response of series R-L circuit with dc excitation 199 

 Step response of series R-L circuit with dc excitation using Laplace 
transform 

219 

 Step response of series R-L-C circuit with dc excitation 212 

 Step response of series R-L-C circuit with dc excitation using Laplace 
transform 

221 

 Superposition theorem  95 

T   

 Thevenin’s theorem 102 

 Three wattmeter method 166 

 Tie-set analysis 239 

 Tie-set matrix 240 

 Tie-set matrix using KCL 240 

 Tie-set matrix using KVL 240 

 Time constant 195 

 Time period 5 

 Transient response of source free series R-C circuit 196 

 Transient response of source free series R-L circuit 194 

 Transmission parameters 273 

 Tree 236 

 Twigs 236 

 Two wattmeter method 167 

 Two-port network parameters 291 

 Two-port networks  253 



326 | Electric Circuits and Networks 

 

 

U   

 Unbalanced load 163 

V   

 Voltage at series resonance 64 

Y   

 Y parameters 264 

Z   

 Z parameters  254 
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